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The Sindh Textbook Board, is assigned with preparation and publication of the textb
equip our new generation with knowledge, skills and ability to face the challen 0
millennium in the fields of Science, Technology and Humanities. The textbooks are dlso ai
inculcating the ingredients of universal brotherhood and to reflect the valiant ds of our
forebears and portray the illuminating patterns of our rich cultural heritage and trédition.

The textbook, in your hand, of Mathematics for class X has been deWelope a:cording to
provincial curriculum 2017 in the continuity of Mathematics for class [ iCulum contains
30 units, among them, first 16 units were included in Mathematics f . Hence, remaining
14 units (from 17 to 30) are included in this textbook of Mathematiggfo

The Sindh Textbook Board has taken great pains and incu& pefiditure in publishing this
t

book inspite of its limitations. A textbook is indeed not the la d there is always room for
improvement. While the authors have tried their level be e most suitable presentation,
both in terms of concept and treatment, there may spf¥ haye some deficiencies and omissions.
Learned teachers and worthy students are, thereforefirequested to be kind enough to point out the
shortcomings of the text or diagrams and to comaun eir suggestions and objections for the
improvement of the next edition of this book.

In the end, I am thankful to our I authors, editors and specialist of Board for their

relentless service rendered for the cause o

* Chairman
Sindh Textbook Board
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SETS AND
FUNCTIONS

o Weightage = 11%

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to:

> Recall the sets denoted by N, W Z, F, O, P, C,Q,Qand R
»  Type of sets and representation of sets
»  Operations on sets

< Union,

% Intersection,

% Difference,

< Complement.

»  Symmetric difference of two sets

»  Give formal proof of the following fundame T

or three sets.
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utative property of union overintersection of sets,
e-Morgan’s laws,
% Associative laws,
butive laws.
ecognize order pairs.
To form Cartesian products.
Define a binary relation and identify its domain and range.
Define a function and identify its domain, co-domain and range.
Demonstrate the following:

« Into and one-one function (injective function),
< Onto function (subjective function),
« One-one and onto function (bijective function).
Examine whether a given relation is a function or not.

Differentiate between one-one correspondence and one-one function.

rties of union and intersection of two




17.1 Operations on Sets:
17.1(i) Recall the sets denoted byN, W, Z [, O,P,C,Q,Q'and R

As a matter of fact, set is one of the fundamental concepts of Mathematics which is useful
in formulating and analyzing many mathematical notions. The concept of set, in detail, has
already been discussed in previous classes. Let us recall some important sets.

Set of Natural Numbers: N = {1,2,3,...}

Set of Whole Numbers: W = {0,1,2,3,...} O
Set of Integers: 7Z = {O,il,irZ, i3,...}

Set of Even Integers: E = {0,i2,i4,i6,...}

Set of Odd Integers: 0 = {il,i3,i5,...} 0 *

Set of Prime Numbers: P = {2,3,5,7,..}

Set of Composite Numbers: C = {4,6,8,9,10, } Q

Set of Rational Numbers: Q = {x|x= 5, pPAqe ZK

p

{x|x¢— IRZ, q;tO}
C
Set of Real Numbers: R = Mvhis,p/\qe Z, q;tO}
i. O Q

Notes:
» The above sets can also b epw by N,W,Z,E,0,P,C,Q,Q" and R.

» R* and R~ denote theggeBlof positive and negative real numbers respectively
» The set of all rationgl, irrafional and real numbers cannot be written in tabular form

Set of Irrational Numbers: @'

refresentation of sets
he representation of sets. We are already familiar with the three
senting a set which we studied in previous classes. These are

17.1 (ii) Types of se
Firstly, i
methods or fi

that, in descriptive form, a set is described by common characteristics of its
elemertsfin any common language, for instance

A = Set of natural numbers between 5 and 10.

In tabular form, a set is described by listing its elements, each is separated by comma and enclosed within braces.
The above set is written in tabular form as A ={6, 7, 8,9} while in set builder form a set is

described by common characteristics of its elements using symbols. The set builder from has
two parts, one determines the nature of the elements and other its range.

The given set A can be written in set builder form as A ={x |xe NAS<x< 10}.




Example 1: Write the set A ={6,8,10,12} in descriptive and set builder form.

Solution:
Descriptive form: A = Set of even numbers between 5 and 13

Set builder form: A ={x|xe EA5<x <13}
Example 2: Write the set B = { ylyePay< 10} in tabular and descriptive form.

Solution:
Tabular form: B={2,3,5,7}

Descriptive form: B = Set of first four prime numbers < ’
Now, we discuss some types of sets.
Empty set or Null set or void set: *

A set having no element is called an empty or null set. It is denot Q
For example: (i) A = Set of even numbers between 5 and 6.
(i) B={x|xeNAx<1}
Singleton Set or Unit Set: \

A set having single element is called singleton or ynit

For example: A={x|xe WAx<1}is a singleton.
Finite Set: <I ,
1 et.

A set having limited number of elements is call
For example: (i) A= {10, 12,14,..., 50}

(ii) B=Set of all countri

Note: Empty set is considered as a

Infinite Set:
A set having unlimited numbe

For example: (i) P= {1420,

~(2,3,5,7), B={1,2,3,4,5,6,7} and C={6,7,8,9]
en Ac Bbut A ¢C (A isnot subset of C)

There are two types of subsets: (i) Proper subset  (ii) Improper subset
(i) Proper Subset:

Let A and B be two non-empty sets such that A< B but B& A then A is called proper subset
of B, denoted by AcB.
For Example: Let A= {2, 4, 6}and B ={2, 4,6, 8}

AsACBbutB A = AcCB.




Note: [fAcB = n (A)<n (B).
(ii) Improper Subset:
Let A and B be two non-empty sets such that A € B but B < A then A and B are called improper subsets

of each other. Infact every set is a subset of itself i.e. an improper subset. Symbolically, A & A.
For Example: Let A = {0,4,8,12} and B= {0, 8, 12, 4}

Here A BandalsoB < A.
= A and B are improper subsets of each other.
Notes: (i) Every set is subset of itself.
(i1)) Empty set is a subset of every set.

(ii1) Every non-empty set has at least two subsets.
(iv) Number of all subsets of a set containing in elements is 2" ¢

Superset:
If set A is subset of set B then B is called superset of A.
Symbolically we write as Bo A

For example: If X={a,¢,i,0,u} andY ={a,b,c,.., z} then&

Equivalent Sets:
Two sets A and B are said to be equivalent setS\fgtheidorders are equal. Symbolically,

we write as A~ B, i.e., A~B iff O(A)=0(B)
Thus, if A ~ B then one-one correspondendg,between their elements can be established.

For example:

LetA :{ x|xeRAx?= 64} an eflof prime numbers less than 5.

Here A ~B because O(A)=0O

Equal Sets:
Two sets A and B of saime ofger are called equal sets if all the elements of both the sets
are same. Symbolically we =B.

Thus A =B iff gB‘ dBcAalsoA=Biff AoBandBo A
},B={x|xe NAx<6} and C= Set of divisiors of 6
Here ut A #B
Note: Orde means the number of elements of A. It is denoted by O(A) or n(A) or |A].

et of all the subsets of set A is called power set of A. It is denoted as P(A).

A={x,y,z} then

P(A)={@ {2} Lyh L 2h A yh w2 2} {9, 2)
Note: Power set of an empty set is non-empty.

Universal Set:
The superset of all the sets under consideration is called universal set. It is denoted by U or X.

For example: If A={1,2,3,4} and B={2,4,6} then U= {1,2,3,4,5,6}
Further types of sets will be discussed in section 17.1(iv).




Exercise 17.1

. Write the following sets in tabular form.

4. Classify the following sets as finite and infinit

(i) A =Set of all integers between —3 and 3
(i) B=Set of composite numbers less than 11.

(ili) C={x|xePA5<x<13} (iv) D={ylye@AT<y<17} O

(V) E={Z|Z€R/\Zz=121} (Vl) F:{p|pe@/\p2:—1}
. Write the following sets in set builder form. c

(1) A = Set of all rational numbers between 5 and 6 (ii) B= {1, 2,3,4,6,1 .
(i) C={0,£1,42,...,#40}  (iv) D={-4,-2,0,2,4)

(v) E={1,4,9,16,25) (vi) F={-1,-3,-5,-7,... @Q

. Write any five examples of empty set. \
€

(i)  Set of Asian countries.
(i1) Set of all the medical universities of theg¥orld.
(ii1) Set of all real numbers between 6 and 9

(iv) Set of all the even prime numbers.
(v) Setofall odd integers less th

. Write an equivalent set, an improp€r subset and three proper subsets of each of the

following sets.
i P ={ a,e, i,o,u}

(i) Q={x|xeZp-2%<
. Write any two lesyof singleton in set builder form.

following sets.
(i1) B={x|xe ZA-1<x< 4}

no proper subset.




17.1 (iii) Operations on sets
> Union
> Intersection

» Difference
» Complement

Union of two sets
The union of two sets X and Y, denoted as XU Y, is the set of all those elements
belong to X or to Y or to both X and Y.
ie., XuY={x|xe Xvxe Y}
For example: If X={1,3,5} and Y ={1,2,3,4} then XUY ={1,2,3,4,5}
Notes: (i) Xc(XUY) MYcXu Y)
Intersection of two sets
The intersection of two sets X and Y, denoted as XY, is ¢ @ all those elements

which belong to both X and Y.
ie., XﬁYz{x|xe XAxe Y}
For example: If X={2,4,6,8} and Y = {1 2,3, 6 then X x
Notes: i) XNY)c X (11) (X

Difference of two sets
For any two sets X and Y, the difference XRY is the set of all the elements which belong
\

to X but do not belong to Y. It is also denote
e, X-Y={x|xeXaxeY}
Similarly, the difference Y — Xis the s¢
to X. It is also denoted as Y\X. i.e
For example:

IfX:{4,6,8,9,10} ndY = ,4,6,8}

then X - Y ={9,40}

and Y-X=
Notes: (i) (X

Complemen et
If st subset of universal set U then the complement of A is the set of all the

L 4

(Y -X)cY

elements ich are not in A. Tt is denoted by A’ or A°.

A=U-A

ie., ={x|xe Unxg A}

For example: If U={1,2,3,...,20} and A ={1,3,5,...,19} then A’ ={2,4,6,...,20}

17.1 (iv) Symmetric difference of two sets
The symmetric difference of two sets A and B, denoted AAB, is the set of all the elements

of A or B which are not common in both the sets.
ie., AAB:{x|xe AUBAXxg AF\B}

or  AAB=(AUB)-(ANB)




For example: If A :{1, 2,3,4,5} and B :{1,3,5,7} then AAB :{ 2,4, 7}
In continuation of section 17.1(ii), further types of sets are given below:
Disjoint Sets:
Two non-empty sets A and B are called disjoint sets if they have no element in common
ie, IfA # ¢,B# ¢pand A B=¢ then A and B are called disjoint sets.
For example: The sets A ={ 1,3,5} and B ={ 2, 4,6} are disjoint sets.
Overlapping Sets:

Two non-empty sets A and B are called overlapping sets if there exists at least ofic eleme
common in both. Moreover neither of them is subset of other.

re, Two sets A and B are overlapping sets if AnMB# ¢ and A ZBorB & .
For example: The sets A ={1, 2,3,4} and B ={ 2,4, 6,8} are overlapping sets.
Exhaustive Sets:

If two non-empty sets A and B are subsets of universal set enW apd B are called
exhaustive sets if AUB=U.

For example: If A={1,2,3,4}, B={1,3,5} and U={1,2,3, and B are exhaustive
sets because ALUB=U
Cells:

If A and B are two non-empty subsets of uni rsal sBt U then A and B are called cells if
they are disjoint as well as exhaustive sets.
i.e., A and B are called cells if A and B are n subsets of U and

ANB=¢ and AUB=U
For example: IfA={1,3, 5,7,9},B= 4, 10fand U = 1 2,3,.. O then A and B are cells.

al'set U.
e operations on sets are as under.

Note: Sets A and A” are cells offuni

Some important laws
Identity Laws:

For any set A .

(i) Aud= i) AuU=U (iii) AnU=A (iv) And=¢
Idempotent Laws:

For any
(1) =A (i1) ANA=A
Laws ofghe Qomplement:
For afiypset A
1 AUA =U i) AnA'=¢
(i) (A) =A vy U=¢andd'=U

De Morgan’s Laws:
For any two sets A and B.

() (AUB)=A'nB (i) (ANB)=A'UB

Notes: (i)A-B =ANB’ (i) A-B'=AnNB




-

Exercise 17.2

1. Which of the following sets are disjoint, overlapping, exhaustive and cells.
(i) {1,2,3,57} and {4,6,8,9,10} (i) {1,2,3,6} and {1,2,4,8}
(iii) Eand O when U= Z (U denotes universal set)

(iv) A={024,..},B=N and U=W (v) QandQ whenU=R O

2. 1fA={1,2,3,4,5,6} and B={2,4,6,8,10} then find
) AUB (i) BNA (i) A-B < ,
(ivy B-A (v) AAB

3. 1fU={1,2,3,..,10}, A={1,2,3,4,5} and B={1,3,5,7,9} then find:

i A () B (iiiy A'UB A'NB
v)  (AUB) (vi) (ANB) (vii) A'AB iii) (AAB)
(ix) A-B (x) A-B
4. IfU={x|xe Zr-4<x<6},P={p|pc Ern—4
Q={q|ge PAg<6} then show that:
(i) P-Q=PNnQ (ii :QmP’
(iii) (PUQ =PNnQ Q =P uQ
5. IfA={2n|ne N},B={3n|ne 4n|ne N} then find:
(i) ANB (11) (i) BNC (iv) AnC
6. Giventhat A,={n,n <}, V ne N then find
i) A;UA; (i) 111 A15 A, (iv) Ag A Ag

17.1.2(i) Propertigs & Ugion and Intersection.

of of the following fundamental properties of union and
two or three sets.
Lve Property of Union

that for any two sets A and B, AUB=BUA

roperty is called commutative property of union.

={x|xe Aorxe B} (By definition of union )
={x|xe Borxe A} " Order of elements in a set is not preserved
=BUA (By definition of union )
=R.H.S
L.H.S=RH.S
AUuB=BUA

Hence proved.




» Commutative Property of Intersection

We know that for any two sets A and B, [ AnB=BnA

This property is called commutative property of intersection.

Proof:
LHS=ANB
= { x|xe Aandxe B} (By definition of intersection)
= { x|xe Bandxe A} ** Order of elements in a set is not preserved O
=BNA =R.H.S (By definition of intersection)
L.H.S=R.H.S

ANB=BnA
Hence proved.
Note: The set operation difference ( — ) is not communicative in general,i. # B -A
» Associative property of union

We are already familiar with associative property of union
) > A v B
Proof: &
LHS=AUBUC) *bﬁ
By definiti

ollows.

={x\xe Aorxe BUC}

={x\xe Aorxe Borxe C}

={x\xe AuUBorxe C} (By definition®f union)

=(AUB)UC =RH.S (By ition of union)
LH.S=R.H.S

AU(BUC)=(AUB)UC
enee proved.

» Associative property of Inter§ection
We already know the a e property of intersection which states that,
for any three sets AS ang \ |Am(Bm C)=(ANB)N c|

Proof:
LHS=ANn(BN

e BN C} (By definition of intersection )

ndxe B and xe C}
AN Bandxe C} (By definition of intersection)

)N C =R.H.S (By definition of intersection)

A.m.(Bm C)'=(AmB)mC

Hence proved.

Note: The set operation difference ( — ) is not associative in general,
ieA-(B-C)#(A-B)-C




» Distributive property of union over intersection
We have already studied distributive property of union over intersection in previous

classes which is as follows,
For any three sets A,B and C, |A U(BNC)=(AUB)N(AUC)

Proof:
LHS=AU(BNC) O
={x|xe Aorxe Bn C} (By definition ofunion)

={ x|xe Aor (xe Bandxe C)} ( By definition of intersection)

={x|(xe Aorxe B) and (xe Aorxe C)} 0 .

:{x |xe AUBand xe AUC} (By definition of unio

= (A uB)m(AuC) =R.HS (By definition of i SQ
LH.S=R.H.S

AU(BAC)=(AUB)A(ALC) \
Hence proved.

» Distributive property of intersection oveg uni

We are already familiar with distribut y of intersection over union which is as

under.

)=(ANB)U(ANC)

For any three sets A,B and C,

Proof:
LHS=An(BUC)

={x|xe Aandxe B (By definition of intersection)

(By definition of union)

(By definition of intersection)

(By definition of union)

‘m'(BuC):(Am B)U(ANC)

Hence proved.

Note: The set operation difference ( — ) is neither distributive over union (U) nor over
intersection (M) i.e. A— (B U C) # (A- B) U (A - C) and A- (B n C) # (A-B) n (A-C)




» De Morgan’s Laws
We have already studied in section 17.1(iv) that there are two De Morgan’s Laws which
are as under.
For any two sets A and B

i) (AUB)=ANB (i) (ANB)=A"UB
Proof: (i) (AuB)’ =A'NnB O
LHS=(AUB) < )
={x |xe Uand x¢ AUB} (By definition of complement)
={x|xe Uand (x¢ Aandxg B)} S
={x|(xe Uand x¢ A) and (xe Uand x¢ B)}

={x|xe A’ andxe B'} (By definition of comple @
=A'NnB’ (By definition of intefSection)
LH.S=R.H.S
(AUB) =A'NB’ C%
Hence proved.

Proof: (ii)  (ANB) =A'UB'

LHS=(ANB) Qy\
={ x|xe Uandxg AN B} y definition of complement)
={x|xe Uand(erAor Ey
N

={x|(xe Uand x¢ ) Uand x¢ B)}
={ x|xe A’ or x @B ¢ (By definition of complement)

(By definition of union)

' =A'UB'
e proved.
17.1.2(ii) Verify the fundamental properties of given sets.
Let us verify the fundamental properties with the help of the following examples.
Example 1:
If A={1,2,3,4,6,12} and B <{4,6,8,9,10,12} then verify commutative property of

union and intersection.




Verification:
(a) Commutative property of union
ie. AUB=BUA

LHS=AUB
={ 1,2,3,4, 6,12} u{ 4,6, 8,9,10,12}
= { 1,2,3,4, 6,8,9,10,12}
RHS=BUA
={4,6,8,9,10,12} U{1,2,3,4,6,12}
={1,2,3,4,6,8,9,10,12}
LHS=RH.S
AUB=BUA
Hence verified.
Example 2:
If A ={1,2,5,10},
union and intersection.
Verification:

B={2,3,5,7} and C=

(a) Associative property of union
ie. AU(BUC)=(AUB)UC
LHS =Au(BUC)

={1,2,5,10}U[{2.3,5,7}U{1.3,5,7.9
={1,2,5,10}u{1,2,3,5,7,9}

={1,2,3,5,7,9,10}
C;

LHS=R.H.S
AU(BUC)=(AUB)
of itersection
={Am B)nC

Hence verified.
Associative prop

AN(BNC)=(AnB)NC

Hence verified.

(b) Commutative property of intersection
ie. ANnB=BnA
LHS=ANB
={ 1,2,3,4,6,12} m{ 4, 6,8,9,10,12}

={4,6,12} O

RHS=BNA
{4 6,8,9,10,12} N
{4,6,12}

LHS RHS

ANB=BNnA
Hence verifi

123

\)

{1,3,5,7,9} th 001at1ve property of

(AuB)UC

[{1.2.5.10}0({2,3,5,7} |U{1.3,5,7.9}
{

{

{
1,2,3,5,7 10} {1,3,5,7,9}
1,2,3,5,7,9,10}

RHS=(ANB)NC
=[{1.2,5.10}n{2,3,5,7} |~{1.3.5.7.9}
={2,5}n{1,3,5,7,9}

{5}




Example 3: If A={1,2,3,..,10}, B={2,4,6,8,10} and C={3,6,9} then verify

(a) Distributive property of union over intersection.
(b) Distributive property of intersection over union.
(a) Verification:

(a) Distributive property of union over intersection

ie, AU(BNC)=(AUB)N(AUC)
LHS=AU(BNC) O
={1,2,3,..,10} U[{2,4,6,8,10} 7 {3,6,9} | < )

={1,2,3,..,10} U{6}
{1,2,3,...,10}
(AUB)N(AULC)
|

{

{1,2,3,..,10}L{2,4,6,8,10} | [{1,2,3,...,10 @;

1,2,3,..,10} "{1,2,3

..... 10}
_{1,2,3,...,10} %
LHS=RH.S < :

AU(BNC)=(AUB)N(AUC)

Hence verified.
(b) Distributive property of Intersg

R.H.S

OVer union
ie, An(BUC)=(ANB)y(
LHS=AnN(BuUC)
={1,2,3,..,10} 8,10} L{3,6,9}]
N ,4,6,8,9,10}
107 \

4,6,8,10}U{3,6,9}

{2,3,4,6,8,9,10}
S=R.H.S
AN(BUC)=(AnB)U(ANC)
Hence verified.




Example 4:  If U={1,2,3,...,20}, A={1,3,5,..,19} and B={2,4,6,...,20} then verify
De Morgan’s laws.
ie, (@ (AUB)=ANB () (ANB) =A'UB'
Verification:

=U-(AUB) < ’
={1,2,3,...20} - [{1,3,5,..,19}U{2,4,6..., 20} | 4
{1,2,3,..,20} ={1,2,3,...,20}
¢
A'NB
U-A)n(U-B)
={1,2,3,..,20}-{1,3,5,...,1 [{1,2,3,.4 ,6,...,2
={2,4,6,..,20} n{1,3,5,...,1
=0
LHS=RH.S

(AUB) =A'NB

Hence verified. v
(b) (AmB) =A'UB' Q

LHS= (AmB

U—(AN
={1,2,3, z%‘ {2,4,6...,20} |
{1,2,3,4,20

u(U-B)

13,0204 {1,3,5,..,19} |U[{1,2,3,..,20} —{2,4,6,..., 20} ]
2,4,6,..,20} U{13,5,...,19}

={1,2,3,...,20}

(a) (AUB), =A'NB O
LHS=(AUB)
1
1

R.H.S

R.H.S

LHS=RH.S
(ANB) = A UB’

Hence verified.




Exercise 17.3
1. Verify the commutative property of union and intersection for the following sets.

1) A ={a,b,c,d,e} and B ={a,e,i,0,u}
(i) P={x|xe ZA-3<x<3) andQ={y|ye E'Ay< 4}
2. Verify the associative property of union and intersection for the following sets.
(1) A={1,2,4,5,10,20}, B={5,10,15,20} and C={1,2,5,10} O
(i) A=N,B=PandC=2Z < '

3. Verify
(a) Distributive property of union over intersection. 2
(b) Distributive property of intersection over union for the foll se

(i) A=N,B=Pand C=W
4. Verify De Morgan’s laws if
U={1,2,3..,12}, A ={1,2,3,4,6,12} and B ={2,4,6} \

5. If A and B are subsets of U then prove the foll using properties.
() AU(AnB)=AN(AUB) (ii) AU(A'NB)
(iii) B=(ANB)U(A'NB) AU(A'NB), ifAcB
17.1.3Venn Diagrams:

that the sets, their relations and operations
eometrical representation is called Venn Diagram
Venn who introduced it in 1881 AD. In Venn
represent the universal set whereas circles or ovals

We have already studied in previ
can also be represented geometricall
named after the English mathematic
Diagram, a rectangle is usually
represent sets.

Recall some Venn @iagra
o o

(i) Venndi howing a set A inside universal set U.

(i1) Venn diagram showing two disjoint sets A and B. B




(iii) Venn diagram showing two overlapping (iv) Venn diagram showing a subset B of A. i.e.

sets A and B. Bc A
Mo

17.1.3(i) Use Venn diagrams to represent

‘
» Union and intersection of sets O

» Complement of a set PY
» Symmetric difference of two sets

» Union and intersection of sets
In Venn diagram, the union of two sets A and B is represente n@ tire region of both
sets A and B. In Fig (i) the shaded or coloured region repre A B.
Whereas the intersection of two sets A and B is represe thg?fcommon region of both

A and B. In Fig (ii), the shaded or coloured region sh
~ AUB A N B
Fig (1) Fig (ii)

Example 1: If U={1,2,3,...,1
represent AUB and A Bt

}, , ,3,4,5} and B={2,4,6,8} then use Venn diagram to

Solution:

In Fig (a), coloured or shaded region represents In Fig (b), the coloured or shaded region
AUB. represents AN B

From the Venn , we have From the Venn diagram, we have
AUB={], ANB={2,4}.

AnB
' A u ' [ v n
‘0 1 i
- ¥ . | L

Fig (a) Fig (b)




» Complement of a set Al
In Venn diagram, the complement of set A is
represented by the region of universal set excluding
the region of A. In Fig (i) shaded or coloured region
represents A’.

For Example:
If U={1,2,3,...8}and A ={1,2,3,4} then use Venn

diagram to represent A’

Solution:
In the adjacent Venn diagram Fig (ii) the shaded or
coloured region represents A’ .

So we have A’ ={5,6,7,8}

> Symmetric difference of two sets A B
In Venn diagram, the symmetric difference ofjtwo
sets A and B is represented by the entire\egi
both A and B except the common regien.
In Fig (i), the coloured or shaded @ epresents
AAB

?“ ' Fig (i)
Example:
If Uz{a,b,c,d,e,f},A a,c, ande{a,b,c} AAB
esent AAB. . - -

gram fig (ii), the shaded or
presents AAB.

Fig (i)




17.1.3(ii) Use Venn diagram to verify
» Commutative property of union and intersection

AN

> Associative laws

> Distributive laws
> De Morgan’s laws

» Commutative property of union and intersection
Let us verify the commutative property of union and intersection using Venn

with the help of the following example.
Example: If A={1,2,3,4,5,6} and B={4,6,8} then verify commutative propert@n and

intersection using Venn diagram.

Verification: (i) Commutative property of union, i.e., A\ UB=B UA ¢
AUB
A n
Fig (i) F1g (i1)
From Venn diagram of Fig. i Efom Venn diagram of Fig. ii
AUB={1,2,3,4,56,8} BUA ={1,2,3,4,5,6,8}
" Shaded or coloured regions and thej enfs are equal as shown in the Fig (i) and Fig(ii).
. AuUB=B VA
Hence verified.
Verification: (ii) Commutativ y of intersection i.e. AN B=BNA.
ANB BN A
] ] A
Fig (1) Fig (ii)
Venn diagram of Fig. i From Venn diagram of Fig. ii
AmB:{4,6} BmA={4,6}
Shaded or coloured regions and their elements are equal as shown in Fig (i) and Fig (ii)
ANnB=BnA

Hence verified.




» Associative Laws
In order to verify associative laws using Venn diagram, we take the following

example.
Example:
If A={1,2,3,4,5,6},B={6,8,10} and C={5,6,7,8} then verify associative laws
of union and intersection.
Verification: Associative law of union i.e. AU(BUC)=(AUB)UC O
LH.S=AU(BUC) RHS=(AUB)UC < )

™Y
O (AuB)u-C

Fig (iv)

stam of Fig: (ii) From Venn diagram of Fig. (iv)
1,2,3,4,5,6,7,8,10} (AUB)UC ={1,2,3,4,5,6,7,8,10}
red regions and their elements as shown in Fig: (ii) and Fig: (iv) are equal
=(AUB)UC

Hence verified.

~—




Verification: Associative law of intersection 1.e. Aﬁ(Bﬂ C) = (Aﬁ B) NC
LHS=AN(BNC) RHS=(ANB)NC

From Venn diagram of Fig. (iv)

(AnB)NC={6}

Now we verify distributive laws using Venn diagram with the help of the following
example.

Example:

Verify distributive laws using Venn diagram

if A={1,2,3,4,5,6},B={3,4,5,6,7} and C={2,4,6,8}.



Verification:
(i) Distributive law of union over intersection

ie.  AU(BNC)=(AUB)N(AUC)

LHS=AuU(BNC) RH.S=(AUB)N(AUC)
— BnC AUB O

diagram of Fig.(ii) From Venn diagram of Fig.(v)
:{1,2,3,4,5,6} (AuB)m(AuC):{1,2,3,4,5,6}

or coloured region and their elements are equal as shown in Fig (ii) and Fig (v)
NC)=(AUB)N(AUC)

Hence verified.




Verification:
(ii) Distributive law of intersection over union

ie.  AN(BUC)=(ANB)U(ANC)

LH.S=AnN(BUC) RHS=(ANB)U(ANC)
.- o\&

Fig (v)

Fr diagram of Fig. (ii) From Venn diagram of Fig. (v)
UC)={2,3,4,5,6} (ANB)U(ANC)={2,3,4,5,6}
or coloured regions and their elements as shown in Fig. (ii) and Fig. (v) are equal
uC)=(ANB)U(ANC),

ence verified.




» De Morgan’s Laws
Let us verify De Morgan’s laws using Venn diagram with the help of the following
example.
Example: Verify De Morgan’s laws using Venn diagram.

If U={1,23,..,10}, A={1,2,3,4,56) and B={2,4,6,8,10}

Verification: (i)(AUB) =A' "B’ O
LHS=(AUB) RHS=A'nB' C}

A UB
||- A n |
L] _

Fig (1)

From Ve agram of Fig. (ii) From Venn diagram of Fig. (v)

B) ={7,9) A'NB'={7,9}
ShadedNer cotoured regions and their elements as shown in Fig. (i) and Fig. (v) are equal
=A'NnB

Hence verified.




Verification: (i) (ANB) = A’ UB’

LH.S=(ANB)

Fig (v)
From Venn diagram of Fig. (v)
1,3,5,7,8,9,10} A'UB'={17355575879510}

red regions and their elements as shown in Fig: (ii) and Fig: (v) are equal

ence verified.




Exercise 17.4

1. If A and B are any two subsets of U then draw Venn diagrams in general of
AUB,ANB, AAB and A-B, if
(i) A and B are disjoint sets.
(ii)) A and B are overlapping sets.
(ii1) A is subset of B.

2. Verify commutative property of union and intersection using Venn diagram'OO

i A ={a,b,c,d,e} and B ={a,e, i,o,u}
(i) P ={l,2,3,...,10} and Q ={ 2,4,6,8,10}

3. Verify De Morgan’s laws using Venn diagram if 0 ¢
A ={1,3,5,7,9},B ={ 5,6,7,8} and U ={1,2,3,...,10} Q

4. Verify associative laws and distributive laws using Venn

diger
if A={1,2,3,...,8},B={4,6,7,8,9,10} and c_{5,7,9,11Q
17.1.4 Ordered pairs and Cartesian products \
Cartesian product is named after French mathemagiciap®Ren® Descartes who introduced
Analytic Geometry. In Analytic Geometry ordered paj sedto locate points in plane. Let
us discuss ordered pair and Cartesian product in det
17.1.4 (i) Recognize ordered pair
A pair of numbers in which order is ma
real numbers a and b, if we regard a as fir; d

denoted as (a,b). In the ordered pair (a,

second component or element.
Two ordered pairs are equél if th€ir corresponding components are equal

1.e., (a,b)z(c,d) iff a=c an
Example: Findx and y if §+5,8p and (9,y —6) are equal
2

1s called an ordered pair. For any two
s second then the ordered pair of ¢ and b is

ed first component or element and b is called

Solution:
X+ 5,8)

= and y—6=38
= = y=8+6
or or y=14
Sot

and y are 4 and 14 respectively.

If A and B are any two non-empty sets then the Cartesian product of A with B, denoted
as Ax B, is the set of all ordered pairs (a,b) where ae A and be B.

ie. Ax B={(a,b)|ae A and be B}

Similarly, Cartesian product of B with A is defined as
Bx A ={(b,a) |be B and ae A}




For example: If P={1,2,4} and Q ={5,10}

then Px Q ={(1,5),(1,10),(2.5),(2,10),(4.5),(4.10)}
and Qx P ={(5,1),(5,2),(5,4),(10,1),(10,2),(10,4)}

Note:
(1) AxBis read as “A cross B”.
(i)  IfO(A)=mand O(B)=n then O( Ax B)=mn
(i) AxB=#BxA in general

17.2 Binary Relations
Define a binary relation and identify its domain and range. 0

> Binary Relation
If A and B are any two non-empty sets then any subset R of @ ian product AxB

is called a binary relation from A to B.
Example: If A={a,b,c} and B= {2,4} then find
(a) Two relations from A to B. \

(b) Three relations from B to A.
(¢) Four binary relations in B. Q

Solution (a) Two relatlons from A to B

Here, AxB—{( a,2),(a,4
Now R, ={(a2),(b.4)} andRz_ (c.4)}

are any two relations from A to B.
(b)  Three relations fr

Here, BxA={(2.0).(2.5).(f.c x? )(4.0).(4.0)

Now R, ={(2.a)},R,={(N@)(Zb)} and Ry ={(4.a),(4.b),(4.c)}
are any three gelafions from B to A.
(¢) Four relations in B

Here, BxB=

4),(4.2).(4.4)}
{(2,2)}, R, :{(2,4),(4,2)} and R, ={(2,2),(2,4)}

ny four binary relations in B.

in and Range of a Binary Relation

t R be a binary relation from set A to set B. Then domain of R, denoted as Dom R, is
the set of first components of all the ordered pairs of R.

The range of R, denoted as Range R, is the set of second components of all the ordered pairs of

R. For example If A={1,2,3,4} , B={4,5,6,7} and R={(1,4),(2,4).(3,5),(3.6)} is a
binary relation from A to B.
then, DomR ={1,2,3} and Range R ={4,5,6}

Now

y




Example:

If x, ye N and a binary relation R in N is given as R ={(x, y)|x+y= 5} then write R in tabular

form. Also find its domain and range.
Solution:

In tabular form, R ={(1,4),(2,3),(3,2),(4,1)}
Here DomR ={1,2,3,4} O

and  Range R ={1,2,3,4} < ,

17.3 Functions: .
Function is one of the basic concepts of calculus, the branch of Mathetaaticsy which has

revolutionized the field of science. Function, in fact, is a rule or relatio, tes two sets

or quantities, for instance, area “A” of circle is related with radius ‘g# b A = rr?. At this

level, we will only discuss function on the basis of sets.

17.3 (i) Define a function and identify its domain, co-d@r nge

A function is a binary relation in which for eagh elem@at of domain there is one and only
one element of range. For example:{(1,3) (2,4).(3,50,(4, } is a function.

Whereas{(l,S),(2,6),(2,7),(3,9)} is not a fu ecause the element “2” of domain is

associated with more than one element o @ )

» Function from set A to set
Let A and B be any two n@n-emifty sets and R be a binary relation from A to B. Then R

is called a function from A to
(1) Domain of R =
(i)  Every ele f €A is associated with unique element of B under R
i (a, c)e R then b= c. Functions are usually denoted by letters of

ek alphabets like f, g, h etc and «a, f5,y etc.

from A to B then we write it as f: A — B, and for every (a,b)e f,bis

function from A to B.

O R ={(1,2),(23),(34)}




Solution:
Mapping Diagram

0 R ={(1,2),(2.3),(3.4)}

R,is not a function because Dom R, # A as shown in

the adjacent mapping diagram.

(i) R,={(12).(2.3).(2.4).(3,4).(45)}

R, is not a function because an element “2” of

domain is not associated with unique element of B as shown
in the adjacent mapping diagram.

(i) Ry ={(1,2),(2.3),(3.4).(4.5)}
R;is a function because Dom R; = A and eac

element of domain is associated with unique eleme
shown in the adjacent mapping diagram.

» Domain, Co-domain and Range
If fis a function from A to B i.e. f: A n
A is called its domain (First set
and B is called its co-domain ( t)
Whereas,
Range is the set of all thie i s of f.
Example:

p‘._‘__,.-{-._..,__u

If f is a function fro 0 B as shown in the given mapping
diagram then write dowa its ain, co-domain and range. Also write %
down the values of f(c). j
Solution:
From ing diagram of f

{a,b,c}, Co-domain of f =B ={x,y,z} and Range f ={x,z}
f(a =xandf(c)=z

Range of f'is subset of its co-domain.
(1)  Every function is a relation but converse is not true.

Note?

17.3 (ii) Demonstrate the following
> Into and one-one function (Injective function)
» Onto function (Surjective function)
» One-one and onto function (Bijective function)
First of all we define into function and one-one function.

y




> Into function:
For any two sets A and B, a function f:A — Bis called into

function if Range of f is proper subset of B (i.e. Range f B.)

For example: For A :{x, y,z} and B ={ a,b,c} ,

a function f : A — Bdefined asf ={(x, a),(y,a),(z,b)}
is an into function because Range f — B as shown in the
figure where Range of ={ a,b}.

» One-one function:
For any two sets A and B, a function f:A — B is called one-one functi@
elements of A have distinct images in B.

For example: For A:{l,2,3} and B:{2,3,4}, afunctionf: A - B

p i distinct

» Into and one-one function or injective functiga: .
A function which is into as well as one-one, if called aft injective function.
For example: For A = { 1 2,3} and

B={2,3,4,5} a function f : A — Bdefine
f={(1,2),(2,3).(3,4)} is an injective

because it is into as well as one-one in |
the mapping diagram Fig (i). Fig (i)
A function g: A — B define

g={(1.3),(2.5).(3.4)]

alsOy an injective

function as shown in d?agram Fig (ii).
» Onto funct rjective function:

and B, a function f:A — B is called onto function or surjective

!

rA={a,b,c} and B= { p,q} afunctionf: A —B
d as
f ={(a, p),(b,q),(c,q)} is an onto  function because

Range f= B as shown in the adjacent figure.
» One-one and onto function or bijective function:
A function which is one-one as well as onto, is called one-one and onto function or
bijective function.



For example: For A :{ 1, 3,5} and B :{ 1,9, 25} afunctionf: A —>B
defined as
f :{(1,1),(3,9),(5, 25)} is a bijective function because it is one-one

as well as onto as shown in the adjacent figure.

17.3 (iii) Examine whether a given relation is a function or not
In order to examine whether a given relation is a function or not we have to
on domain of the relation.
If there is any element of domain without image or any element of domai
than one image in a relation then this relation is not a function.
Example:
Examine the given relations from A to B whose mapping

which one is function and which one is not.
11 (1%

more
¢

given decide

Solution:

is not a function because an 4” of domain is without image.
R, t a function b s4” of d thout

R, is also not a function b element “3” of domain has more than one images.

R,is a function becausg eachifelement of domain has unique image.

17.3 (iv) Differentiate bet one correspondence and one-one function.

Let A and B be fiyo non%mpty sets. In one-one correspondence between A and B, each
element of either set ciated with exactly one element of the other set.

i.e. one- ndence always represents a bijective function.

Whergas function is not always bijective.

eas 1n Figure (ii), there is no one-one correspondence but it represents one-one

60 60

Fig (i) Fig (ii)




10.

Exercise 17.5
Find the values of x and y if:

(i) (x-510)=(11,y-7)

(ii) (5x+8,5y—4)=(3x+10,2y+2)

(iii) (2x=3y,5x+y)=(3,16) O
If set P has 10 elements and Q has 15 elements. Find the number of ele S

PxQ,QxP,PxPand QxQ.

If A={1,2},B={2,3} and C={1,3,5} then find: xb )
(i) AxB (i) BxC (i)  Ax(B

(iv) Bx(AuC) v) (ANB)x(BNC)

If A={5,6} and B= {1,2,3} then find: @

(i) Three relations in AxB (i)  Four relations 4 \

(iii) Five relations in B (iv)  All relatiogs in
For two sets A and B, if O(A)=3 and O( ,then find number of all binary

relations in AxB.
Write the following binary relatio% xB in tabular form where

A={0,1,2,3} and B={2,4,6,8} suchstha and be B.
@) Ry={(ab)b<5)} Q'v

€
R, ={(a,b)|a+b=9)|
(i) Ry={(a.b)|a—b=1)

{(
?\ (v) R, ={(ab)ab=6)|
If relation R:{(x, ) + } is in Z then:

(i) find range if dofai ’ 2,—1,0,1,2} \
(i) find domaj is {11,13,15,17}

If x,y represe nts of W, find domain and range of following relations
) y=11} @)  {(xy)lx—y=6)
If is a function given by f ={( 1,5),(2,6),( 3,7),(4,8)} where

y2, ,4} and B= Nthen write its domain, co-domain and range. Also write the

values of f(Z) and f(4).

IfA :{ 0,1,2,3,4} and B= { 2,4,6, 8,10} then find whether the following relation from
A to B are functions or not. If they are functions find their types:

0 R={(02)(14).(26).(38)




(i) R, ={(0.10),(18).(2.6).(2.4).(3.4).(4.2)}

(i) R, ={(0,2),(14).(2,

(iv) R,={(0,2), 2)y(
(v)  Rs={(0,2),(1,4),(2,6).(3.8).(4.10)} ‘

11. Which of the following is one-one function or one-one correspondence or neith @

them

i

() - (i) (i)

=
|-
-

12. Isz{a,b,c}, Qz{x,y,z} and Rz{p,q,r,s} then

(i) afunction f from P into Q. \
(i1) a function g from R onto P.
(ii1) a function h from P to R which is inj ect'@

2

(iv) a function k from Q to P which is bijec

Review ise 17
1. Choose the correct option: Q

(1) Which one is subset of N

(a) Z (b) E (d P
(i)  Tabular form of A ZAx*= 25 157'
(a) {1,5}
(© {15, 5}
(ili) ~ For and B, if O(A)= O(B) then
(b) B=A
(d) AcB
(i |xe Nax<l1} is
a) Singleton (b) Infinite set
(c) Empty set (d) Super set
) IfA={1,2,3,4} andB={2,4,6} then AAB =
@ {1.2} ® {6}

(©) {13} @ {136




(vi)

(vii)

(viii)

(ix)

(x)

(xi)

(xii)

(xiii)

(xiv)

(xvi)

Which operation is not commutative

(a) Symmetric difference (b)  Union
(c) Difference (d) Intersection
{x|xe Pvxe Q}=
(@) PnQ (b) PUQ
© P-Q @  PAQ O
{x|xeUAxg AnB}=— (
(a) ANB (b  (AUB)
0 ' ! .

(c) (AnB) (d) A'nB
For any two non-empty sets A and B, if A\wB=U and Ar@ A and B are
(a) Cells' . (b) Overlapping €ets
(c) Equal sets (d)  None \
(( ') ) _ .
(a) (A") ® §
(c) A (d)
If Ao Bthen AUB=
(@) A B
(c) & ) U
In Venn diagram, is used to represent universal set.
(a) rectangle (b) circle
(c) oval (d) all of these

<
1f (x,6) (2} thenx+y =

(b) 10 (c) 12 (d) 14
=100 and O(B) =5 then O(A) =
(b) 15 (¢) 20 (d 25
ction is called surjective ifrange — co-domain
) D (b) c
(c) = d =
A function is called into ifrange— co-domain
(@) = b <

(c) = (d)  none of these




(xvii) Given that A= {0,1,2} and B = {3,4} then decide which of the followings is a
function fA—>B ?

(@ {(0.3),(1:4)} ) {(03),(14),(23).(24)}
© {(0.3),(14),(2:4)} (d)  none of these
(xviii) Which one is always bijective
(a) Onto function (b) One-one function O

(c) Into function (d) One-one correspondence
(xix) If f:N — IR then which one is not possible Q
@ £(5) ®  f(7)=8
© f(-2)=6 @  £(9)=0 0 ¢
(xx)  Which one of the followings is a commutative set operatl

(a) Difference (b)  Union
(c) Cartesian product (d)  None
2. If A={1,2,5}, B={2,4,6}, U={1,2,3,4,5,6}, then @Gwmg
@AUB  (b)ANB (o) AAB é\
(d)A-B (e) A (f) B
Verify De Morgan’s laws for the sets of quegfion 2
4. Verlfy commutative propertles of union and Mtersg€tion for the sets.

{a,b,d} and B= {a,d e
. Forsets P ={ 1 3,5} and Q ={ , reSent the following set by using Venn diagram.

(a) PUQ (b)PnQ c) PO (dP-Q
. If A={a,c} and B={b,d} t

(a) Two relations in

&

(b) Three relations in B
(d) Two relations in AUB

. If A={1,2,5} { then find function from A to B, which is
(a) Onto i (b) Into function
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Summary
Tabular, descriptive and set builder forms are the methods of representation of a set.
Empty set has no element.
If A is subset of B then B is superset of A.

If AcBand Bc Athen A=B.

Equivalent sets have one-one correspondence.

If AcBand A #Bthen A cB. O
Union, intersection, difference, symmetric difference, complementation and @

product are operation on sets.
If AnB={ then A and B are disjoint sets. *
If AUB=Uthen A and B are exhaustive sets.

Cells are always disjoint and exhaustive.

Difference and Cartesian product are not commutative.
Union, intersection and symmetric difference are commutativ
Union and intersection are distributive over each other.

De Morgan’s Laws: (i) (A uB)' =A'NB
Geometrical representation of sets, their relatlons
Venn diagrams were introduced by John Venn infl 881

Sets and universal set in Venn diagram aregepr by circles or ovals and rectangle
respectively.

If (a,b)=(c,d) & a=candb=d
O(AxB)=0(A)-O(B) Q~
A><B={(a,b)|ae Anbe B

Every subset of Cartesian 18 called binary relation.

Function is a binary reéflation iiywvhich each element of domain has unique image.
If f:X—>Yisa
range is the se es of f.

A function js calle Into if range < co-domain (ii) Onto if range = co-domain
ifdistinct elements of domain have distinct images in co-domain.

tions is called Venn diagram.

correspondence is always bijective.
One-one function is not always bijective.




VARIATIONS

o Weightage = 6%

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to: Q . \
»  Define ratios, proportions and variations (direct and inverse).
» Find 3%, 4" proportionals in proportion and mean proportional i { proportion.
»  Apply theorems of:
%+ invertendo,
«* alternando,
* componendo, \
¢ dividendo and componendo
+* dividendo to find proportions.
»  Define joint variations.
> Solve problems related to joint variatio
» Use k- Method to prove conditiong s 1nvolving proportions.
> Solve real life problems based g




18.1: Ratio, Proportions and variations
18.1.1 Define ratio, proportion and variations (direct and inverse)

(a) Ratio:
Ratio is a comparison of two quantities having same units. It is the relation between two
quantities of the same kind. In other words, ratio means what part of one quantity is of the
other. If a and b are two quantities of the same kind and b is not zero, then the ratio of a amO

to the number of girls can be expressed as 13:8 or in fractio

L a
is written as a a:b or 5
For example: If in a class there are 13 boys and 8 girls, then the ratio of the n mbe@ys
O
Notes: (1) The order of the elements in a ratio is importan
(i) A ratio has no unit.
Q aw

(iii) In a:b the first term a is called antgc the second term b

called consequent. \
Example 1: Find the ratio %
(1) 400m to 900m (i1) @t 2kg
(1i1)  30sec to 2min (v, 200 to 300gm
Solution:
(1):  Ratio of 400m to 9
400 .

400: 900 =——=
9 9
4:9 is th im%west) form of the ratio 400 : 900
(i)  Ratio of 700gm to 2
Since, lkg=1

(iii)
120sec
there
30: 120=£:l:1
120 4

(iv)  Ratio of Rs 200 to 300gm
Since, the quantities are not of same kind, so ratio between Rs 200 to 300gm cannot
be found.




Example 2: Find the ratio Sa+2b:4a+3bif a:b=4:5

Solution: Giventhat a:b=4:5 or % = %

Now Sa + 2b : da + 3b = 22+ 20
4a +3b
Sa+2b a b
b S(Z) - 2(5) (Dividing numerator and O
4a+3bh  a b denominator by “b”
4@+3 e
b b b
5 4 +2
B LA S SO T (R (@)= ¢
PTaWE LI SRELE)
5 5 5
Hence, 5a + 2b: 4a +3b = 30: 31
Example 3: Find the value of m,when the | Exampl mber must be added to
ratios 3m +5 : 4m + 3 and 2 :3 are equal. each term ratio 4:15 to make it equal
Solution: According to the given condition
N 3m+5 _ 2
4m+3 3 : Let the required number be a.
= 33m+5)=2(4m+3) ordmg to the given condition
= O9m+15=8m+6 44a 2
=  9m-8m=6-15 = 1574 3
:; hm:—?d . = 3(4+a)=2(5+a)
Thus the required valug o —9. - 12430 =30+ g
= 3a-2a=30-12
= a=18
Thus the required number is 18.

Note: Product of Extremes = Product of Means




Example 5:  Find the value of x , if 40:60=50: x

Solution:
Given that 40:60=50:x
Product of extremes = product of means
40x =60x50
e 60x 50 _ 75
40
e, x = 75 <
Exercise 18.1
1. Find the ratio of the following. .
i) 70kg and 28kg (ii) 60cm and 1m ¢, Imin
iv) 200 ml and 2/ ) 135° and 360° kg, Skg 200gm
2. In a factory, there are 120 workers in which 45 are wome ing are men

ratio,

Find the ratio of
6)) men to women (i)  women
(iii)  women to total worker (iv)  mengto t

vaers

3. If 5(4x—2y)=3x—4y, find x:y
4. Find the value of ‘a’ if the ratios 3a+4:2a45 andgt:3 are equal
5.  What number must be added to antecedent a or@if the ratio 5:27 to makeit equal to 1:3?
6. If a:b=>5:8,find the value of 3a+4b:
7. Find the value of x in the followj
() 2x+5:5:3x-2:7 Gy X=33.4x7
v 5 47372
oo X=3 5 x-1, . ) . a+bh )
(1i1) 5 e (iv) (@ —ab+b*):x:: — :(a+b)
(v) 11-x:8—x:Q5—xN6—x
L 2
(e) Variation:
Variation i as the change in one quantity due to change in other quantity.
There are two variations.
ect variation » Inverse variation

uantities A and B are so related that when A increases (or decreases) in given
increases (or decreases) in the same ratio then this variation is called direct

variation. If a quantity y varies directly with regard to a quantity x , we say that y is directly
proportional to x and is written as y oc X

or y=k x where k=0

The sign oc is called the sign of proportionality or variation and k is called
constant of proportionality or variation.




For example:
(1) Length of side of square and its area are in direct proportion.
(i1) The speed of cycle and covered distance are in direct variation.

Example 1: If y varies directly as x, find
(a) the equation connecting x and y.

(b) the relation between x and y when x=3 and y =7
(c) the value of y when x=24 (d) the value of x when y =21 O

Solution: (a) . y is directly proportional to x
Loy x .
.. (1)

e y=kx

where k is constant of variation *
(b) By putting x=3 and y =7 in equation (i),

we get 7=3k = kzg Q

By putting the value of k in equation (i),

(¢) By putting x =24 in equation (ii),
(d) By putting y =21, in equation (ii‘ ,
3x

7
we get, 21=§x = x=

Example 2: If y varies directly to oot of x, y=10 when x=16 , then find y

when x =36
Solution: Given that y vagies as square root of x
iLe. y

N

or

=16 and y =10 in equation (i)
10 5

we = k=—==
& 4 2

putting k= % in eq (i)

y= %J} (i)

By putting x =36 in eq (ii) we get




792

Example 3: Given that V varies directly as a cube of » and V = - when r=3.

Find the value of V whenr=7.

Solution:  Since V varies directly as cube of 7.
Var
V=k’ (i)

By putting =3 and V= % ineq (i)

(where k is constant of variation)

OO

we get E—k(3)3 :>k=£=§
7 - 7x27 21
Hence V= o r (ii) S
By putting » =7 in eq: (ii)
88 .5 4312
e get V=—(7) = —
wee 21( ) 3 Q

Inverse Variation:

If two variables (quantities) are related to each oth

a way that increase in

one variable causes decrease in another variable and yice Xthen the variables are in

inverse variation to each other. If a quantity y varies laycrsCly
say that y is inversely proportional to x and we

yocl or yzﬁ where k#0 (constan
x x
= =k

Example 1: If p varies inversely as x

y=7 when x=2.Find y when x
Solution: Here y varies inversely as

ith regard to quantity x, we
te it

1ation)

ample 2: If y varies inversely as the cube
root of x and y =27 when x=8. Find x
when y=36

Solution: Here y varies inversely as i/;
1

k %

- 3= :
or y= T = y(x/;) k ... (1)
By putting x=8and y=27 ineq(i)
we get k= (27)(}/8) =54
Now by putting k=54 in eq (i)
we getyi/; =54 ... (i)
Now, by putting y =36 in eq (ii)
we get (36)(3/;) =54

3x_54

ie. y o«

N | W

36
27
= X=—
8




Exercise 18.2
1. Ify varies directly as x , and y =10 when x =3, find

(1) y interms of x  (ii) y when x =6
2. If VocT and V=15 when T= 24, find
(1) The equation connecting V and T.
(iii) T when V=10
3. If uoc3/v and =4 when v =64, find the value of u when v=216 and the v.
when =5
4. IfF varies directly as m’ whenm =3 and F = 81, find F when m=>5.
5. Ify varies inversely as x and y=10 when x =3, findy when x=1Q.

(ii1) x wheny =15

(ii) V when T =30

6. The volume V of a gas varies inversely as square root of the pr
V=12 when P=9, find P when V =4

7. If F o Lz and F=8 when =2 then find:
r
(1) Fwhen r=5 (i)  rwhen F=24 \
8. The cube root of x varies as the square of y if y=3 find x when y =%

9. The force F between two bodies is inversel@‘h nal to the square of the distance
between their centers. If F=2 and d=3 t 1 hen F=72
10. If y varies inversely as (x—95) when y x=28, findy when x=10
18.1(ii) Find 3", 4'", proportionals '@ po¥ion and mean proportional in a continued
proportion
We are already familiar wi ion that if a, b, ¢ and d are in proportion then
a:b:c:
Here a, b, ¢, and d
(a)  Third proportignal

irst, second, third and fourth proportional respectively

L 4

Example 1: Example 2:
If4,7 and 14 arCRUITONTS, secoqd and |If (a—b),(a’ +ab+b*) and (@’ —b*) are the
fourth propo po & proportion first, second and fourth proportional
respectt dits third respectively then find the third proportional.
prop . Solution: let x be the third proportional
Solut x be the third then
g:gn (a=b):(a*+ab+b*):x:a’—b
’ 4:7x:14 = (a*+ab+b>)x=(a-b)a —b")
= Tx=156 (a* +ab+b*) x=(a—b)*(a’ +ab+b*)
= x=8 A & 2
N . _(a b)z(a +al;+b)
(a+ab+b")
= x= (a-b)




(b) fourth proportional
Example 1:  Find the fourth proportional if first three proportional are

a+b’,a—banda’ —ab+b’

Solution: let x be the fourth proportional
then ' +b’:a—b : (" —ab+b):x

ie. x (@ +b*) =(a-b)a*—ab+b*)

N N (a—b)a’ —ab+b*) O
(a+b)a*—ab+b*)
a-b

= xX=

a+b
Continued Proportion and mean proportional

The quantities a, b, c, are said to be in continued pro
a:b=b:c Q

or a:b:b:c =b'=ac

Here b is called mean proportional \
Example 1:  Find a mean proportional of x° -y’ a
Solution: Let z be the mean proportlonal
then

2 2
X -y izuz:
X+

ie, z°=(x’ —yz)% x—y)’
X

Example 2: e of @ if 7,a—3 and 28 are in continued proportion
Solution: and 28 are in continued proportion.
128
ie P ="7x28

Exercise 18.3

1. Find the third proportional if first, second and fourth proportional are
1) 6, 18 and 54 (i1) a’—b*,a+b and a—b

3,73 2 2
Qi) (tphr+y adxty @v) S0 G7aY a4
a

b7 a-b




2. Find the fourth proportional to
(i)  8,4,2 () a+b°,a*-b,a"—ab+ ¥
(i) @’ -8a+12, a-2, 2a’ 124’
(iv) (@’ -b)a*—ab+b*),a’ +b’,a’ b’

3. Find the mean proportional to
i 8,18 (i)  Sab*,20a’b’

2 _p? . a—b
iii at —b4,a— iv -
(i) e W) @b

4. Find the value of x in the following continued proportions. 4
1) 45,x,5 (i) 16, x ,9
(i)  12,3x-6,27 @iv) 7, x-3,112

18.2 Theorems on proportions
18.2.1: Apply theorems of invertendo, alternando, compo , diyldendo to solve the
problem of proportions.
(i). Theorem of invertendo:
If a:b=c:d thenb:a=d:c

The above statement is called theorem of iverten
Proof: Since a:b=c:d

a_c¢c
b d
b_d al of both sides)
a c¢
ie. b:a=d:c Hence
For example: (i) If 2:3 =46 then by theorem of invertendo
3:2
@) I =2r:5s then by theorem of invertendo
p=5s5:2r
(ii). Theore rnando:
If a :d thena:c=b:d
Thi nt is called theorem of alternando.
Proof: b=c:d
_<
b d

= ad =bc
Dividing both sides by cd

we get
we get a_ é
c d
ie. a:c=b:d Hence proved.




Example:
(i) If 2:5=6:15 then by theorem of alternando
2:6=5:15

(iii)

(i) If4p-1:2-3¢g=5+2r:2s+1 then by theorem of alternando
4p—1:5+2r=2-3q:2s+1

Theorem of componendo:
If a:b=c:d then according to theorem of componendo O
(1) a+b:b=c+d:d (i) a.:a+b=c:.c+d
Since a:b=c:d
or Z2-°
b d ¢
Adding 1 to both sides
L L
b d
a+b c+d \
- —_—
b d
or a+b:b=c+d:d O

Hence proved

a_c
b d

= b_d (Byi ertgo tEeorem)
a c

By adding 1 to both side

2+1=€+1
a c
b+a

c+d

=c:c+d
Hence proved
=r:5—3 then by theorem of componendo (i)
+2+q g=r+s—3:5s-3

Similarly by theorem of componendo (ii)
p+2:p+2+qg=r:r+s-3

Theorem of Dividendo:

If a:b=c:d then according to theorem of dividendo

(1) a—-b:b=c—-d:d (i) a:a—b=c:c—d

(iv).




Proof: (i) Since a:b=c :d (ii) Since a:b=c :d

a c a c
or —=— or —=—
b d b d

Subtracting 1 from both sides. N b _ d (By invertendo theore
a c

a_,_c
b d Subtracting 1 from both sides.
a—b:c—d é—lzi—l
b d a c
or a-b:b=c-d:d b—a d-c

Hence proved. *

= = ndo theorem)
b—a d-
a:b—a= —

Hence
Example: \
If m+5:n—3=4p+7:3q+2 thenshowthatm n+48: 4p—3g+5:3g+2
Solution: Since
m+5:n—-3=4p+7:3qg+2

m+5 4p+7
or _—
n—-3 3g+2
By dividendo theorem
(m+5)—-(n-3) (4p+ 2)
n-=3 3g%2
23g+

2e
4p—-3g+5:3g+2

m—n+8 4p
n-3

). componendo and dividendo:

a+b:a-b=c+d :c—d

a—-b:a+b=c—d :c+d

Exampl® 1: If m:n= p g then show that 3m—2n:3m+2n=3p—-2q:3p+2¢q
Solution: Since m:n=p g

oo 2P
noq

Multiplying both sides by%




3m _3p
2n  2q

By using componendo and dividendo theorem (ii)

3m—2n 3p-2q

3m+2n 3p+2¢q
or 3m—2n:3m+2n=3p—-2q:3p+2q O
Hence shown. O
Example 2: If 3p+4q:3p—4qg=3r+4s:3r—4s then show that p:g=r:s
Solution: Since 3p+4q:3p—4qg=3r+4s:3r—4s
By using componendo and dividendo theorem (i) 0 ¢
GBp+4q)+(3Bp—-4q)  (Br+4s)+3r—4s

(Bp+49)-(Bp—4q)  (Br+4s)—(3r-4s) Q
3p+4q9+3p—4q _3r+4s+3r—4s @

3p+4q-3p+4qg 3r+4s-3r+4s

6_p = ﬁ (by cancellinggfrom both%i
8¢ 8s 8 O

or pig=r:s
Hence shown.
Example 3: Using theorem of com ndoyand dividend theorem find the value of x

" Vx+6—+/x-6

xX+6+/x—

squaring (1) both sides
x+6+\/x—6)_2+5 X+6 49

( x+6+\/x—6)_2—5 Y-6 O

+x+6+Jx—-6 7 9x+54=49x-294
—6-vxi6-Ji-6 -3 9x—49x = —294— 54
2Jx+6 T N Bere 7 0 —40x=-348
~2Jx-6 -3 k-6 3 7 L4887
40 10

As (1) is a radical equation, so verification of root is necessary. On verification it is

found that x= 10 satisfies the original equation. Therefore, S.S :{ %}

y



(x+3)+(x-1> 5

= by using componendo and dividendo

Example 4: Solve the equation: > > =
(x+3)—-(x-1)" 4

theorem.
2 2
Solution: We have (r+ 3)2 *(x- 1)2 = é
(x+3)y -(x-1) 4
By componendo and dividendo theorem O
(x+3)°+(x—1)>+(x+3)’—(x—1)> 5+4
(x+3)+(x=1)> = (x+3)>+(x=1)> 5-4 < )

2(x+3)> 9
= == ¢
2(x—1) 1
2
N (x+3) =9 Q
x—1
N x+3:i3 \@
x—1
x+3=3 or x+3=_3
x—1 x—1
+3

x+3=3x-3 x+3=-3
—2x=-6 4x=
x=3 x=0
The solution set is {0,
2 33
Example 5: Prove that a:b=c: v — d2 : 03 _d3
+bd” ¢ +d
Solution:

ndo and dividendo theorem
+ac® + bd* B c-d>+l+d?
bd*> —ac*—bd*> S -d*--d°

2ac? _ 203
-2bd* -24°
a C
= =
b d
or a:b=c:d

Hence Proved.




Exercise 18.4

1. If x:y=2z :w then prove that
Q) 4x+3y _ 4z +3w @) S5x—3y _ 5z —3w
4x-3y 4z 3w S5x+3y S5z+3w
i) xz+yz _ zz +wz i) Ehat 2y: 3z4+2w O
X =y oz -w 3x-2y 3z-2w
W) 2x+3y+22+3w:2x—3y+22—3w < ’
2x+3y—2z-3w 2x-3y—-2z+3w

2. Prove that a:b=c:d if *
(1) a’—b*:a*+b>=ac—bd :ac+bd

) a+b+c+d=a—b+c—d
at+tb—c—-d a-b-c+d
3. Solve the following equation by using componendo — di

Q) (x+3)*—(x-5)° _ a
(x+3)°+(x=5?* 5

- Jas-x-5 1 4N ~4) -(x-3) 63
Jx+5+4x=5 10 (x—4) +(x-3) 65

18.3 Joint variation v
18.3(i) Define joint variation

When a variable depends on the pfgduct or quotient of two or more variables is called
the joint variation. In other words, ation occurs when a variable varies directly or
inversely with multiple variable
For example

(i) If x varies diregtly with,both y and z we have xoc yz = x=kyz

y ky

¢
with y and inversely with z we have xoc == x=-—
z z

(i1) If x varigs

18.3 (ii) Solve
Example 1,
If y{vati

y when Il and z=5

lated to joint variation.

directly as xz*and y=4 when x=6 and z=3. Find the value of

Solutio ince y varies directly as xz’
yoo xz°

ie. y=kxz* ()

By putting, y=4, x=6 andz=3 ineq (i)
4_2
54 27

4=k (6) 3 = k=




By putting, k= 2—27 in eq (i)

2 2 e

we get = —Xxz ..(u

gt y= — (ii)
Now by putting x = —8l and z=>5 ineq (ii)
y= 2—27 (=81) (5)* = 2(-3)(25)=-150

Example 2. If s varies directly as v’ and inversely as Jiuands=16 when v = ,t=
u = 24; find the value of s whenu=25,t=36and v=>5.

Solution. Since s varies directly as v’ and inversely as N 0 *
3 3
v v .
Lose—= = s=k—= .. () By putting k =18 in

i o @
_18 v? / )

By putting s=16,v=4,t=9 and S

u=241ineq (i) u X
3 By putting t
16= K&

NCTR) 4) we get

5)° 18x125

 k(64) o =g 20y _ 15

177y = g T V%(zs) 025
%se 18.5

1. Ify varies directly as x’4an. =6 when x=4,z=9. Write y as a function of x
and z and determine the ¥alue 9f y when x=-8 and =12

2. If y varies directly as x'@d u”and inversely asv and t. y=40 when x=8, u=5,v=3
and t = 2 find wi

6 and v =5 in eq (ii)

spof x,u,v and t. Also find the value of y when x=-2, u=4,

3. If w vagies di as u” and inversely as cubic root of v and w =216 when u =6
the value of w when u =10 and v =125.

th L and inversely proportional to the square root of acceleration due to
vity ‘g’ if T =2sec L=100cm and g =9.8m/s. Find time period of simple pendulum
n L =200m and g =7.6 at a particular height.
5. The volume V of a particular gas is directly proportional to the temperature T and
inversely proportional to the square root of pressure. If V=100, T =30 and P =64.
Find the value of V when T=60 and P=81.




18.4 k—Method
When two or more ratios are equal many useful proportion may be proved by introducing
a single symbol ‘k’ to denote each of the equal ratios. This method of using symbol k to each
ratio is called k-method, the k method is a very useful method in solving many problems.
18.4 (i) Use k-method to prove conditional equalities involving proportions

If a:b::c:d is a proportion.
Then by k — method O
e 2 _C _4 C}

e
b d

- 2 _k and £ =k

a=bk .. () and c=dk .. i) 0’
By using these equations, we can solve problem relating to prg \
Examplel. If a:b::c:d then show that 8a-3b = 8c-5d
8a+5b 8c+5d
Solution: Since g : b =c : d \

Let £ =5 =%
b d
Then a=bk andc =dk.
NowLHS = 8a-5b _ 8bk-5b _ b8k k-5
8a+5b 8bk+5b ) 8k+5

RILS _ S¢=5d _8dk—5d @ 8k—5
8c+5d 8dk+5d + 8k+5
" LHS=RHS v
) 8a—5b 8c—35d
h 8a+5b 8c+
Hence shown.
@ M (a+c+e) _ace \

Example 2: If a hen prove then = .
(b+d+fy bdf

Proof: we e £
d f
» a_ < _ f_
b d
Then ok, Sk, L=k
b d 7
= a=bk c=dk and e= fk
i o (atere’ _(kedk for _[Kord+ O]

C(b+d+ [ (b+d+ [} (b+d+[f)

y




RiLs o e _ RO _ Kb

bdf bdf bdf
LHS= RHS

(a+c+e)’ _ace

(b+d+ f)’  bdf
Hence proved.
Example 3:

If % = 2 = ? then show that(a’ + ¢ +e*)(b* +d’ + f*) = (ab+cd +ef )ZQ
L 2
Proof: Let £ = £ = £y

b d f
= a=bk, c=dkande=fk Q
L.H.S (@+c+e*) (B +d* + ) R.H.S =(ab+fd 4ef

= PR+ dK 4 L) PP dP 4 1Y) = d +(f k) fT
— BRPGd ) B dP ) MY s ]

— RO +d+ ) C h WIS
LB +d>+ )

LH.S=R.H.S
+l+e B +d* + f)=(ab+cd+ef )’
Hence shown.

Exercise 18.6
If p:g=r:s then

8p-3q _SINSS o Gy 3 |Prr_ P
8p+3q i+s 9

(iii) = +57): (v) p+rg+s=p r:qs’
r-s s
\4 : = :
( ) p+q r 7 aES
2. a:b=c:d=e:f thenshow that
) a* b’ +d* ez-e“f_a_4 ) a b+ czd+e2f_ a+c+e

B+ f2-f° b ab* +cd* +ef*  b+d+f



18.4 (ii) Solve real life problems based on variations:
Example 1.
The potential energy of a body varies jointly as the mass “m” of the body and the

then determine

O

height “h” If potential energy is 1960 joules when m=2kg and h=100
potential energy of the body having mass 5kg and height 300m.
Solution: Since potential energy “p” varies jointly as the mass m and the height h
i.e. poc mh
p =kmbh ... (i) when k is constant of proportionality

By puttingm=2,h =100 and p = 1960 in equation (i)

1
We get 1960 =k (2) (100) = 960 0
Example 3: \@

k=——-= 9.8
200
By putting the value of k in equal (i),
Labour cst ¢s jointly as the number of

p=9.8mh ... (i)
Now by putting m=5 and h =300 in eq: (ii)
We get p = 9.8 (5) (300) = 14700 joules.

Example 2.
According to Hook’s law the force F applied
to stretch a spring varies directly as the

amount of elongation S when F=64 /band
S=3.2 inches.

Find. (i) S when F=100 /b

(i1) F when S=0.4 inches.
Solution: Since Foc S

F=kS... (1)
By Putting F=64 & S=3.
we get
64=3.2 k
= k= 64 =20 *
3.2
(1)
(i)

We get F=20(0.4)=81b

wor “n§and the average number of days
d, iithe c?st of 200 workers for 10 days is
4 . Find the labour cost of 300
for 16 days.
S@lution: Since cost varies directly as the
mber of workers and the days.
re., Cocnd
C=knd (1)
By putting C =450,000,7 =200 and d =10
in eq (i)
450,000 = £(200)(10)
450,000
2000
By putting £ =225 in eq (1)
we get C=225-nd (i1)
By putting 7 =300 and d =16 in eq (ii)
we get C=225x300x16
C=1080000

Hence the cost for 300 workers for 16 days is
Rs.1080000.

=225




Example 4:

The expenses of a hostel are partly constant and partly vary according to the number
of students. When the number of students are 140 the expenditure is Rs 19300 and for 200
students the expenditure is Rs 26500. Find the expenses when number of students are 300.

Solution: Let the constant expenses be denoted as C, Q denotes partly expense, x is the numb

1e.,

of students and P denotes the total expense.

Since the expenses varies directly to number of students.
Qox

Q = nx where n is constant
P=C+Q

P=C+nx . where n is constant
According to given condition

Hence 19300=C+140n  ..(i)

)
and  26500=C+200n ..(1h)
also P=C+300n ..(1ii)
From (i) and (ii), we get n =120 and C = 2500
Now, equation (iii) becomes \

P =2500+300(120) = 38500

The total expense for 300 students is 38509"

Exercise
The current in a wire is directl

nal to the potential difference and
inversely proportional to the resista Y If [=6 amperes, when V=220 volts and
R=5 ohms. Find [ when V= d R=8 ohms

The intensity of light measur foot candles varies inversly with the square of the
distance from the light uppose the intensity of a high bulb is 0.08 foot

the cost of 100 workers for 15 days is 9000, then find the labour cost of
s for 20 days.

e sdles tax on the purchase of a new car varies directly as the price of a car. If a
car is purchased in Rs 2000000, then the sale tax is Rs 40000. How much sale
tax is charged if the new car is priced at Rs 2800000.

Review Exercise 18

1. Multiple Choice Question
Select the correct option in the following

(1)

(i)

In a proportion p:q::r:s, pis called

(a) third proportional (b) mean (c) fourth proportional  (d)first proportional
Inaratio/:m , [ iscalled

(a) consequent (b) antecedent (c) relation (d) none of these



(iii)  Inaratio u:v, v is called

(a) antecedent (b) consequent (c) relation (d) none of these

(iv) Ifa,b,c are in continued proportion then b is called proportion between
a&c
(a) 1% (b) mean (c) 3¢ (d) None of these

v) The mean proportional between a” and b’

i : is
(a) ab (b) ab © (d) ~ab CJO
(vij Ifx+5:x+7=5:7thenx isequalto—
(a) 2 (b) -1 (c) 0 (@1 .
(vii)  If 1,9, x and 45 are in proportion, then x =
@ 27 Ok © 3 (@40

(viii) If p:g =r:s then p:r=g:s this property is called
(a) compodendo  (b) invertendo (c) dividendo a rnando
(ix) If x:y=2z:w then according to componendo

(@

z

xX+y z+w x —-w

Z

(©) =

xX+y 4w
(x) If a:b=c :d then accord ?i rnando property

_c a+b

@ === (b 2

b
b =2 © —=— (d) Pl

(xi)  The fourth proportio )
(a) 20 é ORE (c) 60 (d) 36 \
(xii) If2x,3ya continued proportion then
. ®) 9y’ =xz (c) 9y’ =12xz (d) 3y* =4xz

(xiii) then according to dividendo property is

w—z X+ w+z
- (b Z2=22
w
(c) =—— (d) None of these
X+y w+z
(xiv) Force and acceleration are in
(a) direct proportion (b) joint proportion

(c) inverse proportion (d) None of these




e

(a) 20 (b) 15 (c) 12 (d) 10
Find the ratios of the

(1) 100m and 500cm (i) 50kg and 300g

Find the value of x in the following

(1) 5:x—-3=x+11:3 (i) 9:x—-10=x+13:12
If y varies directly as x and y = 25 when x = 75 then find y when x = 144.
If y varies inversely as x and y = 100 when x = % then find y when x = 4. ‘ ,

Tx+35y Tz +5w

Tx—5y Tz 45w
(x—3)(x—5) _(x—6)(x—2)
(¥=7)(x=2) (x=1)(x-8)
If x varies directly as y and inversely as z. If x = 30

y=30whenz=12.
The current in a circuit varies inversely with its re measured in ohms. When
the current in a circuit is 40 ampere, the rfl 10ohms. Find the current if

If x:y=2z: w then prove that

Solve by componendo — diviC

resistance is 12 ohm.

Sum
The comparison between two quangiéi the same kind is called ratio

Iftworatio a:bandc:d aree then we can write.

a:b:c:d
Equality of two ratios is alle roportion.
If two quantities are such a way that increase (decrease) in one quantity
causes increase (decreal respectlvely in the other quantity is called direct variation.
If two quantitigs reht d in such a way that when one quantity increase, then the
other decrease ce versa is called the quantities are in direct variation.

YV VV V V

edkems invertando  If a:b=c:dthen b:a = :c

s of alternendo If a:b=c:d then a:c $:d

orems of componendo

If a:b=c:dthen (a) a+b:b=c+d:d (b) a:a+b=c:c+d
Theorem of dividend

If a:b=c:dthen a—-b:b=c—d:d and a:a—b=c:c—d

W) Theorem componendo and dividendo
If a:b=c:d then
a+b:a—b=c—d:c—d
» If one variable varies directly or inversely with two or more than two variables then it
is called joint variation




MATRICES AND
DETERMINANTS

o Weightage = 9%

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to:

» Define » A matrix with real entries wglate its
«» A matrix with real entries and relate its rectangular layout (formatign) wi

rectangular layout (formation) with

> g s(iare matrix.
representation in real life aswell. > Aot
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> Define and identify row matrix, column matrix, ~ ultiplicative inverse of a non-
rectangular matrix, square matrix, zero/null i 1 matrix 4 and verify that 447 =1=4"14,
matrix, identity/unit matrix, scalar matrix, wherg, Bisthe identity matrix.
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skew-symmetric matrices.
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e adjoint method to calculate inverse of
a non- singular matrix.

erify the result (4B)"! = B4

Solve the system of two linear equations,
related to real life problems, in two unknowns
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using
number. . L. .
>  Add and sub ] «» Matrix inversion method.
‘r .an subtract rgatrlces . & Cramer’s rule.
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erify, with the help of an example that
mmutative law w.r.t. multiplication does
not hold, in general. (i.e., AB # BA),

Define multiplicative identity of a matrix.
Verify the result (4B)' = B' 4".




19.1 Introduction to Matrices

The matrices belong to a field of mathematics, that is, linear algebra. It is mainly used
in business, engineering, physics and computer science. Arthur Cayley (1821-1895) was the
first mathematician who developed the theory of matrices.
19.1 (i)Define a matrix with real entries and relate its rectangular layout (formation) wi

representation in real life as well.

A matrix is a rectangular array of elements. The elements can be symbolic exprg %
or numbers. Matrix is usually denoted by capital letter of English alphabet and eac gy (0¥
"element") is shown by a lower-case letter. Elements of a matrix are enclosed within [ | or
For example:

4y Gy ag ay G 4 *
A=lay ay ay|orA=|a, ay, ay
a3 4y 4y a3 4y
Here a,,, a,, and a;; are the elements of main diagonal and gfc ain diagonal elements,
and diagonal itself is called main diagonal, principal diagonal, iggonal or primary diagonal.
Let us take an example of matrix in real life, ing¥"table shows the number of
residents, televisions and computers in three houses a
Residents Tel
House A 4 1
House B 3
House C 0
The above data can be written in matri
Note: The plural of grord\'Magrix” is “Matrices”.
19.1 (ii) Know alQou ws and columns of a matrix
The hort ine of entries in a matrix is called row of a matrix and the vertical line
of entries in ix is called column of a matrix.

2 5 1 4
6 3 -2 0
o rows. It has four vertical lines of entries so it consists of four columns.
The order/size of a matrix

The order or size of a matrix is defined by the number of rows and columns it contains.
The order of matrix is represented by mx n (read as m by n) where m is the number of rows, and
n is the number of columns in the given matrix. For example,

3 4 9 )
then orderof A is 2 x3
12 11 35

ple, matrix Az{ } has two horizontal lines of entries so it

19.1.(ix

IfAz[

y




19.1.(iv) Equality of two matrices
Two matrices A and B are called equal matrices if they have the same order and their
corresponding elements are equal. Symbolically, we write as A = B. For example,

2 6 1 2 6 1 .
Az( ]and Bz[ 3} are equal matrices

0 5 3 0 5
b2 1 2 3

P=|3 4 |andQ :(4 s 6 j are not equal matrices because their orders are not &C
5 4

19.2 Types of Matrices
19.2.(i) Define and identify row matrix, column matrix, rectangulatqq mat x,’square
matrix, zero/null matrix, identity/unit matrix, scalar matg goal matrix,
transpose of a matrix, symmetric and skew-symmetric m4

three, 3x3).

Row matrix
A matrix having one row is called row matrix.
For example,[a, b].[1 4 7]and [4 3 8 6]afegOw Matrices.

Note: The order of row matrix is 1 x n.

Column matrix

A matrix having one column is called colu Qx.
7 1
F X 2 .
or example, ,| 5 (and 0 are ¢ trices.
Yy
°1 s
maty
2

Note: The order of colu ism x 1.

Rectangular matrix
A matrix i
rectangular matgi

ber of rows is not equal to number of columns is called
n For example,

2 1
9
A= [ ; ; 10} C=| 7 2 |are rectangular matrices.
-1 1

Square
A matrix in which number of rows is equal to the number of columns, is called square
matrix. i.e. m = n. For example

x y z 1
9 5 2
3 2 a b ¢ 1
A=14,B=185andC= Ll
r
31 6 P
m n o 1




Zero/null matrix
A zero/null matrix is a matrix in which each element is equal to zero. It is generally
denoted by capital letter "O". Following are few examples of zero matrix.

0 0 0 0
0 0
,JO0land [O O O].
0 0
0 0 0 0

Diagonal matrix
A square matrix is called diagonal matrix if all the elements of matrix are z€ro exgept at
least one element of main diagonal.

e 1 00 300 Py
For example, A = {0 4}, B=|0 5 0jandC=|0 0 O | aredia atgices.
0 0

0 0 7 -1

Scalar matrix
A diagonal matrix in which main diagonal elements ar egFor example,
500 k 0 \
0

30
A:[ }, =10 5 0|andC=
0 0 5

0
Identity/unit matrix
A diagonal matrix in which each ele%\ain diagonal is 1. It is generally denoted

by capital letter "I". For example, %
1
I.=|1]1 g =
QDL N

Transpose of a matrix
A matrix that is
rows, is called transp

e scalar matrices.

oS o =

0 0
1 0.
01

tained by interchanging the rows into columns or the columns into
the matrix. It is denoted by A'.

15
|1 4 0
For example, seof |4 6]is
56 7
0 7
Sy icNnatrix
square matrix Ais said to be symmetric matrix if its transpose is equal to itself. i.e.
A=A
1 2 17 1 2 17
For example, if A=| 2 5 —11|then A'=| 2 5 —114.
17 -11 9 17 -11 9

As A'=A, s0 A is a symmetric matrix.




Skew-symmetric matrix
A square matrix is said to be skew-symmetric matrix if its transpose is equal to negative

of itselfi.e., A'=—A.
0 3 4 0 -3 4

For example,if A={-3 0 7|then A'=|3 0 -7|=-A.

-4 -7 0 4 7 0 O
As A'=-A so A is skew-symmertic matrix.

19.3 Addition and Subtraction of Matrices < ’
19.3.(i) Know whether the given matrices are conformable for addition andegubtr n
If two matrices A and B have the same order, then they are conformablg foraddition and

4

3

19.3.(ii) Scalar multiplication of a matrix by a real number
The scalar multiplication of a matrix refers to the prx f afreal number and the
N
t

1 2 6
subtraction. For example, L } and L 9} are conformable for addi traction.

matrix. In scalar multiplication, each entry in the matrix is m the given scalar. Here,
if ¢ is a scalar and A is a matrix then scalar multiplicati rix is denoted by cA. For

example,
0 -1 5 0 Q
IfA=|-3 2 1 |andc=-5thencA=-5

2 0 -4

1.€.

19.3.(iii) Add and Subtragt 1ces

subtracting of the corre g elements of both matrices.
1 4 2+1 5+4 3 9
For example and B= then A+B= = .
3 7 -1+3 3+7 2 10
For subtrac
2 10 4 2 1-10 0-4 2-2 -9 -4 0
if P= 6 1,0=2 7 1ijthenP-Q=|4-2 6-7 1-1|=|2 -1 0
-2 9 0 1 9 4 -2-1 9-9 0-4 -3 0 4

19.3.(iv) Verify commutative and associative laws w.r.t addition

Commutative law w.r.t addition

If A and B are two matrices of the same order, then the commutative law of addition is
definedas A+ B=B + A.




Example:

1 0 2 10 4 2
Verify commutative law w.r.t addition for A=| 4 6 1 |and B=| 2 7 1
-2 90 1 9 4

[\

Here,
1+10 0+4 2+2 11 4 4 O
A+B=| 4+2 6+7 1+1 |=| 6 13 C}

-24+1 9+9 0+4 -1 18 4

Now, 0 .
10+1 4+0 2+2 11 4 4

B+A=|2+4 7+6 1+1 |=[ 6 13 2| Q
1-2 949 4+0 -1 18 4

Since A+B =B+ A . Therefore, commutative law w.r.t addi %ﬁed

Associative law w.r.t addition
If A, B and C are three matrices of the same onder e associative law of addition

is defined as (A + B) +C = A+ (B + C).
Example:
. . .. 56 10
Verify associative law w.r.t addition for 4 = and C= .
7 8 11 12
Here,
9 10
(A+B)+C=
10 12 11 12
15
(A+B)+C=
21 24

9 10
A+(B+0O)= 11 12j
1 24

+B)+C=A+(B+C)
Therefore Associative law w.r.t addition is verified.

1 2 14 16
= +
3 4 18 20

19.3.(v) Define additive identity of a matrix
If A and O are two matrices of the same order and A + O = A = O + A.Here O is null
matrix and called additive identity of the matrix A.




19.3.(vi) Find additive inverse of a matrix
If A and B are two matrices of the same order such that A + B=0 =B + A then A and

B are called additive inverses of each other. The additive inverse of matrix A is denoted by —A
For example,

1
IfA=| 4
-2

0
6
9
1 0 2 -1 0 =2 < ’
then A[4 6 1|=|-4 -6 -1
29 0)(2 9 0 0 ¢
A and — A are additive inverse of each other.

19.4 Multiplication of Matrices (up to 2 by 2)
19.4.(i) Know whether the given matrices are conformable fo ipli¥ation

Two matrices A and B are said to be conformable fo igdtion, if the number of
columns of the first matrix is equal the number of rows o ond matrix. For example,

1 -4 4 -7 o
and are conformable for multiplic .
8 2 2 7

19.4.(ii) Multiply two (or three) matrices
If two matrices are conformable for mu ion then the element a; of the product

AB is obtained by multiplying the ith ro bgze jth column of B.
Example:1
1 2 0 -1
If A= and B= thegn ¢ AB.
3 4 6 7
Solution:
Here, AB is possib becg the number of columns of A is 2 and the number of rows

S =N

-1+14 12 13
A_B= =
10+24 -3+28] |24 25
12 13
124 25




Example 2:

1 3)(4 5)(6 8
Compute the product: : .
2 4){4 0)(5 1

Solution:

D
O

(4+12 5+0)(6 8
| 8+16 10+0 /(5 1

(16 5)(6 8
24 10)15 1
96+ 25 128+5j_[121 133}

144+50 192+10 ) (194 202

19.4.(iii) Verify associative law under multiplication

0.
&

Let A, B and C are three matrices then associ awPunder multiplication is defined
as (AB)C=A(BC).
Example 1:  Verify associative law under when

A:(3 2] -2 Q
-1 0
Verification:
Taking L.H.S (AB) ?“ Now taking R.H.S: A(BC)
- 3 2]([-2 3][-1 5
- 4 -1 o}[L 2}{1 2D
2 2][s5 -4
{—1 0}[—2 24}
11 36
157

iative law under multiplication is verified.

erify distributive laws

Let A, B and C are three matrices then the distributive laws are
(1) A(B+C) = (AB)+(AC) (Left distributive law)
(i)  (B+C) A= (BA)+(CA) (Right distributive law)




1 2 0 -1 -2 0 . .
Example: If A = [O } B= [ } and C = [ 0 J then verify the following:

-1/ 11
(i) AB+C)=(AB)HAC) (i)  (B+C)A = (BA)HCA)
Verification:
(i)  A(B+C) = (AB)HAC) Now, RH.S=AB+AC
Taking L.H.S=A(B+C) 1 270 =11 71 2717=2 o O
F q(F-}+fzﬁ} {O—JL 1}& 410 J

0o -1 1] (0 1

1201 -2 2
1 20[-2 -1 {—1 —1}{0 —1} 4
z[o —JL 2} fo 3
0 3 {
L
Hence, A(B+C) = (AB)+(AC) is verified. While, applying 51 ure, (B+C)
A =(BA)+(CA) can be verified.

19.4.(v) Verify with the help of example that commutagy, W r.t. multiplication
does not hold in general (i.e., AB # BA)

5
Example: Let A = { 5 and B= Mﬂfy that AB # BA.
Verification: @
) (10-4) | E
(-4+2)N\

el 3]

". the commutative law w.r.t multiplication does not hold, in general.
19.4.(vi) Define multiplicative identity of a matrix.

Let A be a square matrix of order » and [, is unit matrix such thatAl,=Aor [,A = A
here I, is called the multiplicative identity of A.

A




Example:

1 2 1 0
Let A= [3 4} , verify that /, = [0 J is the multiplicative identity.

Solution, given that

I 2]/1 0 1 2
A12 = = = A
3 4]0 1 3 4
1 0|1 2 1 2 < ,
LA= = = A
0 1|3 4 3 4
19.4(vii) Verify the result (AB)' = B'A* 0 ’
1 2 1 0
Example: If A = and B= verify that
3 4 2 -1
Verification:

o \2§</

and the transpose of AB is:

(AB) = { _52 ﬂ

Now,

o 12 3 E
B'A' =
0 -1{2 4 -2
(AB) =B'A".
Hence verified.

Example 2: Verify t 1Y AB) =B'A’, If A=

S A~ O

Verification:
6 8 0
AB= 1 2
3 6 4

24+30+9 32+6+18 0+12+12 |=| 63 56 24
0+5+21 0+1+42 0+2+28 26 43 30

(36+25+6 48+5+12 0+10+8 67 65 18




= 65 56 43
18 24 30

4 t

67 65 18] 67 63 26
t

Now, B'A" =

5 2

6 3

: o
4 0 CJ
6 1

3 7

\) ’
36+25+6 24+30+9 0+5+21
=|484+5+12 32+6+18 0+1+42 @

NSRS, I I = T o N

0+10+8 O0+12+12 0+2+28
67 63 26
=165 56 43

18 24 30 < '
(AB) =B'A. ?\

1. Specify the type of each of the folfowing matrices.
_ a 0 0
Mo l
(1) (iii) [-2 0] (iv) 0 J (V)[0 b 0
- 00 cf
22 What is the order ch of the followmg matrix?
11 I
()] 2 )| -1 2| (i) [2 5 2} iv)| 1 ) [0]
3 2 -1
3. h

ether the followmg matrices or symmetric matrix or skew symmetric matrix
-1 0o 1 -2 1 7 3 0 -6 4

Hence verified.

M1 2 0 Gl-1 0 3 Gi)|7 4 -5| @v|-6 0 7
10 5 2 -3 0 3 -5 6 4 7 0




1 2 -1

0 1 0 -1 2

1 2 3
1 -1 2 -1 2 3
4. IfA:{ 1},B=[ },Cz[ },Dz 1 2 3landE=|-1 0 2 |[then
1 2 3

2 1 0
compute the following (if possible)

(i) A+C (i) A+E (iii) B-D (iv) 2B+3A
(v) B-C (vi) A? (vii) B (viii) D+E O
-1 0 1 4 23
5. For the matrices A= 2 1 0 |and B=|-2 4 1|.Find
3 2 -1 321 .
(i) A+B (i) A-B (i) 3A+2B
(iv) AB (v) BA (vi) A’

6. Verify that: (i) A+B=B+A and (ii) C-D#D- following matrices

(9]

0 3)2
12. Determine: |2 1 2 | 1

2
3
1 3 1)\3 2



(3 1 2 -1 0 1 1 2
13.If A= j|,B=|: i|and C:|: i|

-1 2 301 2 -2 2 3
then verify that (i). A(B+C)=AB+AC (ii).(B+C)A=BA+CA.
6 5 2 6 8 0 123

14.1fA=14 6 3 ,B=|5 1 2|andC=|1 2 3 |then verify the following:
01 7 3 6 4 1 23
(a) A+B=B+A (b) (A+B)+C=A+(B+C) < ,

c) (A+B)C=AC+BC (d)  A(B+C)=AB+AC
2 03 1 1 2 1 101

151fA=|1 -1 1|,B=|-1 2 —1|andC=|0 1 1|then
02 2 2 0 2 1 0 2 @

show that A(BC)=( AB)C.

We can associate with every square matrix,A over R, a number |A|, known as the
determinant of the matrix A.

19.5 Determinant of a Matrix
19.5.(i) Define the determinant of a square matriO

a b
ANs denoted by |A|= ‘
c

a
IfAz[

b
}, then determinant of the
c

19.5.(ii) Finding the value of deter f a matrix
b a b

For a 2x 2 matrix A A| = 4 =ad — bc is called value of its determinant.
c
3 7
For example, : = )—‘7><1z-19, \

la or laplacian expression for the determinant of 3 x 3 matrix

Now, The Lej

a;s
ay| 18 the following
as;
a a a a a
22 23 21 23 21 2
|A| ay, —ap +a;,
as, dy ay A ay; a4y

Notes: 1. The above evaluation of the determinant is said to be the expansion by row one (R)).

2.If A= [aIJ then |A| = | all‘ =a,, i.e just the element itself of a matrix

eg A=[-2] then |A|=|-2

=-2 and B=[3] then [B|=|3|=3




4 35
Example: Find |A| ifA={1 0 3
-1 5 2

Solution: To find |A| , let us expand the determinant by R, .

0 3 1 3 1 0
|A|=4 —(-3) +5
5 2 -1 2| |-1 5
|A|=4(0-15)+3(2+3)+5(5+0)=-20. < )
Hence, the determinant a matrix has a unique value.
19.5.(iii) Define singular and non-singular matrices *
A square matrix A is said to be singular if its determinant is eg ergri.c., |A| =0.
A square matrix A is said to be non-singular if its determinant is nottg 0 Zero. 1., A| #0.

Note: A singular matrix is also called non invertible matrix, and’a nen- lar matrix is also

called invertible matrix.

2 4 6 \
Example: Determine whether A=|2 0 2 |isasi @x or not.

6 8 14

Solution:
2 4 6

|A|: 2 0 2= 2(0—16)— 12E+6(16—0)=—32—64+96:0.
6 8 14
|A|=0 | v
A is singul i
19.5.(iv) Define minor§and actors

Let us consi square matrix A of order 3 X 3 then the minor of an element aj,
denoted by Mj 4 inant of the matrix obtained by deleting the i row and the ;™

s }and its determinant is the minor as defined below:

as dy

a a . .
73| while, cofactor of an element ay, is denoted A;; and can be computed by

s Gy

A= (—1)i+j M;; Here, Mj; is the minor of an element a; of the square matrix A.

y




2 -3 5
Example: LetA=|{6 0 4 |then compute M, and A;;,.
1 5 -7

Solution: Here M, = |? _47| =6 (-7)-4(1)=-46

and Aij: (—I)Hj Mij:
Ny Ap= (—1)1+2 M,
A= (1)’ (- 46)
A = (=1) (= 46) = 46. O

19.6 Multiplicative Inverse of a Matrix PY
19.6.(i) Define adjoint of a matrix

Adjoint of a matrix with order 2 x 2 0
The adjoint of a matrix A is the transpose of the matrix of cofactor
a b
Let A= [ d} then the adjoint of matrix A is denoted by Ad@ A).
a3 4y Ay

All AlZ Al3 ’
Adj(A)=| A, A, A ?\
A31 A32
Where A, A,,,...As; arc%the cofactors of A.
L 4
3

and Adj(A)=[d _b}.

- a
ay  ap  dg

If amatrix A=|a,, a, a,, |then

1 -1
of the matrix A=[{2 -2 0

Example: Find the

1 2 -1
ind all the cofactors of matrix A
-2 0
=2
2 -1
A, =( 1)1+2 20 =2
12 = 1 _1 -
A _( 1)1+3 2 _2 _ 6
13 = 1 2 -




1 -1
Ay = (_1)2+1 =-1
2 -1
3 -1
A, =(=1)*? =-2
22 ( ) 1 _1‘
31
A, = (-1 =-5
»=0D | 2‘
1 -1
A _ _1 3+1 —
5=01 5 0‘
3 -1
A — _1 342 :_2
=01 ) 0‘
301
A, =(-1)" =-8
33 ( ) 2 _2‘
All A12 A]
Now, Adj(A)=|A,, A, A,
A31 A32 A3
2 2 671 2
Adj(A)=|-1 -2 5| =2
-2 -2 -8 6

19.6.(ii)) Multiplicative

If A and B are nx

multiplicative inverses

-2 3
Sim1

w

@

inver

AA"' =1=A""A, whege,

5 =713 7]
BA =
-2 3|2 5]
as AB=BA =1,
Hence A and B are multiplicative inverses of each other.

-2

1
-2
5

-7
3
[15-14

11010

[15-14
—-6+6

2.

non-singular matrix A4 and verify that

identity matrix.
lar matrices such that AB=BA =1, then A and B are

each ®ther. The multiplicative inverse of A is denoted by A™'
ahd B are multiplicative inverses of each other.

=21+21] [1 0
~14+15] |0 1

35-351 [1 0
-14+15] |0 1




19.6.(iii) Use the adjoint method to calculate inverse of a non- singular matrix.

a b
Let A ={ d} be a non-singular matrix then A! can be found
c
as, A = Adi(A) where |A| #0.
A
The method of finding inverse in this way is called adjoint method O

31
Example 1: Find the inverse of the matrix A = [4 }by adjoint method.

3
Solution: Here |A| = ‘4 ‘ 2 . Since |A| # 0 therefore, inverse of A exists

Now Adj(A):[_z4 _3} and Q
1
2o | \@

Solution:
Here

Since_|A ere A™! inverse exists. Now, we find all cofactors of A

-1
All — (_1)l+l
0

6‘
=2-0=2
-2

5
:_11+2
=)

6
=—(-10-24)=34
029




112
A,y 2(_1)2 l 0 — ‘z_(_4_ ):4
9 1
A, =(—1)2+2 4 2‘=(—18—4)=—22
59 2
e, Tt O
2 1
A, =(—l)3+1 =12+1=13
-1 6
9
A, :(_1)3+2 5 ‘:-(54—5):
9
A, =(—1)3+3 s ‘=—9—10=—19

A, A, A
Adj(A)=| A,, A,, A, |. Thus, Adj
A, A

13

a9 |17 11 49
45 45 90

SO0y 4 9
s 5 W

jfy the result (AB)~! = B'A°L
7 6 87 . I
Let A= and B= . Verify that (AB)  =B™'A
2 5 7 9

Solution:



Inverse of AB: Inverse of B:

3 7|6 8 6 8
AB= We have B =

2 5|17 9 7 9

[18+49 24+63] [67 87]| Now
T112435 16445| |47 61| [Bl=54-56=-2
Now, |AB| = 4087 — 4089 = —2 Since, [B|# 0
Since, AB| £0 Therefore, B exists.
- i 9 -8 O
Therefore, (AB) " exists. B'= aiB _ 1
Bl -2[-7 6 .
Now N
1 adj (AB) oW
(AB) T T Anl 1A -1
|AB| BAT=—
1|61 =87 .
=— (1) B
2147 67 =
Now, Inverse of A
3 7 R .
We have A = B = }.(u)
2 5

18 14— ’ equation (i) and (i),
|A|=15-14=1 ‘Qg )_1': BIA-
Since, |A] 0
ence verified.
Hence, A™' exists.
A_l _ adj A _ 5 _7
2 3

_W_

19.7  Solution of Simul eoys inear Equations
Consider a system of twigdin®ar equations in two variables:
ax+by=c } 0
a,x+b,y=c,
The system ritten in matrix form as
AX=B (i)
a, b x ¢
Where, A , X and B = .
) y

a, b ¢,

The matrix A is called the matrix of the coefficients of system i, matrix X is the column
matrix of unknown and B is the column matrix of constants. An ordered pair (x, y) is called the
solution of given system satisfied by these two values. The set of all solutions of the given
system is called the solution set of simultaneous linear equation.

y



19.7.(i) Solve the system of two linear equations related to real life problems in two
unknown using

Matrix inversion method:
Consider the matrix equation as discussed in previous section 19.7.
AX=B, (1)
where, A is a non-singular matrix. Multiplying both sides of (i) by A™', we get O

A" (AX)=A"B
= (A‘IA)X =A"'B [ By associative law un@

= X=A"B (i) [A"TA=I,IX= 4
To find X, the matrix of unknown by eq (ii) is called matrix inversion me

Example: Solve the following system of linear equations by usin Verswn method.
5x+2y=3
3x+2y=5

Solution: \
Writing the given system in matrix form @

where A @ and B=
First, we find A™'
\E& 4) _ 2 -2
|4 10- 6 “4-3 s

Now, by matrix inve etﬁod

E gm
2
N
oL

A= A= A]|=




Example 2: A civil engineer needs 6000 m? of sand and 9000 m® of coarse gravel for a building
project. There are two pits from which these materials can be obtained. The number of these
pits is shown in table:

Sand Coarse Gravel
Pit-1 3 8

Pit - 11 4 11
By using inverse matrix method to compute volume of materials (sand and cq @
gravel) that must be hauled from each pit in order to meet the engineer’s need.
Solution:
Let x represents volume and and y represents coarse gravel. The inverse ma@ i

o ]

First, we need to calculate A~

11
Al Adj(A) _ -4 43 -8
|A| 3(L1 3
1 {11
SO, A
-4
Now, from equation (i),
=A"'B
1% -8/ 6000 | |-6000
=4 3 || 9000] | 3000
By ignoring ‘-’ sign, we haye x¢ 6000 and y = 3000.
Hence 6000cm? canbe of sand and 3000 m® can be haulded of coarse graved.
19.2.(ii) Cramer’s\u
Cramer' is one of the methods used to solve a system of linear equations. Let us

consider a ear equations in two variables x and y written as
aixtby=c .
a)x +by= @)
X TDY=0Cp
written in the matrix form:

AX =B,

[a] bl}r)ﬂ:{c]}
a bly] |o




a b X e
Where A = ,X = and B=
a, b y )

System (i) has exactly one solution if |A|+ 0.

a b a G
Al |, b A a, c
Which is obtained by x = u= 2 andy = M: 2 2
|A| a, bl | A| a bl
a, b, a, b ‘ ,
a b a ¢
Where A, = and A , = R
¢ b a, &

—-6x+4y=4
Given system can be written in matrix format as:

3 2

Here |A|=[ }

-6 4

12+12=24 C)
|A| =0

‘10 2

Example 1: Solve the system using Cramer’s Rule: 0
3x+2y=10 @

\ 1

is by cr: (This method is called crammers rule)

6 4

Hence, The solution set is {(%,3 )}




Exercise 19.2

Evaluate each of the following determinants:

: -5 -3 . -4 3 -1 -5
1) 3 —4‘ A PR L P ‘
3 -3 4 -3 4 -5 O
: 2 -5 :
iv) 5 _1‘ V) 4 1 -5 vi) 2 3
0 -1 4 1 5
0 5 -4 4 3 -5 10 ¢
vi) |-3 4 -5 vii) |-5 -1 -5 ix)
1 0 -5 2 4 4 3
0 a b -2 0 0 0 0
X) 0 ¢ d Xi) -6 x 1 \ 0 -3 0
0 x vy -4 0 -1 0 0-4
2 1 1
LetA=[1 1 1|thencompute M,, , b > Ay, ,andA, .
1 -1 2

For what value of x, the matrix

5
Classify the square matricesfas st€ular or non-singular given by
0 2 -1 2 -1
3 .
3 MK

P is singular?

A= -2 1§land -2 1
2 2 1

A

Find the adjo following:
-3 2 -5 0 -2 0
@),B -1 0 2jandC={6 2 -6
! 3 4 1 -3 0 6
3
—6}'
Find the inverse of the following matrices by adjoint method if exist

|

Verify A(adj A)=|A

2
I, where A = [
—4

3 2

i
=1l )




2 1 1 1 0 1 1 -1 3
i) C=l3 2 1 ivy D=|-4 1 -1| vv E=[2 1 2
21

2 6 2 1 -2 -2 1

8. Find the solution by matrix inversion method and cramer’s rule:

i 2x+3y=14 i) 2x—4y=-12
1 11
—4x+y=28 2y+3x=0
1. Tick the correct option Rev1ew Exercise 19 O

i. If m denotes the number of rows and n denotes the number of colgmns Shech®that
m = n, then matrix is called

matrix.
(a) Rectangular (b) Equal (c) SquareQ) Null

.. i 0 2
ii. If A= 0 —i then A” is
—i

(@) L (b) I (c) I (dO
iii. If A is any square matrix such that A’ = —g, tE n % is said to be:
iX

e
(a) Diagonal matrix (b) Scalar m
(c) Symmetric matrix (d) Ske ¢ matrix
iv. If A, B and C are matrices of s ordér then (ABC)’ =
(a) A" B'.C' !
(c) CtAtBt tAI )Ct
_[i O [0 i
v. IfA= [0 _ nd C_[i 0] then
(a) A2 =-1, Dy (b) B? =1,
(c)C2=-1, (d) All of them _
vi. For twotnathigss A and B if A = [sm@ —os] e = [ S cps@] then AB =
coic,e Osm@ —cos  sinf
ol 1]
1] (d) 0 0]

X -1 0
2 [ 3] +3 [ y ] =4 [ 4] then the values of x, y and z respectively are
4 0 z

3 10 3 10

25_5_ b _:25_

(a) 23 ()2 3
3 10

) d)1,2,3
) =5 (d)




=i
viii. For matrix A, (A_l) =

(a) A (b) A () A (d) A?

1
ix. Find x if =x+4
X

2
(a) % (b) % ©0 (d) None of them O
A -3 4 < ’

x. Ifthematrix |—3 O 1| isinvertible then A # 4
-1 3 2
(a) —15 (b) -17 (c) —16 (d) Nong Se
Define the row and column of a matrix.

2.
3. Find the order of the matrices:
1 23
1) [1 5 8] ii) [4 - 8} il iv) [a+b+c]
8 1
4. Define the following matrices:
1) Square matrix' % ular matrix
iii) Diagonal matrix i I matrix
v) Symmetric matrix vifiSkew Symmetric matrix
1 8 9 2P
5. IfA=|2 1 0|,B= then find
-2 17
i) A+B iii) AB iv) BA
v) 5A vii) 8A-9B
6 Eval
e ne Singular and non-singular matrices with examples.
1 4 2
8. A=|7 0 9 |thenfind A™'
0 2 -3
9. Solve 2x+5y =27
Tx+y=12

by i) matrix inversion method i1) Cramer’s rule
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Summary

A matrix is a rectangular array of elements.

The horizontal line of entries in a matrix is called the row of a matrix and vertical line o
entries in a matrix is called column of a matrix.

Two matrices are said to be equal if they have same order and same corresponding ele
A matrix having one row is called row matrix, having one column is called cg
matrix.
A matrix in which number of rows is equal to number of columns is known as squia
otherwise it is rectangular matrix.
A square matrix is diagonal matrix if all the elements are zero except ag leas né diagonal
element.

A diagonal matrix in which diagonal elements are same is called
A diagonal matrix in which each element of main diagonal is L€ calle@id€ntity matrix.

A square matrix is said to be symmetric matrix if'its transp itself.

A square matrix is said to be skew-symmetric matrix i (& se is equal to negative of
itself’.

The addition and subtraction of two matrices btaiged by adding or subtracting of the
corresponding elements of both matrices.

If A and B are two matrices of the same or n the commutative law of addition is defined
asA+B=B+A.

If A, B and C are three matrices order, then the associative law of addition is
defined as (A+B)+C=A+(B

Two matrices A and B are sgid t ormable for multiplication, if the number of columns

nuniber of rows of the second matrix.
,anumber |A|, known as the determinant of the matrix A.
singl r matrices such that AB=BA=I, then A and B are multiplicative

of the first matrix is equal t
For every square matrix
If A and B are nxp ni
inverse of each o
System of It

ations can be solved by matrix inversion method and Cramer’s rule.




THEORY OF
QUADRATIC
EQUATIONS

o Weightage = 12%

Student Learning Outcomes (SLOs)

After completing this unit, students will be able to:

> Define discriminant (5’ - 4ac) of the quadratic
expression ax? + bx + c.

» Find the discriminant of a given quadratic
equation.

» Discuss the nature of the roots of a quadratic
equation through discriminant.

» Determine the nature of the roots of a given
quadratic equation and verify the result by
solvingthe equation.

»  Determine the values of an unknown involved in
agiven quadratic equation when the nature of its
roots is given.

»  Find cube roots of unity.

»  Recognize complex cube roots of unity as @
o’

»  Verify the properties of cube roots of,

» Use properties of cube roots of unity%@fsolve
alliedproblems.

» Find the relation between ghe d the
coefficients of a quadratic equatio

> Find the sum and the pr roots of a

given quadratic equation
» Find the value(s) ofSthe u&
involved in a'(8&i

squares of the roots is equal to
number,
oots differ by a given number,

ots satisfying a given relation (e.g., the
relation 2o + 54 =7, where a and £ are the
roots of the given equations),
< Both sum and product of the roots are equal

to a given number.

the quadratic equation
oSe roots, for examples are of

e type:
o 20+1,28+1
o (12,[32
o 11
a’p
DS g E
B o
o (1+B,l+l
a B

where, a , B are the roots of a quadratic
equation
Find the values of o , 8, where the roots of

an equation are i s p

o p
Solve the cubic equation if one root of the
equation is given,
Solve a biquadratic (quartic) equation if two
of the real roots of the equation are given.
Solve a system of two equations in two
variables, when
% One equation is linear and the other is

quadratic,

< Both the equations are quadratic.
Solve the real life problems leading to
quadratic equations.




20.1 Nature of the Roots of a Quadratic Equation:
20.1.(i)Define discriminant (b2 - 4ac) of the quadratic expression ax’ +bx+c,a # 0.

A polynomial of second degree is called Quadratic Expression. General form of

quadratic expression is ax’ +bx+c,(a¢ O) where a and b are coefficients of x°, and
respectively, where ¢ is a constant term.

The discriminant of a quadratic expression
For quadratic expression ax” +bx + c,(a # O) the expression > —4ac igseal

discriminant and is denoted by A or Di.e. A=b* —4ac C

20.1.(ii) Find the discriminant of a given quadratic equation
We already know that solution of the quadratic equation axN bx + =’O,a;t 0is
o ~b+b* —4dac
2a

real or complex. The expression b* —4ac is the discriminant
ax’ +bx+c=0,a#

.Here b*—4ac enables us to know the natur. % ots either they are

drafic equation.

Example: Find the discriminant of 2x* +5x—4=0
Solution: 2x* +5x—4=0 O
Here, a=2,b=5andc=-4
A=b*—dac=(5) - 4(2)(-?
=25+32

20.1.(iii) Discuss the nature of the aquadratic equation through discriminant.

We can find the naturegof %s of the quadratic equation ax’+bx+c =0, a#0, using

discriminant i.e. A = b* -4

The roots of ghe gquadratic equation ax’ +bx+c=0are —brVb-4ac  apq
2a

¢ nature of the roots depends on the value of b* - 4ac, where a, b and ¢

—4ac > 0,then the roots are real and unequal.

b* — 4ac < 0, then the roots are non-real (complex or imaginary) and conjugate
each other.

iii. If A=b"—4ac=0,then the roots are real and equal, each being equal to —%.

iv. If a,b,c are rationals and A=b"—4ac >0 and perfect square, then roots are rational
and unequal otherwise irrational and unequal.

Note: Imaginary roots only arise in case of pure quadratic equation i.e ax’ + ¢ = 0, V a, ce RT

y




20.1.(iv) Determine the nature of the roots of a given quadratic equation and verify the
result by solving the equation.
Example 1:

Use the discriminant to find the nature of the roots of the following equations and verify
by solving the equation:

(1) X +5x-14=0 (i1) 5x°+3x+1=0
(iii) x*-9x+5=0 (iv) 9x’=6x-1 O
Solution: Verification: < ’
(1) X +5x-14=0 ¥ +5x-14=0
Here a=1,b=5and c=-14 x2+7x—2x—14® *
A=b%—4dac x(x+7)-2( R
A=(5) -4(1)(-14) x+7=0 (r-2)=0
= A=25+56 = x=-7 01 dx:21
2 Here, roots aretealy al and unequa
= A=81=(9) >0, Hence verifi E\
and perfect square
Hence roots are real, rational and unequal
Solution: Vefificatign®

(i)  Sx*+3x+1=0,
Here a=5,b=3 andc=1

A=b’—-4ac
A=(3) -4(5)(1) ?
= A=9-20
= A=-11<0, i.en ive.
Hence roots are complex and conjugate
of each other .
Solution:
(i) x*-9
Here a=1, ndc=5

A =61>0, not aperfect square.

Hence the roots are real, irrational and unequal.

y USi adratic formula

2
3411 .
ZTI ('.'lzz—l)

Here, roots are complex and conjugate of each other
Hence verified

Verification:
X —9x+5=0,
By using Quadratic formula

L 9E\BI-20
2
ER

2

Here the roots are real, irrational and unequal.

Hence verified.




Solution: Verification:
(iv) 9x*=6x-1 9x> —6x+1=0
=9x*—6x+1=0 (3x)" =2(3x)(1)+(1] =0

Here a=9,h=—6andc=1 (3x—1)2:O

A=b’—4ac 3x-1=0 or 3x-l=
A=(6)—-4(9)(1) 1

= A=36-36 = x=3 or

= A=0

Hence roots are realand gqual.

Hence roots are real, rational and equal.

Hence verified.
Example 2: *
Show that the roots of the equation abc2x2+c 3a’ +b% )x+ —ab=0,

Y a,b,ce Q are rational.

Solution: abc’x” +c(3a’* +b*)x+3a” +b* —ab=0 @
Here A = abc®,B=c(3a’ +b”) and C=3d’ + b’ \
A=B*-4AC

=[c(3a2+b2)T—4(abc ) 3a° +b* -

=c’ 3a2+b2) — 4abc’ (3a +b2—ab

=c’ (3a2+b2) —4ab(3a +52)+ }

= ¢ (3a2+b2)2—2(3a2+ +(2ab)2} "+ 4ab = 2(2ab)
(3 +b -

and perfect square. Hence roots are rational.

20.1.(v) Determine the §alues 0f an unknown involved in a given quadratic equation
when the n f its root is given.

Exampl
Fojw alue of p will 3x* +5x+ p=0 have
1 Equal roots  (ii)  Rational roots (i)  Complex roots.
Solu (i):
3x°+5x+p=0
Herea=3,b=5andc=p
A=b*—4ac

A=(5) -4(3)(p)=25-12p,
For equal roots




A=0
ie. 25-12p=0

= —-12p=-25,
25
p= E >
25 . .

Thus, at p = E , given equation has equal roots. O
(ii)  For rational roots, O

A should be perfect square
ie. 25—12 p must be perfect square.

when p =0,2 and -2 etc. *
Thus, at p = 0,2,-2 and some others values, the given equation has @ots. make

the discriminant perfect square.

(iii)  For complex roots,
Le. 25-12p<0
= 12p>25 \

= p2
p12

Thus, when p > o’ given equation has complek root

Example 2:
If the equation x* —15—k(2x—38 =%ual roots, find the values of k.

Solution:
x*—15—k(2x—8)=0, re-write it in thglstandard form of the quadratic equation, we get

ie. x* —2kx+8k#15

Here a=1,b=-2kand c =8k —15
A=b*g4dac
o —4(1)(8k—15)
= (8k—15)
For
A=0
. =0
= k> —8k+15=0 (dividing both sides by 4)
—-5k-3k+15=0
= (k—5)—3(k—5)=0
= (k=5)(k-3)=0

ie. k—5=0 or k~3=0
= k=5 or k=3
Thus, k=3 and 5 are the required values.




Example 3:

For what value of p, the equation 2x” — px +18 = 0, has real and unequal roots.
Solution:

2x* — px+18=0,
Herea=2,b=—pand c=18

A=b’—4ac
A=(-p) —4(2)(18)= p*—144
For real and unequal roots,

: 14% . 8
N 52—144;) SVp>V144 = |p|>12= tp>122p> 10 -p 2
= p>12orp<—12
= Thus, for p>12 orp <—12 given equation has real andgfne ots.
Q/
1. Use discriminant find the nature of the roots of the N uadratic equations:
(i)  x*+5x-6=0 () x*=6x (i) 2x*+8=6x
(iv) 1+6x+9x*=0 v) 24x* =0 i) x=x*+1
(vii) 3x*+6=5x (viii) 3x*+8=0
2. Find the value(s) of & that ensure that g*quadratic equations have
(a) Same solution (b ercnt real solutions

(Hint: for same solution A = Q @

fferent real solutions A > 0).
(i)  x*-3x+k=0

(i) x*+k=4

(i) x*+kx+2=0 (iv) (k—l)x2—4x+2=0
v)  xX*+ke+4 (vi)  9x*+hkr=-16
(i) (k—2)& =4xR(k+2) (vil)) x%+1=kx
3. Determine the of th in each of the following quadratic equations that will make the
roots equadé

+2(m+3)x+(2m+3)=0, provided m = —1
mx+16=0

he roots of the following quadratic equations are real.

x? —2x(k+%jx+3=0, Vke IR—{O}

(i)  2n’+2(I+m+n)x+(l+m)=0, VI,mne R and n+0
5. Show that the roots of the following quadratic equations are rational

(1) (l—m)x2+(m+n—l)x—n=0, VI,mne R and [ = m

(i1) (a+c—b)x2+20x+(b+c—a)=0, Va,b,ce R




6. For what values of p and g the roots of quadratic equation x*+(2p—4)x—(3¢+5)=0

vanish?
7. Show that the roots of the quadratic equation given by (x—a)(x—b)+(x—5)(x—c)

+(x—c)(x—a)=0are real and they can not be equal unless a=b=c.

20.2 Cube Roots of Unity and their properties
20.2.(i)Find the cube roots of unity
Let x be the cube root of unity i.e. x=31 = (1)~ < ’
Cubing on both sides, we have,
x =1 ¢
= (x)-(1)=0
= (x—l)(x2+x+1)=0, [ a]—blz(a—b)(a2 @ 2)
i.e. x—1=0
= x=1

or X +x+1=0,
Herea=b=c=1,

Using quadratic formula, we have,

Rt (1) —4(1)(1) __1+\/_ —-1+ —1>< —1+l\/_ _1)

- 2(1) ?;
N i -1 +21\/_ nd -1- l\/_
Thus cube root of umty are

—1+l\/_
1, an

—1—1\/_‘

Two complex

~1+i3

2

3 2

and

,for these two complex roots we use a small Greek letter “®

—1+2l\/§ then 0)2 _ —1—21'\/5

read as omaga, let us assume ® =

Hen 190ts of unity now are 1,e and o”.

20.2.(iii) Verify the properties of cube roots of unity.
Properties of the cube roots of unity are:

(i Each of the complex cube root of unity is the square of other.
Verification:

_—1+z\/§
2

If

is one complex cube root of unity,




2 4 4
o = _2_2i‘/§ _ 2(_1_i\/§) ( it = _1)

4 4
, —1-i3
Q) =

2
Now (mz)z:[-l—;\/?j: 1+2if+3i2:1+2ix/§4+3(—1) (.._i2:_1)< )
—2+21\/§=2(_1+i‘/§) —1+ i3

= (o) - 4 4 2

2
= (0)2) =. Q
Hence each complex cube root of unity is square of the
Verified.
(ii) Sum of three cube roots of unity is zero, i.e. 1+ @+ 0
Verification: L.H.S Q
i

o _(—1+;\/§]2 1203437 1-2i3+3(-1)

= l+o+’
=1+ “1+iV3 + -1-i\3 , wher Sl andoazz_l_l 3
2 2 2 2

:2—1+i\/§—1—i\/§
2

S22 0 o_rpf. E
2 2
Verified.
(iii)

Product of th e ®ots of unity is 1, i.e, @- o 1=1or o’=1

Verification:

.23
-)0)
1-(-1)(3
- 4 ’ ( 12:_1)
:izizl
4 4
=R.H.S ie.lo-o’=lor o'=1

Verified.




(>iv) Each complex cube root of unity is reciprocal of the other.
Verification One complex cube root is o,

= o =1,
= oo =1,
f— 0)221 Or(D:LZ.

0l ol
Verified
W) Every integral power of o’ is unity. O
Verification ‘ ,
o =1,

(co3)m =1, VmeZ. 0 *
= " =1.

Verified

20.2.(iv) Use properties of cube roots of unity to solve allied [%Q

Following are the allied problem related to the cube root of unity.

Example 1: Find all the cube roots of —27. \
Solution:
Let x be the cube root of —27, O

x=(-27p

Cubing on both the sides, we have,
X' =-27
X +27=0 Q~

= (x)3+(3)3 =0

(x+3)(x2—3x+9)=0, =(a+b)(a2—ab+b3)]
i.e x+3=0=x=-3,

x*=3x+9=0




~(-3)£i3V3

= X=——"F—
—3(—1ii\/§)

2

o —3(—12+ z\/?) i —3(—12—iJ§) :
= x = -3m,-30°

Hence, three cube roots of —27 are —3,—3m and —3w’.

Note: The complex cube roots of a* are aw and aw? vaerR—{0} 0 4

= X =

e.g the complex cube roots of 8 are 2m and 2®>

Example 2: Show that:

(a) 2+ = 3 > %Q
2+
(b) (1+(o)(l+a)2)(1+m4)(1+a)8)...to 2n K— ere ne N

(a) Solution: L.H.S =2+®

h
2
= (2+((;)<—22+)m) Multiply a@e y (2+a)2)
+o

_4420+207 + o’

2+ ®
4+2(w+m2)+1 s

24+®
3 5+2 (—1)

4 o=—-o?
40’ =—-o
o =0'=1




Example 3: Prove that
(x+y+z)(x+y(o+zc02)(x+yc02 +Z(D) =X+’ +2° —3xyz,where

o and ®” are complex cube roots of unity.
Proof: L.H.S =(x+y+ z)(x+ YO+ zo’ )(x+ yo *+ zoo)

:(x+y+z)[(x+yoo+zc02)(x+yco2+Z(D)] O
=(x+y+z)| X +xyp0’ +xzw+xy0)+y2(o3+yzco + X200 + yzo +zzm3]

)
[xz—i—y )+xy(oo +co)+yz(co +o +zx m+m2)]C}

=(x+y+2)

(x+y+z)[x2+y +z° +xy 1)+yz(—1)+zx(

x+y+z [x2+y +Z2—xy—yz— Z)C:I oK —lco

3 and(n +
=X +y +2 -3xyz
=R.H.S
Hence Proved. \
1. Find all the cube roots of: % X

() 64 ()  -125 iii) J 216 (iv) -b

2. Evaluate the following: v
M (140 Y (1-0+0*)(1+0-o?)

i) (2+50+20?) ) (-1+3) +(-1-v3)’

3. Show that:
(1) (1+a))(l+w2 E =(a)+a)2)4
(i) (a+b) o|=a’+b°

(a+a)2b+a)c =a’+b*+c*—ab-ba-ca

(1i1)
@ 3 —1-i\3
Q I

l+w—w )3—(1—w+w2)3 =0

20.3 Roots and Coefficient of a Quadratic Equation
20.3.(i) Find the relation between the roots and the coefficient of a quadratic equation

Let the two roots of ax’ +bx+c=0,a# 0be denoted by o and B, then

_ —b+b*—4ac ~b—~b*~4ac

2a 2a




~b+~Ib* —4dac N ~b—~b* —4ac

a+p=

2a 2a
N o0+ = b++b* —dac —b—~b 4ac _ 2b=_b 0
2a 2a  a
—b+~b*—4dac | —b—+lb*—4ac
and oaf=
2a 2a

(—b)2 —(b2 —4ac) _ %: c

= of = — 2
P 4q° 40 a @ PY
Therefore (1) represents the sum of the roots = — Coefﬁc'1ent ol

and (2) represents the product of the roots =

Hence, we have the important result:
If o, be the roots of the equation ax” + bx +¢ , then

oc+B=—é and aBzE.
a

a
20.3.(ii) Find the sum and product of the r given quadratic equation without
solving it.
Example: Without solving, find th product of roots in each of the following
equations.
(i) 4’ +6x+1= ?“ (i) 3(5x*+1)=17x
Solutions (i): Solution (ii): 3(5x” +1) =17 x
4x +6
D =
b#6ande=1 1 y52 17x43=0
o+p= and oc[3=£ Herea=15,b=—-17 and ¢ =3
a
1 oc+[3:—é and OLB:E
and off = 1 a a
3 1 +[3——(_ )and aB—i—l
=, =-- ~and af=7 1 15 5
? = a+P= 7 and of= 1
15 5

20.3 (iii) Find the value (s) of the unknown involved in a given quadratic equation when:

(a) Sum of the roots is equal to a multiple of the product of the roots.
(b) Sum of the squares of the roots is equal to a given number.
(¢) Roots differ by a given number.




(d) Roots satisfying a given relation. (e.g, the relation 20+ 53 =7, where o and[3 are
the roots of the equation)

(e) Both sum and product of the roots are equal to a given number.
The all above mentioned conditions can be explained through examples.

(a) Sum of the roots is equal to a multiple of the product of the roots.

Example 1: Find the values of k, if the sum of the roots of 6x° —3kx+5=0 is equal tc@

product of its roots.
Solution: Let o, be the roots of the equation 6x”> —3kx+5=10

Here,a=6,b=-3kandc=5
-3k
a 6 6 a

| W

L 2
It is given that
Sum of the roots = product of the roots
ie, a+B=ap @
3k 5 5
—_—=— =

k==.
6 6 3
Example 2: Find the value of p, if the sum of the roots is equaktoswo times the product of

the roots of the equation 2x” +(8—4p)x .
Solution: Let o, be the roots of the equation 2x* §(8—4p)x+3p=0
Herea=2, b= 8—4p andc=3p
84
a 2 a 2
As per condition in the prob ave
a+B=2(ap)
3

2p—4:2[—p):3p
2
= p=-4. *

(b) Sum of th
Example 3: Fi

es ¥ the roots is equal to a given number.
m of the squares of the roots of the equation 2x” + 3kx+ k> = 0is 5.

b 3k c Kk’
=+ =-—— = e — d = — = —
o+ ; 5 and o3 =5

According to given condition
a’+B*=5




= (a+p)-2ap=5 -+ [a2 +b* = (a+ b)* — 2ab]

2 2
= (_—%j -2 L =5
2 2
2
= K s
4
Ok? — 4k° O
= — =5
4
= 5k* =5x4
= K =4
-

Let o, be roots of the equation x> — px+8 =0

Here,a=1,b=-p and c =8
a+B=—2 =——(_1p)=p and aﬁ:£=§
a

a
According to given condition,

k=12
(¢) Roots differ by a given number. ¢
Example 4: Find p, if the roots of the equation x> — px+8=0 diff@

oa-pB=2

Squarring on both sides, we have
(0 —B)* =4

= (@+B) —dop = 4 R a—b)2=(a+b)2—4ab]
= p'—408)=4
= p-32=4
= p>=36
= p=16

(d) Roots satisfying a giv§n rel§tion (e.g, the relation 20+ 53 =7, where o andf3 are
the roots of the gqua¥gn)
if the rqots o andf of the equation x* —5x+k =0 satisfy the

Example 5:  Find

Solution: e gWen equation x* —5x+k =0,

a+p=—— and af = —
o+p ——(_15)=5
= oa=5-pB (1)
k




=  of=k (i1)
Given that

2a+5P=7
2(5_B)+5B —7 [ using (i)]
10-28+58=7

5o
B=-1

From equation (i), we have,

a=5-(-1)=5+1=6,

To find the value of £, substitute the values of o and 3 in equation (ii), W@ ¢
k= 6(—1) =—6
= k=-6
(e) Both sum and product of the roots are equal to a giv
Example 6:  Find £, if sum and product of the roots of the

R

. 5
is equal to —.
a 6
Solution: Let o, be the roots of the equation x2— +5=0,then
b (—3k) k .
o+f=——=—"—F=— i
R ?\ (i
and of=S=> Q~ (i)
a 6
According to the given conditio tha%nd product of the roots equal to %

e, o+P=of
k_3

X
6

L 4

Hence, at_k 3 — ,"8tven equation has sum of the roots equal to its product of the roots equal to




Exercise 20.3

1. Without solving, find the sum and product of the roots in each of the following quadratic
equations

i) x*-x-1=0 () 2x*-3x-4=0
(iii) xz—%azzax (iv) Tx*=5kx+7k=0 O

2. Find the value of m, if, ‘ ,
(i) Sum of the roots of the equation x*+(3m—7) x+5m=0 is %times the preduct of ¥ roots.

(ii) Sum of the roots of the equation 2x* —3x+4m=01is 6 times the

uctlof its roots.

3. Find the value of p, if
(i) Sum of the squares of the roots of the equation of x* —x

(i1) Sum of the squares of the roots of the equation of p —3) =0 is 6.
4. Find the value of m, if
(i) the roots of the equation x° —5x+2m = 0 fiffer )
(ii) the roots of the equation x” —8x+m {2 = Odiffef by 2.
5. Find the value of £, if
(1) The roots of the equation on —2 =0 satisfy the relation 201+ 53 =1

(i1) The roots of the equation ? x+7k+2=0 satisfy the relation 7a. — 33 =18.
6. Find the value of p given tat sun§and product of the roots of the following quadratic equation
are equal.
(i) (2p+3)x" +{T5)§+(3p—-10)=0 (ii) 4x’ —(5p+3)x+17-9p=0

204 SymmetRc

tion of Roots of a Quadratic Equation.

etric function of the roots of a Quadratic Equation.
B be the roots of the quadratic equation, then a function in o and 3 is said

tric function if the function remains the same when o and 3 are interchanged. i.e.

f ( o 1 ( B, (x) )
a+ f and aff are known as the primary symmetric functions of & and f.
It is noted that a—B#p—oa, so that o —fB is not symmetric function of roots.
The value of a symmetric function of roots in terms of the coefficients of the quadratic

. . . b c .
equation can be obtained using o +f =—— and aff =— by expressing in terms of o, + B and af.
a a




Examples of symmetric functions are as under:
> ol +Bi=(at+B) —20B
> o’ +B’=(a +[?>)3 —3apB (o +P)
> at+pt= (oc2 +B2)2 —20°B’ = [(a +B) —20P }2(&[3) ? etc.
Example:  Find the value of o +B* +af, when o = 2 and p = 3 and show that it is O

symmetric function of o andf3, where o and § are the roots of quadratic eqgation.
Solution: Let f(a,B)=0a’+B*+ap,
Given thatoo =2 and B =3

L 2
L f(23)=2 43 +(2)(3)=449+6=19, 0
Now, Q
f(B.a)=p*+a’ +Ba=a’+B’+ap = f(a.pB)
2w f(ap)=f(B.a)

: f is symmetric function. \

Given expression is symmetric function of roots of d
Hence Shown.

20.4.(ii) Represent a symmetric function gragajga

In article 20.4.1 we have already u%metric functions of roots of quadratic
equations, e.g, @ + B,af,a’ +f*,a’ + Y+ petc.

When a symmetric functio ion) is equated to constant celR , we obtain a
symmetric equation, so that sy ets%ation of the roots can be written as  f(0,p) = c.
Every equation can be expres rapHically as the set of all points denoted by G(f) defined
as

(B ={(@p)| f(@p)=crapeR}

Example: Repres effic equation o’ + > = 9 graphically and sketch the graph.
Solution: wyefjthat T
L4
L] L]
l- i W
different values of & and get corresponding values of 3 . s i i
o] 0 1 2 [3] -1 -2 [-3 :
B | +3 | £2.828 | £2.2360 |0 | £2.828 | £2.2360 | 0 it Ll .
Thus the symmetric function o’ +p* represents a circle T+ ey

when equated to constant ¢ =9.




20.4.(iii) Evaluate a Symmetric functions of roots of a quadratic equation in terms of
its coefficients.

Let o and B be the roots of the quadratic equation ax’ +bx+c=0,a=0 (i)

Then a+p= b (i1)
a

quadratic equation (i).

Example 1: If o and P are the roots of x° — px+¢ =0, find the value of : 4
() o +p’ Gy 24P
B a

Solution: Given that o and B are the roots of x* — px+¢q =
Herea=1,b=—p and c=gq

and of=— (ii1) Q
a
The above equations (ii) and (iii) represent the primary symmetric fun@ e

a+ﬁ:_é:_@: and N _:q
a
Now
2 2 2(1[3 <

o’ +B*=(a+p) -
=(p)2—2q “o+B=p andaP = q)
=p’'—2¢q

i ZL+B

B a
_a +[3 —Z2af  _ _2‘1 (wo+B=p andaP =q)




Exercise 20.4

1. If a.P are the roots of a quadratic equation. Express the following symmetric functions
in terms of o+ and af.

@) (m—[})2 (ii) (a+B)3 (i) o’p+p%a’

2
: 3 3 1 1 . 1 1
@ e 0 @ (i) O

2. If a,Bare the roots of the equation 2x°—3x+7=0,find the value of ollowihg

symmetric functions.

: .
W[4l i 2By L]
o B B° « ao+1 a4
3. If o,B are the roots of the equation px*+gx+q =0, p# 0, Gd the e of \/%+ b
a
of a

4. Represent symmetric equation o+ =8 graphically N d B are the root
quadratic equation and also plot the graph. %
20.5 Formation of Quadratic Equations
20.5.(i) Establish the formula x° _(sum ofv +(product of the l‘oots) =0, to find
quation ax

the quadratic equation of the given root

®

then 0(+[3:—é and off = <
a
Now, rewrite the equation (i),asfinde
b c

Let o, be the roots of the quad 24bx+c=0,a %0, ...(1)

= ideda#0
=
or x- )¥+af =0
In word®) (sum of the roots) x+( product of the roots) =0

x"=8x+ P =0, where S and P respectively denote the sum and product of the roots of
the given quadratic equation.

Example 1: Form the quadratic equation whose roots are:
_43
577

@) Gi) 7245




Solution (i): Leta = —% andp = %

4 3 -28+15 -13

S=o0+pf=—=+== =
5 7 35 35
and P= aB = _i 3 = __12
SAT 35
When roots are known then equation is
¥ =Sx+P=0 < ,

is the required equation

Solution (ii): Leta=7+2+5 and p=7-25
S=a+B=7+24/5+7-25=14 \

and  P=oB=(7+2V5)(7-25)=49- 9
n 1S

When roots are known, thep€uaty
¥ —Sx+P=0
= x*—14x+29=0, is equused equation.

20.5.(ii) Form the quadratic equation yhos

Le, X’ - - X+ -2 =0
35 35 P
= 35x° +13x—12=0.

ots are of the types:

(@) 20+1,2B+1 B’ (c) l,l
a P
@ 2B Y otBie,
B a o P
where o, are the quadratic equation.
Example 1: If a, he §oots of the equation x> —5x+6=0,form the equation
whose ro
.. 2 2 11
() o’p (i) — -
a B

1 1
R (V) atB—t
P o a B
Since a,f are the roots of the equation x* —5x +6=0
Here a=1,b=-5 and c=6

-5
oc+[3=—2=—(—)=5 and oc[3=—c:§:6,
a 1 a 1

The roots of required equation are 2a+1 and 2B+ 1.
Now find the sum and product of these roots.




S=(2a+1)+(2B+1)

S=2(a+B)+2

S=2(5)+2 (a+B=5)
S=10+2=12

P=(20+1)(2B+1)

P=4aB+2(a+p)+1 O
P=4(6)+2(5)+1 (a+B=5andof =6) C
P=24+10+1=35
The required equation is x*+ 12x+35=10

Solution (ii): The roots of required equation are o”,B>. *
S=a’+p’=(a+p) —20B=(5)"-2(6)=25-12=13,(. oY Q 6)

and P=o’B’ =(OLB)2 =(6)2 =36 Q
X' =Sx+P=0

x> —13x+36=0, is the requied equation. \

11
Solution (iii): The roots of required equation are —,—.
a
11
=— _=w=§, (a+B=5and & =6
o B o 6
and  P= (ljl _ .1 ?'
aAB) afp ©6
x*=Sx+P=0
x - S x+ 1 =0
6 6
= 6x° —5x+1=0, ist iedPequation.
Solution (iv): The roots o equge equation are % E
a

(. at+B=5and oy = 6)

and

x'—Sx+P=0
x2—2x+1=0
6

= 6x” —13x+ 6 =0, is the required equation.
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6
6x* —35x+25=0, is the require e%
20.5.(iii) Find the values of o,[, wher of an equation are ! , l
o

Example: If 1 and Bl are thgroot§éf the x* — 6x + 8 = 0, find the value(s) of o and p.
o
Solution: Since L and 4 are thgroots of the equation x* — 6x +8 = 0.

2
nd ¢=8

(i)

T_c 8
o B a 1
ap=1 (i)
8
From equation (i), B = 6(% j— o= 3 —44(1 (ii1)




By substituting the value of B in equation (ii), we have,
3-4a ) 1

20(3—40)-1=
60—-80—1=0
8’ —60+1=0

80° —da—20+1=0 C)
40(20-1)-1(20-1)=0

(2a—1)(4a—1)=0

O
20-1=0 or 40-1=0
1 1 @
o=— or o=—,
1

L R

—-
o

U

2 4
then from equation (iii), we have,

T
b= =3 o Py

Hence,OL:l andB:l or azl andﬁzl.
2 4 4

1. Form the equations whase foots

() —2,-3 ii) o) (iii) 2+4,2— i (iv) 242,242
2. Ifoand B are thegoot8of the equation 6x” —3x+1=0. Form the equations whose roots are:

1 - 1 1
(l) 20+ (ll) G'Z ) B2 (lll) a 5 B

. 0 1 1 . 1 1
(iv) v) o+ B,a +E (vi) - 7B

1 quation whose roots are the reciprocals of the roots of px’ —gx+r=0, p#0.

F1 e equation whose roots are double the roots of x* — px+¢ = 0.

Find the equation whose roots exceed by 2 the roots of px” +gx+r=0.

SN,

Find the condition that one root of ax” +bx+c=0,a # 0, may be:

(1) 3 times the other (i1) square of the other
(ii1) additive inverse of the other (iv) multiplicative inverse of the other.




20.6 Higher Dgree Equations reducible to Quadratic Form.
20.6.(a) Solve the cubic equation if one root of the equation is given
Let a,x’ +ax *a,x+a, =0, be the cubic equation and its one root be a.

Suppose that
f(x) =ax’ +ax’+ax+a,=0
and f (x) =0 has a root say a, then,
f(x)=(x—0a) f(x), where f;(x) is the quadratic expression. O
Example :  Solve x’ —6x” +11x—6 =0, if one root of this equation is 1.
Solution: X —6x*+11x—6=0, Thus, we have quadratic eQuation as under
It is given that one root is 1, i.e, X’ =5x+6=0

x =1, is the multiplier factor.
By synthetic division method
IJ 1 -6 11 |-6
I 1 5|6 =
1 -5 6 | 0 = remainder '
20.6.(b) Solve a biquadratic (quartic) equation i@ the real roots of the equation are

given
Let gx* +ax’ +ax’ +ax+a, = a the biquadratic equation and its two
real roots be o and f.

If 7 (x)=0, has two ro d B, then

f(x)=(x=0)(x )

where fl(x) is the quadratigiexpression.

Example 1:  Find the rem o roots of the biquadratic equation
xt—9x® +19x7 x—% = (), if its two roots are 5 and 1.
Solution: x* -9+ 9x—20=0, is Thus, we have quadratic equation

the given quartic whose given two xz -3x-4=0
roots are 1 ang%\.&, multipliers 5 and 1. = X —4x+x-4=0
etic division method, we = x(x—4)+1(x—4) =0
have, = (x—44)(0x+1)= 0 o
ie, x—4= or x+1=
219920 = x=4 or x=-1
5 20 5| 20 Therefore, remaining two roots are

0 = remainder 4and-1.

|
\

1] 1 -4 1|4
\
1

-3 -4 | 0= remainder




Exercise 20.6

1. Find the remaining two roots of the following cubic equations, when one root is given:
()  2x’—x*-2x+1=0, andx=1
() x—4x*+x+6=0, andx=3

(i) x*—-28x+48=0, andx=2
2. Find the remaining two roots of the following biquadratic equations, when its two
are given:
()  12x*-8x’—7x*+2x+1=0; andx=1,—%
(i) x*+4x*-5=0; andx=1,—1 .
(i) x*+2x°—13x2—14x+24=0; and x=3,-4

3. Find the value of m and remaining two roots of the equation 2

root 1s 3.
1\

4. If one root of x’ —3ax’ —x+6=0is 1, then find the v.
Xt ¥ax? +bx+252=0 are 6 and

@» 9 =0, if its one

so find its remaining

roots.

5. Find the value of a and b, if two roots of the e
—2. Also find its remaining two roots.

20.7 Simultaneous Equations
Two or more equations taken togetheg is €alled a system of simultaneous equations. To

determine the values of two unknown v @ need a pair of equations.
The set of all ordered pairs ich satisfies the system of equation is called the
solution set of the system.
20.7.(i) (a) Solve a system oftviio eqiftions in two variables, when one equation is linear
and other is qugdra

The complete methed (pg) edure) to solve the system of equation when one is quadratic
other is linear is illustr: solving the examples given below.

Example 1: Solv em of equations 2x+ y =10 and 4x” + y* = 68.
Solution
(1)
and (i)
Fro :
y=10-2x (iii)

Substitute this value of y in equaion (ii), we have,
4x* +(10-2x) = 68

= 4x* +100-40x+4x* —68 =0

= 8x* —40x+32=0




= ¥ —5x+4=0

¥ —dx—-x+4=0

(x—4)(x—1)=0

i.e. x—4=0 or x—-1=0

= x=4 or x =1
Putting these values of x in equation (iii) O
when x =4, theny = 10—2(4) =2
when x =1, theny =10-2(1)=38
Thus, solution set is {(4 2).(1, 8)} 0
Example 2: Solve the system of equations3x—2y =7 and xy OQ
Solution:

3x-2y=7
and xy=20

. +2
From equation (i), we have, x= 7*+2y

3 (iii)
Substitute this value of x in equaion (ii), we have
7+2y
=20
( 3 ]y E
Ty+2y* =20x3=60

2y +7y—60=0
2y -8y+15y—-6

2yy 4+15 -4
2y+5 0 o

IR

=
@

of x in equation (iii)
7+ 2(4) 15 _

when then x =

Whenyz—E,thenx— 3 =__
g8 15

Thus solution set is {(5,4),(—5,—3 j}

.3




20.7.(i) (b) When both the equations are quadratic

We explain the method of solution of system when both equations are quadratic by the
following example.

Example 3:  Solve the system of equations x* + y* =4 and 2x* — > = 8.

Solution:
X +y =4 (1) O
and 2x*—)* =8 (i1)
To eliminate y* adding equations (i) and (ii), we have
3x* =12 0 .
x* =4
x=72,
By using x =22, in equation (i), we get Q Q

(2) +y*=4 (—2) + 3
= 4+y° =4 4+ y*

Uy

=
=  y'=4-4=0 = 2 420
= y=0 = y=
Thus, solution set is {(—2,0),(2,0)}.

Example 4: Solve the system of equati Z— 13 and xy = 6.

Solution:
X +y =13 .. 1)
and xy=6 ii

o 6x° +6y° =78 (ii1)

and 13x (iv)

By substractin ion (iv) from equation (iii)
6x +6y° =0

= a0xy—4xy+6y° =0

= x—3y)—2y(2x—3y)=0

e, 2x-3y=0 or 3x-2y=0

2 3




Thus, we have following two systems In system (B),

xy=6 2y L 2
o T PPN
2 = 2y” =3x6
xy=06 , 3x6
and 2y ¢ System (B) = Y 5" 9
X=—
3 = y =13,
In system (A),
ystemn (A) when y = 43, thenxzz(ﬂ):iz O
e 3
22 ’ 2 Thus, the solution set is *
= 3y"=2x6
f o {(3.2).(-3,-2).(2.3),
Y= =4
3
y=212
when y =£2 thenxz%(i2)=i3 \
20.7.(ii) Solve the real life problems leading to q ¢ euations
Example 1:
Find two consecutive positive integers wh@se pgoduct is 72.
Solution:

Let x and x+1 be the two consgemgivefihtegers.
According to given condition.

x(x+1)=72

X’ +x-72=0
(x+9)(x—8) =0
i.e., x+9=0
x=-9

rea of a rectangular plot is 320m°. The width of the plot is less 4m than the length
ind the length and width of the plot.

Let x m be the length of the plot, then the width is (x—4) m.
Given that

Area of the plot = 320m’

x(x-4)=320 [~ Area = Lengthx Width]

= xP—4x-320=0



Ul

x> =20x+16x-320=0
x(x—20)+16(x—20)=0
(x—20)(x+16)=0

x-20=0  or x+16=0

x=20 or x=-16
Neglecting x = —16 because length is always positive. O

Thus, length of the plot is 20m and width of the plot =20-4 =16m.

Exercise 20.7

Solve the following systems of equations:
1. 2x—y=3 and x*+y?=2
2. 2x+y=4 and x*-2x+)*=0 Q
3. .30 and 4x+3y=25 @
Xy
(x—1)2+(y+3) =25 and ¥’ + y+l \
x*+y?=25 and (4x-3y)(x—y-5)= ()Q

x> +3*=16 and 2x*—3xy+1*=0

x> +y?=5 and xy=2
x*+xy=5 and x—2xy 2

x+i=1 and y+——25
y

2O e o=

10. Divide 12 into two parts uch at the sum of their squares is greater than twice their

product by 4.
11. The length of a pyayer is 5 meters more than its width. If the area of the hall is

36m”, find th arfdl width of hall.
12. The sum o of two positive numbers is 100. One number is 2 more than the

dicular.

1 perimeter of an isosceles triangle is 36cm. The altitude to unequal side of the
triafigle is 12cm. Find the length of the three sides of the triangle.

15. The difference of two numbers is 5, and difference of their squares is 275. Find the

numbers.




Review Exercise 20

1. Multiple Choice Question MCQs.
Encircle the correct answer.

i. If p,q are theroots of 2x*+5x+3=0, thenp+g=——
5 3 5 5
(a) 3 ® ¢ - @ -=

5
i, If é, 1 are the roots of the ax” +bx+c=0, a# 0, then o +p=—p—
@ -2 ® 2
a @
iii.  If the sum of the roots of (p+ l)x 4 2p+ 3 x+ 3 1, then product of
the root is
(@ 0 (b) (d 3
iv.  The nature of the roots of ax’ +bx+c=0, a 0 1ned by
(a) sum of the roots (b) prod roots
(c) discriminant (c) nonglof th e
v. If sum of the roots of a quadratic equ%; and the product of the roots is ; , then
equation is
(a) ax* +bx+c¢=0 ax’+bx—c=0
() ax’ —bx+c=0 ax’—bx—c=0
vi. The required equation fvhos&roots are the reciprocal of the roots of ax’+bx+c=0 is
(@)  ax’+bx+ (b)  ox’+bx+a=0
(c) x4 +b: (d ox’-bx—a=0
vii. If a,p are ts of x> —2x—15=0, then the value of o* +p° =———

(b)y -34 © 26 d) -26

Viii. 4ac of a quadratic equation with rational coefficients is perfect square,

real and equal (b) real, rational and un equal

C) real, irrational and unequal  (d) imaginary or complex and unequal
ix.  If one root of quadratic equation with rational coefficients is 2++/3, then other root will be
(a) 2 ® 2+ (© 2-3 @ -2-43
x.  The quadratic equation whose roots are complex cube roots of umity is
(@) x'-x-1=0 (b) ¥ -x+1=0

() *¥+x+1=0 (d) ¥+x-1=0




2. Discuss the nature of the following quadratic equations.
i) x*—7x+12=0 ii) x*14x+49=0
iii) x> —x+7=0 iv) x =5=0

3. For what value of k, the equation P +hke+4=0

i)  has equal roots ii) has complex roots

iii) has real roots iv) has rational roots

Find the cube roots of 729.

Find the sum and product of roots of the following quadratic equation. ‘ ,
i) x*=7x+29=0 ii) x*px+g=0

iii) 7x-8=5x" iv) 11x=9x 2-28 PY
Define symmetric function of roots of quadratic equations.

§0 5=

Form the quadratic equation whose roots are 1— \/?_> and 1+\/_

Find the equation whose roots are the reciprocals of the rgéts Ox+16=0
Solve the following system of equations.

i) x4+ =13 iy  x*+)y?=37 \
x+y=5 2xy =1
SUMMAI(J

ax¥hx¥c=0,a=0is A=b*—4ac.

ERCEE

» Discriminant of the quadratic equatigg

i. If A=b*—4ac>0,then the root
ii. If A=b"—4ac<0,then the goots ¥
in pair form and conjugate

d unequal.
¢ non-real (complex or imaginary), unequal
her.

. b
iii. If A= b’ —4ac = 0, then fthe rdbts are equal, each being equal to — P
a

iv. If a,b,c are ratiomals an\A = b* —4ac >0 and perfect square, then roots are rational and
unequal othervgi atienal and unequal.

re Lo and o’.

> Properti e cube roots of unity are:

mplex cube of unity is the square of other.
e cube roots of unity is zero.

of three cube roots of unity is 1.

complex cube root of unity is reciprocal of the other.

> If o and B are the roots of a quadratic equation ax* + bx+c =0,a# 0, then

b G
a+B=—— and aff=—
a a
» Symmetric functions of the roots of quadratic equation are those functions which remain

unchanged when roots are interchanged, i.c. f(o.B)= f(B,a).
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Student Learning Outcomes (SLOs)

After completing this unit, students will be able to:
Define proper, improper and rational fractions. 2 2
Resolve an algebraic fraction into its partial fractionswhen its denominator consist
* Non- repeated linear factors,

A\ %

e ol

*,

-,

* Repeated linear factors,
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* Non- repeated quadratic factors,

* Repeated quadratic factors. \@
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Introduction:

To split a rational fraction into the sum or difference of two or more fractions, such
fractions are known as partial fractions. Partial fractions can only be found if the degree of the
polynomial in numerator is strictly less than the degree of the polynomial in denominator. For

instance,
. 2x+3 1 1
(i) = +
(x=1)(x+4) x-1 x+4
. —(4x*+x+11) x+2 5
(ii) > = -
(x*+1)(x-3) #+1 x-3
21.1 Define Proper, Improper and Rational Fractions *
Rational Fraction:

P called a rational

We know that, a number of the form a, where p,qe Z a
0 is called a rational

P(x

number. Similarly, the quotient of two polynomials

algebraic expression. It is commonly known as ration. on.
Example:
0 2% —5x*=3x-10 5x+8
-1 3x 22x-1

Proper fraction:

P
A rational fraction (x)

0 ( ) is said to oper fraction if the degree of numerator P(x) is less
X
than the degree of denominaﬁ@

+

Examples:
6x+27

v S s

AT ( ) is said to be improper fraction if the degree of numerator
X

P(x al or greater than the degree of denominator Q(x).
Examples:

@ 2x° —5x% =3x—-10 (ii) 6x° —5x% —7

x* -1 3x2-2x-1
2
@iy




Additionally, any improper fraction can be resolved into the sum of polynomial and proper

fraction.

3x2—2x+1 17
eg —=3x—-8+ .
x+2 x+2

2 . . 17 . .
Here, 3 =2l isimproper fraction , 3x — 8 is polynomial and is proper fracti
x+2 x+2

resolve the improper fraction into the sum of polynomial and proper fraction, (C

divide the numerator with denominator.
21.2 Resolution of fraction into its partial fractions

To resolve the rational fraction into partial fractions, it is necessary $at the rational
fraction must be a proper fraction. If it is not, then it must be converted i roper fraction by

division.
21.2.(i) Resolve an algebraic fraction into its partial fracti n its denominator
consist of @

e Non- repeated linear factors,
e Repeated linear factors, \
e Non- repeated quadratic factors,

o Repeated quadratic factors.
Case-1: Denominator Consists of Non-repeatedilineap factors

P(x
Let R(x)= Q(( i is a rational fraction, whe%nominator Q(x) is the product of non-
X @

repeated linear factors which can be
Q(X) = (x_ a])(x_ az)(x—az) .....
P(x) .
Now R(x)=——= is resol
Q(x)

r:
(x} 4 4 4 n 4

= +...+ An .
Here, the co 54, 4s,..., 4, are to be found. The method is explained by following
into partial fractions.
Solution:
11- A A .
Let AL A @)

(x—l)(x+3) (x—l) (x+3)
Here, A, and A, are unknown constants to be determined.
From equation (i),




11-3x  A(x+3)+A,(x-1)

(x—l)(x+3) (x—l)(x+3)
Multiplying both sides by (x—l)(x+ 3)
=11-3x= A (x+3)+A,(x-1) (ii)

To determine constants A, and A,, values of x are chosen. To get A,, put x=1, on @
sides in equation (ii),

we get 11-3(1)=A,(1+3)+A,(0) < )
8=4A,

=

=  A=2 0 ¢
To get A,, put x=-3, in equation (ii),

we get 11-3(-3)=A,(0)+A,(-3-1) Q

= 20=—4A, @

= A,=-5 \

Finally, by putting the values of constants A; and A, j tioR (ii),
11-3x 2 5

t = - )
weee (x—l)(x+3) x—1 x+3

Example 2: v
6x° +5x7—7 Q~
10ng!

Resolve ————— into partial fract
2x"—x-1
Solution:
The given rational fraction is roper fraction; hence it is converted in the proper fraction

by dividing numerator with den@iinator.

T34y X3 (i)

2x"=x-1 ( (x-D(2x+1)
Consider the e n 2 Txms for resolving into partial fraction.
(x-D(2x+D
Let » A A (ii)

x+1) x—-1 2x+1
, A, and A, are unknown constants to be determined.

From equation (ii),
7x—3 _A1(2x+1)+A2(x—1)

(x—DQ2x+1)  (x—1)Q2x+1)




-

By multiplying (x—1)(2x + 1) to both sides

we get
= Tx=3=A,2x+1)+A,(x-1) (iii)
To determine constants A, and A,, values of x are chosen. To get A, put x=1,1

equation (iii),
we get

7(1)-3=A,(2+1)+A,(0) < ,:
=  4=3A,
'3

1 . P
To get A,, put x= ¥ in equation (iii), we get

7[—%)—3=A1(0)+A2 [‘;“lj \g@

—5 = A,
13
= A, =—
3
By putting the values of constants A@ equation (ii), we get
Tx-3

(x— 1)(2x+1) 3(x—1) 3(2 +1
Finally, equatlon (1) beco

6x° +5x% - _3 L4

2x% —x-1 x—Ql 3(2x+1)

Exercise 21.1

following into partial fractions

4(x—4) x> -3x+6
1. 2. = 3. =
X —2x-3 x(x=2)(x-1)
3(2x2—8x—1) x> +9x+8 ¥ -x-14
4, 5. - 0 6. = - -
(x+4)(x+1)(2x—1) X 4+x—6 ¥ —2x-3
. 3x° —2x% —16x+20

(x— 2)(x+ 2)




Case-II: Denominator consists of repeated linear factors

P(x
Let R(x)= % 1s a rational fraction, where, its denominator Q(x) is the product of repeated
X

linear factors which can be written as Q(x) =(x—a)".

Now, R(x)= P(x) is resolved as:
’ Q(x) |

P
(x): 4 -+ 4 =+ 4 THt
Q(x) (x—a) (x—a) (x—a) (x— a)
Here, the constants A, 4,,4;,..., A, are to be found. The method is explaiged b fotlowmg

examples.

Example 1: Q
Resolve 2t 32 into partial fractions.
(x - 2) \

Solution:

Let 2x+3 A N A,

(x—2)2 (x—2) ()c—2)2

Here, A, and A, are unknown constants to b d.

(i)

From of equation (i)

2x+3 A (x—2)+A
(x-2)
By multlplymg x— 2 ? both side

we get 2x+3= A x 2+
= 2x+3= Alx 2A + A, (11)

To determine ts’A1 and A,, by equating the like-terms on both sides of

ating the coefficients of x in equation (ii), we get,
2=A,

constants in equation (ii), we get

Finally, by putting the values of constants A, or A, in equation (i), we get
2x+3 2 7

(x-2) (x-2) -2




Example 2:

2
-2x-1
Resolve S m2xml9 into partial fractions.

(x+3)(x-1)’
Solution:

5x°-2x-19 A A A
Let =—1 4+ -2 4 3 @)
(x+3)(x-1)" (x+3) (x=1) (a-1y C O
Here, A;,A, and A, are unknown constants to be determined.
By multiplying(x+ 3)(x— 1)2 to bothsides of eq (i) .
= 57 -2x-19=A (x=1) + Ay (x+3)(x=1)+ Ay (x+3) (i)

5x%—2x—19=A x> +2A,x+ A, + A,x” +2A,x—3A,+A,
= 5x2—2x—19—(A1+A2)x2+(A3+2A2—2A1)x+(A® AY) (i)

To determine constants A;,A, and A,, values of x are engloget A, put x =-3,
in equation (i), we get.
5(-3)"~2(-3)-19= A, (4] + )+ A4 (0)

coefficients of x? in equation (iii), we

= 32=16A,
By equating the like-terms on botv equation (iii). Now, by equating the

5:
=  5a(2)M, ( A=2)
= A

Again, by equating the coeffidients @f x in equation (iii)
=2=A;+23)-2(2)
N —2=A;+2
Ay=-4

Finally, by puttt alues of constants A;,A, and A; in equation (i), we get

5x%—2x— 2 3 4
+

(x+3) (x-1) (x_l)z'

esolve the following into partial fractions

' 4x-3 2+ 7x+3 . 5x2—30x + 44
ey () (Y

2 2
n 18+ 21x—x 5 x“—x+3

(x=5)(x+2) ' (x-1)’

120

—




Case-II1: Denominator consists of non-repeated quadratic factors
P(x
Let R(x)= % is a rational fraction, where, its denominator Q(x) is the product of
X

non-repeated irreducible quadratic factors.

Now R(x) = P(x) is resolved as:
Q(x) '

P(x) _ Ax+A,  Ap+A, 2n XA,

Q(x) - ax’ +bx+c,  ax* +bhx+c, h a x> +bx+c
Here, the constants A, A,,A;,...,A,, are to be found. The method is expl ed b followmg

examples.

Example 1: Q
2
Resolve 7x+—5x2+13 into partial fractions. @
(x+1)(x +2) \
Solution: %
Let TP +5x+13 A N 2x+A

(x+1)(x2+2)_x+1 X +2
Here, A,,A, and A, are unknow

7x2+5x+13:A1(x2+2 +
Tx? +5x+13= Ax” + 24 + AR + A, x+ A+ Ay
7x* +5x+13=(A + A A, +Ay)x+(2A,+A,) (i)

2 2 A3 1743
To determine custats A, A, and A;, values of x are chosen. To get A, put x =-1, \
in equation (ii), we

= A (D7 +2) 4 (Ay (=D + Ay )(-1+1)

= 15= 3A,

= A=5
ting the like-terms on both sides of equation (iii), we get,
7=(A,+A,) 5=(A,+A,)

= 7=(5+A,) = 5=(2+4A;)

= 2= Az = 3= A3

Finally, by putting the values of constants A, A, and A, in equation (i), we get
Tx*+5x+13 5 2x+3

(e e2) () (2 12)




Example 2:

2x+7 . . .
Resolve TS5 into partial fractions.
(x + 3)(x + 6)

Solution:

Let 2x+7 _Ax+A) N Asx+A, (0)
(x2+3)(x2+6) x*+3 X +6 O
Here, A;,A,,A; and A, are unknown constants to be determined. O
By multiplying(x* +3)( x* +6) to both sides R
:>2x+7=(x2+6)(A1x+A2)+(x2+3)(A3x+A4) 0
=20+ 7= (A, + A)x + (A, + A)x" +(6A,+3A)x+(6A, +3A, q
By equating the like-terms on both sides of equation (ii)#Wwe g

Aj+Ay =0 (iii)

Ay +A, =0 (iv) \
6A, +3A, =2 v)
6A,+3A, =7 (vi)

solving equations (i)and (iv) simultane@ tA, = %, andA; =—

similarly, the values are A, =

Finally, by putting the values of cons and A, in equation (i), we get
2
2x+7 3 2x+ 7 —2x-7
(x+3)(x*+6) x +3 (x*+3) 3(x +6)

Exercise 21. 3
artlal fractions

6x—5 3 15+ 5x+5x% — 4x°
(x2 +10) (x+1) xz(x2 +5)
xZ—x+2

(x+ 1)(x2+ 3)

Case-IV: Denominator consists of repeated quadratic factors

P(x
Let R(x)= ( ) is a rational fraction, where, its denominator Q(x) has the repeated

Q(x)

irreducible quadratic factors. For the sake of simplicity, it is taken that Q(x) = (ax2 +bx+ c).




P(x) :
Now R(x) = is resolved as:
Q(x)
P(x) _ dx+d, | Ax+dy A, xtd,
Q(x) a’+bx+c (ax*+bx+c) (ax® +bx+c)".

Here, the constants 4,, 4,, 4;,..., 4, are to be found. The method is explained by folloy
examples. é

5P +2 . , ,
Example I: Resolve —————— into partial fractions.
(x2 +x+ 1)
O
Solution:
SxM+2  Ax+A,  Apx+A
Let al == zlx 2, Y 2 1)
(x2+x+1) X+l (x2+x+1
Here, A;,A,,A;and A, are unknown constants to beflgtehmined.
2
By multiplying (x2 +x+ l) to both sides
5x* +2:(x2 +x+1)(A1x+A2)+A3x+ [
5x%42 = X' A+ xPA + XA, + XA+ x +A,+A,
(A +A +A5)+(A,+A,) (i)

3 .
2 4= . (vi) )
Put the yalugof A; = 0,in eq (iv) weget A, = 5.
Similarly, by pu e values of Az and Aj in eq (V)

We get
0+5+A,=0
A,=-5
iby putting the values of Az in eq (vi)
S5+A,=2
= A,=-3
5x%+2 0x+5 =~ —5x-3

(Faxel) FHEH (3 )




Example: 2

P +x+l ) ) )
Resolve into partial fractions.

x(x2 +1)2

Solution
Fr R xl A A+ Ay At Ag

sy O

Here, A|,A,,A;,A, and A are unknown constants to be determingd. O
) 2

Let

By multiplying x(x2 + 1)2 to bothsides of eq (i)
At xtl= A, (x2 +1)2 + x(A2x+A3)(x2 +1)+x(A4x+

e a1z A 2A 07 1A+ AL+ AT+ A AR NP+ Agx
e xtl=(A A, )t A H(2A,+ A+ A, stAs)x+A (i)

To determine constants A,,A,,A;,A, and Ay, &fc the like-terms of equation
(i1), we have
(i1
(i¥)
‘?\ )
(vi)
=A, (vii)

Put the value of A, in equation (iii), wgCt

1=
1=

+
e

o
SRS
L
> +
(N N>

—
—_

=

Put the value of A;in eQuation¥vi), we get

L g
=1+ A,
0=Ag

Put the value and A, in equation (v), we get
1=2(1)+(0)+A,
-1=A,
Fi Nputttng all values of constants A;,A,,A;,A, and Ay in equation (i), we get

x4+x3+x2+x+1_1 1 X

: . .
2 (x241) xooxHl ey




1.

ii.

iii.

Exercise 21.4

Resolve the following into partial fractions

x° . 5 A 5 3. x*
(x2+1)2(1—x) xz(x2+3)2 (1+x)(1+x2b
A s
(x+1)(2+x2) (x 2)(3+x2

Review Exercise 21

An improper fraction can be reduced into proper fractio Q
(a) addition (b)

. Tick the correct option

mult1p11cat1
(c) subtraction (d) divisio
X

Partial fractions of can haye

(x—a)(x—b)(x—c)
@ A . B . C ) ‘A , . C
x+a x+b x+c x—b x-c
(c) A + B + ¢ ); None of these
x+a x-b x+c

Find the partial fractions o - are -
= 1 x+1
—= b) —+
@ ) x*+3 ®) x x*+3 \
x+1 -1 x+1
—— d)—+
(c ) Xt 3 @ x xX+3
x'é
er fraction (b)  An improper fraction
An 1dent1ty (d) A constant term
e fraction 2— is known as:
X +5x+6
(a) Proper (b) Improper

(c) Both proper and improper  (d)  None of these




Define proper, improper and rational fraction.
Resolve the following fractions into partial functions.

) Sx+38 ) 9x% +5x+7
(x-1)(x+2) x(x+2)(x-5)
¥} +2x+3 . ¥ +8x%+9
iii) ———— iv)
(x2+1)(x—2) (x2 +x+1)(x+1)
V) x+5 e Tx+3

(x2+1)2(x—3) (x—l)z(x+2) 0 *

OO
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Students Learning Outcomes (SLOs)

After completing this unit, students will be able to:
Know about frequency distribution, and learn how to: ¢
% Construct a grouped frequency table.

+* Construct histograms with equal class intervals.

«* Construct histograms with unequal class intervals.

«* Construct a frequency polygon.

Know about cumulative frequency distribution, and learn h \

¢ Construct a cumulative frequency table.

¢ Draw a cumulative frequency polygon.

Know about measures of central tendency, and le@irn howgo:
7

%* Calculate (for ungrouped and grouped data):
®  Arithmetic mean by definition and iations from assumed mean.
®  Median, mode, geometric d harmonic mean.

Recognize properties of arithm

<

“* Calculate weighted mean ovIfig averages.
+* Estimate median, quagiles ode, graphically.
Know about measures ersidn, and learn how to:

+* Define, identify and Weasure range, calculate variance, mean deviation and standard deviation.




Introduction:

Statistics is an important branch of Mathematics which deals with the collection,
organization, representation, interpretation and analysis of data to derive meaningful insights and
patterns which help take wiser decisions and frame efficient policies. We already know basic
concepts of classification, graphical representation and some measures of central tendency
simpler data. Here, we explore these in more detail and extend the concepts towards
averages and measures of dispersion.

Data are basis of any statistical investigation, and are gathered on a variab i
by asking questions, counting and measuring, referring reports, news, artlcles l@aasic
form of data are the raw data, which are unclassified/ ungrouped, and it is
get any meamngful conclusion from it. Such data are obtained using syrve

rectly
Interviews or
organizing
assified data.
a'because these lead

raw/ungrouped data, we can get useful information through
Newspapers, reports and articles are referred as secondary sour
to classified data.

Data are divided into two types: qualitative (categohi uantitative (numeric).
Data on gender, blood group, eyebrow color, grades, roll nu Ke c. are qualitative data. Data
on height, weight, salary, pH values of solutions, annua 1tsof a company, marks of students
in a subject etc. are quantitative.

Observations in qualitative data are purelygattribfites/categories without any numerical
significance, but these may or may not pos anléfig/ordering (ascending or descending).
i ¢ nominal, otherwise ordinal. Gender, blood
ta. For example, we cannot rank male/female

ta are numbers with numerical significance and ordering.
Iso in decimal form. If observations in a quantitative data
iscrete, otherwise continuous. Data on salary (in Rs.), number
in®a school, number of heads while tossing 4 coins simultaneously
measuring heights, weights, pH values of solutions are continuous

The numbers may be intege
are only integers, then
of female students p
lead to discrete d

tract meaningful information from ungrouped data with higher number of
ns, we divide data into smaller classes/groups. The classes are constructed to include

all similar observations at one place. The discrete classes comprise of a single number/attribute,
whereas continuous classes contain a range of numbers. The number of observations falling in
a particular class is called its frequency.

A frequency distribution is a tabular description of a grouped data, consisting of classes
and corresponding frequencies. Data arranged into a frequency distribution provide clearer
understanding for the basic analysis than the ungrouped/raw data.




The relative and percentage frequencies of a class with frequency "f" are:

(%) and (%x 100) , respectively, where "n" is total number of observations. The sum of all
relative frequencies is 1, and of percentage frequencies is 100.
22.1(i) Construct grouped frequency table:

The procedure to construct a grouped frequency table or a frequency distribution depe

on the way we form groups/classes. We discuss the following two ways of construction.

(a) Frequency table with discrete classes:
Discrete classes refer to the classes with only a single number/attribute to inch‘e sim" ar

observations. We use discrete classes only when a fewer observations repeat more of
times in the data. Frequency table with discrete classes is also referred as discrete frequency
table. Sometimes, the relative and percentage frequencies are also added infhe table in last if

required.
Given a dataset, we follow the following steps to construc @; ency table with
discrete classes comprising of three columns.

1. Identify distinct observations as classes/groups and writg t
order if data are nominal. For ordinal and quantitative
order.

2. Use tally marks to distribute data into the classgs, im¢he second column.

3. Count tally marks to write frequency of eachfClass i

Example 1:
Construct grouped frequency table of the roups of 30 students of a class.

A+ O- B+ A+ A- ABt+ B+ + A- A+ AB- A+ O+ B+
B+ O+ B+ O- AB+ O- A+ O+ B- 0O+ A- AB- O+
Solution:

Here, n = 30 and data are no “$he eight distinct blood groups: A+, B+, AB+, O+,
A—, B—, AB— and O- are the eight classes which are written in first column. Using tally marks
in the second column to distrib nd then counting these to write frequencies in the third
column, we get the required grouped frequency table for the distribution of blood groups of

in the first column in any

students. ¢
Grouped Frequency Table
sses/Groups Frequency
“Blood groups” Tally marks “Number of students”
A+ M | 6
B+ it 5
AB+ Il 3
o+ il 7
A- Il 3
B— | 1
AB- I 2
O- Il 3
Total --- n=30

129

—



Example 2:

The responses of 40 randomly selected customers in a shopping mall when asked “How
satisfied are you with the services?” are given below. Construct a grouped frequency table of
their responses. Also compute relative and percentage frequencies.

Very Not very | Not very Very Somewhat | Notatall | Very Not very
Very Not sure Very Very Very Not very Very Somewhat
Not sure Very Not at all Very Very Very Not very | Somewhat
Notatall | Notsure | Notvery | Not very Not sure Very Very
Very Somewhat Very Somewhat | Not very | Not sure Very So
Solution:

Here, n =40, and data are ordinal. The five distinct satisfaction levels i
(lowest to highest) are classes. With tally marks and frequencies we get th

Relative frequency
Classes/Groups Frequency
“Satisfaction levels” Tally marks ®) (%)
Not at all Il 3 % =0.07
Not very M Il 8 0.2
Not sure M 12.5
Somewhat M | 15
Very Al 45
Total --- 100
Note that:

f Example 2, we can easily conclude that highest
‘Very satisfied”, where as a fewer number of customers

a. From grouped frequen
number of customefs w

Example 3:
The resp

were noted a

and perc

45 families in a city, when asked about number of mobiles they used,
onstruct a discrete frequency table of the responses. Also obtain relative
encies of the responses.
222121 2 2 3 3 3 3 41 3 0 2 4 3

22 51 6 1 6 2 1 5 3 2 4 2 4 7 4 2

Solutio

Here, n =45 and data are quantitative, and in particular discrete.

The distinct numbers in the data in ascending order are: 0, 1, 2, 3, 4, 5, 6, 7 which are
fewer numbers repeating again and again. These are the § classes in the first column.

Writing and counting the tally marks in second column, we compute frequencies in the
third column to get the required discrete frequency table of distribution of number of mobiles
possessed by 45 families.




Discrete Frequency Table

Classes/Groups Frequency
“Number of mobiles” Tally marks “Number of families”
0 1

1 MH 7
2 M e 15
3 il 12

4 i 5
5 2
; H : $
7 | 1
Total --- n =45
Example 4:
The amount of cold drink was measured (in liters, L) in 20 Iy selected 1.5L bottles

of a company as given below. Construct a discrete frequencyt: ¢ measured amount of
cold drink. Also compute relative and percentage frequencies.

1.48 1.51 1.50 1.49 1.49 1.49 1.51

1.49 1.52

1.51 1.49 .51 1.50 1.50 1.50 1.49 1.50
Solution:
The data are quantitative, and in particul n s. The distinct numbers: 1.48, 1.49,
1.50, 1.51 and 1.52 (in ascending order) are five . With tally marks and frequencies, we
get the discrete frequency table. The relat d percentage frequencies are also computed in
fourth and fifth columns.
) Class limits Tally ; Relative frequency Percentage frequency (%)
Amount of cold marks Nuper (L) (ix 100)
drink (L)” boftles” " "
1.48 I 2 55 =0.1 Zx100=10
1.49 o 7 0.35 35
1.50 5 0.25 25
I 5 0.25 25
| 1 0.05 5
-— n=20 1 100

(b)

cy table with continuous classes:
data are quantitative (discrete or continuous) and observations are split over a

range of number with lesser repetitions and more variations, then we use continuous classes.
These classes are not single numbers but a range of numbers (intervals) each consisting of all
numbers within the limits of the class. A continuous frequency table comprises of continuous
classes together with respective frequencies.

We have already studied frequency distribution for discrete data in previous class. Here,
we will generalize and use the basic concepts for discrete and continuous data with any number




of decimal places. We first recall and define some important terms which are actively used in
the procedure.
Range:

It is the difference between highest and lowest observations in the given data.

Range =[Highest observation]| — [Lowest observation] (1)

Class limits:
These are numbers used to identify a class. For each class, there is a smallest n
called lower class limit (LCL), and a largest number called upper class limit CL . The
observations starting from the LCL up to the UCL fall in a particular class.
Class interval/ width (h):
It is defined as the size / length of a class, and computed by finding differenee between
a

any two consecutive LCLs or UCLs. We usually use constant class widt denoted by h
for all classes and calculated as:

1 [R
h=—1/| —x10" 2
10'"{1{ W @

& maximum decimal places

ous with values up to one decimal
ximation to get final integer value

where, K is number of classes, R is range, and m is
in the observations.

If data are discrete, then m = 0, if data aregeon
places, then m = 1, and so on. [ .] denotes the cei@r

of h. The ceiling of an integer is the same i
immediately greater than it.

For example [4]=4,[1.6]= , [7.5]=8.

Number of classes (K):
The number of classesgds d%y K and it ranges from 5 to 15 depending on number

of observations and range. i shouldWe carefully chosen/calculated, if not given. Much higher
value of K results in pogr grodping and loss of information. H. Sturges (1926) suggested a rule
to calculate desirable nu asses K by using the numbers of observations n. The Sturges’
rule is defined as:

reas of a decimal fraction is an integer

K=[1+ n) | 3)

where, ) is logarithm of n with base 10, and [ .] is ceiling approximation. It should
be noted that ges’ rule is mostly appropriate for 15 < n < 200. For example, if n = 25,
then: + 3.32210g(25)] = [5.6439] = 6 classes.
Spa etween the classes (d):

The constant difference between the LCL of a class and UCL of the next class is spacing
between the classes (d). If m is number of maximum decimal digits, then:

1
d=—71,m=0,1,2,.. 4
o 4)

For discrete data, m = 0 and d = 1. If data are given up to one digit after the decimal, then
m=1and d=0.1. For data up to 2 decimal places, m =2 and d= 0.01.




Procedure to construct continuous frequency table:

1.

The steps to construct continuous frequency table for quantitative data are:

Note number of observations (n) and identify type of data: discrete or continuous. Also,
note the maximum number of decimal places in data (m).

Calculate range (R) using equation (1), number of classes (K) using Sturges’ rule in
equation (3), if not given.

one more class.

Calculate class interval (h) using equation (2) and spacing between the classes (d) @
equation (4). In extreme conditions, we may have to take “4 + d” as class wi

4. Determine class limits to assure that all observations are included into the K cl

can also use the lowest observation as starting LCL. The sta

UCL =LCL+ h—d. Write LCLs and UCLs of other classes by conti

starting LCL and UCL.

5. Write class limits as classes in the first column of continuous4r
6. Use tally notation / list entries to distribute data into cl

marks are preferred.

Example 1:

The electricity consumption (in kWh) in a s
mentioned below. Construct frequency distribution u§ing tally method.
8

7. Count tally marks or entries to write frequencies o®

oted for 60 consecutive days as

o

ee0

nd column. Tally

third column.

106 107 76 82 109 107 115 9 139 119 115 128 115

123 125 111 92 86 70 126 % 0 129 194 82 90 158 118

123 146 80 136 137 110 1 104 111 140 184 |204] 178 75

113 162 131 99 185 18 100 98 148 90 110 107 78
Solution:

Here, n=060, data a with Frequency Table
m=0.R=204—68=1368 Usi Sturges’ Class limits | Tally marks | Frequency
rule for number of class@s; ¢ 68 — 87 MM 10
K=|1+3.322l0 70[|="7.

[ & ] . ss—107 | (|l 13

With
h= 20, andd =1 108—127 | W 15
the start , the starting UCL=68+20— 128 — 147 MW 10
1=87 =20 in these, we get all other 148 — 167 M 4
limits. iting class limits in ﬁr.st golurpn, 168 — 187 M‘ 6
tally marks in second, and frequencies in third,
we get the required frequency table 188 207 I 2
' Total - n =60

WCL is:
uslyfadding h in




Example 2:

The diameters (in mm) of a reel of wire measured at 24 places correct to nearest 0.01mm
are: 2.10,2.29,2.32,2.21,2.14,2.22,2.28,2.18,2.17,2.20, 2.23, 2.13, 2.26, 2.10, 2.21, 2.17, 2.28, 2.15,
2.34,2.27,2.11,2.23,2.25,2.16. Construct frequency distribution.
Solution:

n =24, data are continuous up to two digits after decimal, so: m = 2.

R =234-210=0.24,and K = [1+ 3.32210g(24)] = 6.

1| R 1
= —[—x 100—‘ =0.04, d =—=0.01. Starting with LCL=2.10 and h = 0.04, siXi{classes are:
100 K 100

2.10-2.13,2.14-2.17, 2.18-2.21, 2.22-2.25, 2.26-2.29, 2.30-2.33. But, 2.34 can be"ncluded in
any class. In this extreme case, we use class width of h + d = 0.05. The refuired six classes are:
2.10-2.14, 2.15-2.19, 2.20 - 2.24, 2.25 - 2.29, 2.30 - 2.34,2.35-2.39, a red frequency
distribution of the diameters is:

Frequency Table

Class limits | 2.10-2.14 [ 2.15-2.19 [ 2.20-2.24 [ 2.25-2.29 [ 2. 34 |42.35-2.39 | Total

Tally mark Il m m | m | —

Frequency 3 5 6 3 0 n=24
Note that:

In Example 2, we could also add just one more claSg to include 2.34. The table becomes:
Class limits | 2.10-2.13 | 2.14-2.17 226-229 | 230-233 [ 2.34-237

Tally mark | | | | m m | |

Frequency 4 5 5 1 1
Some more important termw ed frequency tables with continuous classes are:

Class boundaries:

The numbers which ¢ dclass form adjoining classes are called class boundaries.
For a class, its lower class boundary (LCB) and upper class boundary (UCB) are obtained
from the LCL and UCL 0Of thag,class, respectively as:
d d

For a class: B and UCB=UCL+ 5
where, d is t ing between the classes.
Class m :

means of the class limits or class boundaries of the classes.
. Ler+ucL or oo LCBTUCB

2 2

Cumulative Frequency:

The word cumulative means something increasing/growing by successive additions. If
we go on adding frequencies of classes, one after one, each time adding frequency of next class
in the total, we get cumulative frequencies. For a particular class, the cumulative frequency is
the sum of all frequencies up to that class.




Example 3:

Compute class boundaries, class marks and cumulative frequencies for the frequency
table given below.

Class limits | 7.1-7.3 | 7.4-7.6 | 7.7-7.9 | 8.0-8.2 | 8.3-8.5 | 8.6-8.8 | 8.9-9.1
Frequencies 3 5 9 14 11 6 2

Solution
Here, n =50 and d =0.1. Class boundaries, class marks and cumulative frequencie
computed in the following table

Class limits | Class boundaries Class Frequencies Cumulatl.ve Q
marks frequencies
7.1-7.3 7.05-7.35 7.2 3 3 .
7.4-7.6 7.35-7.65 7.5 5 3+5=8
7.7-7.9 7.65-7.95 7.8 9 1
8.0-8.2 7.95-8.25 8.1 14
8.3-8.5 8.25-8.55 8.4 11 Y 4
8.6-8.8 8.55-8.85 8.7 6
8.9-9.1 8.85-9.15 9.0 2
Total -— -— =
Note that:
1. We can observe that the UCB of a class and L e next class are same.

2. Adding / successively in starting LCB, we
3. We can get all remaining class marks by

ining class boundaries.
in the starting class marks.
4. The cumulative frequency of the last clas otal number of observations.

E 22.1
1. Identify type of data (discretg4 continuous/ nominal/ ordinal) and total number of
observations in the following:
a. Number of visitorgiin a Shopping mall per day for 30 days.
b. Time (in minut spent by a person in GYM for a month.

Electrici urfiption (in kWh/day) for 2 months.
i f 55 students in a class.

btained by 70 students in a class.

ositive/ Negative) of COVID diagnosis test of 10 people.

Marttal status of 30 teachers of a school.

istrict of domicile of students of your class.

ct grouped frequency table of the educational levels (current class of study) of 20
students going to a country tour from a school. The educational levels are: VIIL, X, X, VIII,
VI, IX, X, IX, X, VIIIL, VII, VIII, VI, X, VI, V, IV, VII, IX, IX.

3. The mode of transport used by 20 students to attend a language course were noted as given
below. Construct grouped frequency table with percentage frequencies.

Walk | Walk | Bike | Bus Car Walk | Bike | Walk | Walk | Bus
Car Bus Car | Walk | Walk | Bus Car | Car Bus Bus




4. Classify responses of 40 families on how frequently they spend vacations out of city in a
grouped frequency distribution. Also compute relative frequencies.

Never Rarely Often Sometimes | Never Rarely | Always | Often
Sometimes | Never Sometimes | Always Sometimes | Rarely | Never | Sometimes
Sometimes | Sometimes | Always Always Sometimes | Often Often Never
Often Rarely Sometimes | Always Rarely Always | Often Often
Always Never Always Sometimes | Never Never | Often Always
5. Organize the colors of Caps of prefects of various schools in frequency table.
Black | Blue | Black | Brown | Green | Blue | Black | Brown | Brown | Green

Blue Green | Red Black | Red Blue | Red Green | Black | Red

6. The marks secured by 25 students is a class test out of 5 were: 4.0, 0.5, 4.5, 1.0, 3% > 5.0,
2.5,4.0,2.5, 1.0, 2.0, 4.0, 3.5, 0.0, 3.0, 5.0, 1.0, 2.0, 2.0, 4.5, 2.5, 3.0, 3.5, 1.5. i
table with discrete classes and relative frequencies.

7. The number of times the lectures of a teacher were downloaded pe
noted for a day before test, and results were: 1, 1,2, 1, 3, 3, 4, I,
0, 0, 1. Classify data into a discrete frequency table.

8. Construct frequency distribution with continuous classego

er

website was
2,4,2,3,2,3,2,1,

ber of absentees in a
class for 18 days: 4,3, 0, 1, 2,5, 6,8, 10,7, 11, 15, 13, 14,
9. Construct continuous frequency distribution of the yyei
college students: 138, 148, 146, 146, 119, 164, 1527
150, 147, 147, 153, 144, 156, 135, 126, 140, 125, B68, 15
176, 163, 145, 128. Also compute class boundar
10. The value of resistance in ohms of a batch

ed to nearest pound of 40
58, 154, 150, 144, 142, 140, 165, 132,
8, 135, 149, 136, 135, 142, 161, 145,
clags marks and cumulative frequencies.
sistors of similar value are: 21.0, 22.4, 22.8,
21.5,22.6,21.1,21.6, 22.3, 22.9, 20.5, 21.0,21.7,22.5,20.7,23.2,22.9,21.7,21.4,22.1,
22.2,22.3,21.3,22.1,21.8, 22.0, 22. R21.1,22.6,21.4,22.4,22.3,20.9,22.8,21.2,22.7,
21.6, 22.2, 21.6, 21.3, 22.1, 21, 0£23.4, 21.2. Form continuous frequency table. Also,
compute cumulative and perce i
11. The mass (in Kg) of 50 bloEks o
below. Construct frequi i
frequencies.
80 83 7.7

etal were measured collect to nearest 0.1kg and are listed
ution of the masses and compute relative and percentage

& 7.1 84 74 82 84 88 79 81 82 75 83
79 85 79 80 84 72 87 80 91 85 7.6 82
4 85 81 7.8 82 77 75 85 81 73 9.0 8.6
istograms with equal class intervals:
s are used for graphical representation of quantitative data by using the

les with discrete and continuous classes and related concepts. A histogram is
draw using adjacent rectangles with bases of rectangles marked by distribution of numbers

in the classes and areas/heights of rectangles being proportional to the class frequencies. In
histograms with equal class intervals, both areas and heights of rectangles are proportional to
frequency.

In histograms corresponding to discrete frequency tables, the bases of rectangles
represent the distinct numbers in the data and the heights are usually taken as the frequencies of
classes. The width of rectangles are taken with a fixed interval.




In histograms corresponding to continuous frequency tables with equal class intervals,
the bases of rectangles represents class boundaries and the heights are usually taken as the
frequencies of classes. The width of rectangles is equal to the class interval.

While drawing histograms, axes should be labelled clearly and scales should be defined.
X-axis does not have to start from 0. Y-axis must start from 0. Frequencies should also be marked
above the rectangles. The procedure to draw histograms is explained in following example
Example 1:

Draw histogram for the number of children per family in villages using thefollow,
data of 80 families.

Number of childreninafamily [ 1 |2 |3 |4 |5 |6
Number of families 8 10]10]25|20]7 ¢

Solution:

Data represent a discrete frequency table.
Writing distinct numbers: 1, 2, 3, 4, 5, 6
representing classes on X-axis with a fixed "I
interval for all, then writing frequencies on Y-axis =
starting with “0” with suitable scale to include all |
frequencies up to 25. Drawing rectangles based at '
the distinct numbers with equal width and heights
equal to frequencies, we get the followi
histogram. Axes are labeled and sca r
defined.

Example 2.
Draw percentage frequen

el Ll B

hisge€ram for the following distribution.

Mass of block (in kg) .76 | 7.7-79 | 8.0-82]83-85]|86-88]|89-9.1
Number of blocks 9 14 11 6 2
Solution: N il i et = i

equency table ekt ol wyioton-» 3
with continuous_datau ne digit after the =~ **#
decimal, so n = =land d=0.1. The m+ -
class boun 05-7.35,7.35-7.65,7.65  mt =i
-7.95,7 - 8.55, 8.55-8.85, 8.85-9.15. o - =
Writ n X-axis and corresponding _5-% dat : =]
percen equencies: 6, 10, 18, 28,22, 12, 11
4 on Y-axis with respective scales. Drawing =i+ e

adjacent rectangles based at class boundaries, | [
of width h=03 and heights equal to | :j'f = | ||
percentage frequencies, we get the required ~ #+ | ' l—-—-

percentage frequency histogram. oI R Py | ! i .

d = L ¥

ok RN RAN HW RN s aahl o wid ¥

i ol Wl ) B | e S i |




22.1 (iii). Construct histograms with unequal class intervals:

For the case of histograms with unequal class intervals, the adjacent rectangles are
constructed so that only their areas (not heights) are proportional to the frequencies. To do this,
we define adjusted heights of rectangles to assure proportional areas and frequencies. If f* and
h” are frequency and width of a class, respectively, then:

Adjusted height of a rectangle’ = Z—* (1) O
f*

So that, Area of a rectangle” = widthx height=h" x o " )
From (1), we see that adjusted heights are not proportional to f*, b

This satisfies the requirement. The steps of drawing histograms with unequal cla
same as before, but we must write adjusted heights on Y-axis.
Example:

Construct histogram for the following data with unequal
Class limits | 10-40 | 50-70 | 80-90 | 100-110
Frequencies 2 6 12 14 4

Solution:
We can observe that the given data show a fre
We first compute class boundaries and adjusted hei@hts.

reas 1n (2) are.
ifftervals are

table with unequal class intervals.
,d =10.

adjusted heights

Class Class Class intervals Frequenc . ) . .
limits | boundaries (h") Adjusted heights of rectangles (f” /h’™)
1040 5-45 40 2=0.05
50-70 | 4575 30 +=02
80 — 90 75-95 12 0.6
100—110 | 95-115 14 0.7
120-140 115-145 4 ~0.13
150-170 145-175 2 ~0.07

b e | i wgmem B
Wil e gl p— 0

classes with hequal to unequal class intervalsand . wr
heights e adjusted as computed in above i it
table. T get the required histogram with | ™ i

unequ vals fan {fra s

proporti
here.

Area of rectangle-1 =40x 0.05 =2.
Area of rectangle-2

rectangle-3 =20x 0.6 =

and so on.

an verify that areas of the rectangle are
al, and particularly equal, to the frequencies !

= 30x 0.2 = 6. Area of

12.




22.1 (iv). Construct a frequency polygon:

Frequency polygon is another way of graphical representation of a quantitative data
grouped into frequency distribution. We often see such graphs in newspapers (especially in
business section), in weather forecast news, and in cricket match stats (a commonly used
abbreviation of statistics). The word polygon refers to a closed shape in a plane formed by
connecting at least three line segments. For example, triangles, squares, pentagons, etc. Here
will learn how this geometric concept is related with frequency distributions. The frequ
polygons are used in advanced statistical analysis is to identify shape of the distributio

To construct a frequency polygon, the points ( x, y) are plotted, where the abs@he
x-coordinates) are class marks and ordinates (the y-coordinates) are the clags fre 1es.
Secondly, we add two dummy classes, one in the start and one in the end, with Oyfrequencies,
and mark corresponding points for these on X-axis. Finally, we join the scattered p@ints on the
graph by line segments to get the required closed shape, called freque , with base
on X-axis and peaks showing frequencies. For clarity, filled mark te points of real

classes and blank marks (o) denote points for dummy classes. It igobyfous 10 label the axes and

define suitable scales. \
Example 1:

Draw a relative frequency polygon for the followmg d
Amount of cold drink in liters | 1.48 | 1.49 | 1.50 | 1.51
Numbers of bottles 2 7 5 5

Solution: <
Given data show discrete freque tabl€” The . |
distinct numbers: 1.48, 1.49, 1.50, 1.5 are class :"':'

marks (x). The frequencies ( y ) are: 2, 7, SN, 1. First, we

compute relative frequencies, which O, 0.35, 0.25, M
0.25 and 0.05. With two dummy dlassesi the plotted points  * |

if
[
|

: i T S T SR e
0.25), (1.52, 0.05) and (1. .Noining points by line Lt Ty L B
segments, we get the refative\frequency polygon.
Example 2:
Draw perceﬁg polygon for the following distribution.
Mass of blo 71-73174-76177-79]80-82]83 -85]|86-88]89-9.1
oc 3 5 9 14 11 6 2

Solutiorg e 4

where x represent class marks: 7.2, 7.5, 7.8, 8.1, 8.4, 8.7,9.0, = /f h,

and y are percentage frequencies: 6, 10, 18, 28, 22, 12, 4. i ':I'-,
Adding dummy class marks and the required percentage ~ ! f 1"
frequency polygon is plotted through (6.9%, 0), (7.2, 6), (7.5, | .I < h
10), (7.8, 18), (8.1, 28), (8.4, 22), (8.7, 12), (9.0, 4) and (9.3%,  -! ;

0) with suitable scales. e = e




22.2. Cumulative frequency distribution:

A cumulative frequency distribution is a table listing upper class boundaries of classes
together with the corresponding cumulative frequencies. We already know about the
computation of cumulative frequencies. The cumulative frequencies computed by adding
number of observations less than the UCBs of classes are called “less than cumulati

add a dummy UCB in the start with cumulative frequency of 0.

frequencies”. These start with “0” and end at the total number of observations “n”.
“The greater than cumulative frequencies” are computed by summing al@

greater than the LCBs of classes. These start with “n” and end at “0”. But we offen usdl“less
than cumulative frequencies” in practice. In the forthcoming discussion, gve u term
“cumulative frequency” to refer the “less than cumulative frequency” for simplieity.
22.2 (i). Construct a cumulative frequency table:
Steps to construct cumulative frequency table of grouped qua
1. Obtain upper class boundaries and cumulative frequencie
2. Add a dummy upper class boundary in the start with 0 eimudéitivéfrequency.
3. Form a table to mention all UCBs with respective cu ¢ ffcquencies.

Example 1: Construct a cumulative frequency table using ing data.
Marks of Students 1[2
Number of Students

Solution: Given data shows a discrete frequency distribufion.

a arc:

Here, d =1 and n = 15. Computin adding g in the class limits, and then

finding cumulative frequencies we have;

Classes requencies Curnulatlye
Frequencies
2 2
5 7
4 11
4 . 3 14
5 5.5 1 15=n
Adding B in start equal to 0.5* with cumulative frequency “0”, the required
cumulative fr i
students (UCBs) Less than 05*% | 1.5]25[35]45 |45
ber of students (Cumulative frequencies) | 0 2 7 [ 11 14|15
Exa Construct cumulative frequency table for electricity consumption data.
y ‘tz’k%’}?)sumpnon 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207
Number of days 10 13 15 10 4 6 2

Solution: Given data is a continuous frequency distribution, Here, d = 1 andn = 60. The UCBs

are: 87.5. 107.5, 127.5, 147.5, 167.5, 187.5 and 207.5. Adding a dummy UCB of 67.5* in start,

we have the following cumulative frequency table.

Electricity Consumption Less than (kWh) | 67.5% | 87.5 | 107.5 | 127.5 | 147.5 | 167.5 | 187.5 | 207.5
Number of days 0 10 23 38 48 52 58 60




22.2 (ii). Draw a cumulative frequency polygon:

A cumulative frequency distribution is graphically represented by a cumulative
frequency polygon, also called an ogive. We begin plotting the points (x, y) of the cumulative
frequency table (x: UCBs and y: cumulative frequencies), then join these by line segments.
Finally, we draw a perpendicular from the peak point on X-axis to get a closed shape, which is

the required ogive or cumulative frequency polygon.
Example 1. O
Draw an ogive (cumulative frequency polygon) for the following data.
Amount of cold drink (in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52
Number of bottles 2 7 5 5 1 < )
Solution:

Here, n=20 and 4 =0.01. By computing UCBs and cumulative freqaencie we get the

cumulative frequency table, where 1.475* is a dummy starting UCB. _ _
Amount of s A
cold drink | 1.475* | 1.485 | 1.495 | 1.505 | 1.515 | 1.525 ¥ il = }

(in liters)

Number of 5i

bottles 0 2 9 14 19 | 20 \ !1-5"|’

Now, we plot the points (1.475%, 0), (1.485, 2), (169 Z’A i
9), (1.505, 14), (1.515, 19) and (1.525, 20) on graph, jeifrth -"lu- P
through line segments, and, finally draw a perpendidular frgm” # _| =i
the last point towards X-axis to get the requirgd c ve || ,.-:IJ! e
frequency polygon or ogive. Axes are labele with [ b v
proper scaling. l' S pe—
Example 2:

castings as measured in a certain gtu
Diameters (cm)
Number of holes

Draw ogive for the following ibution of diameters (in cm) of 60 holes bored in engine
d
2.0

—2.019 | 2.021-2.024 | 2.026 —2.029 | 2.031 —-2.034
16 23 9

5
i g sl g < DAL
Wi e § ¥ wn

Solution:

Given frequency table with
n=60and d= sing UCBs and cumulative
frequencies e cumulative frequency table with |
points: (2.01 010, 7), (2.020, 23), (2.025, 46),  (2.030,

55) and ( 0). These points lead to the required ogive or

Erprepereteys




EXERCISE 22.2
1. Obtain percentage histogram, frequency polygon, cumulative frequency table and ogive

for the following data.

Marks of Students 112[3]4]5
Number of Students | 2 | 5|4 |3 |1
2. Construct histogram for the following data with unequal class intervals:
Class limits | 0-39 | 40-49 | 50-79 | 80-99
Frequencies | 6 8 12 4

3. Construct histogram, frequency polygon, cumulative frequency table and ogi

Amount of money earned weekly | 20-40 | 50-70 | 80-90 | 100-110 | 120-140 |,150-1

Number of people 2 6 12 14 4 * |
4. Plot histogram, relative frequency polygon, and ogive for the following

Class limits | 10.5-10.9 | 11.0-11.4 | 11.5-11.9 | 12.0-12.9 |4

Frequencies | 2 7 10 12 »[% ) |
22.3. Measures of central tendency: v

The ability of all observations in data to cluster aroun point is referred as the

central tendency. A central point of the data is called a meaSureéyf central tendency or simply
an average. A measure of central tendency represents data by a single central point,

and is a concise identification of whole data.
We usually talk about averages of numb@rs andj categories frequently. For example,
consider the following statements:
1. “The majority of students in a class secured@rade-B”. Here, Grade B is an average.
2. “Ali spends 45 minutes in the GYM/daily”. Here, average time per day Ali spends in GYM
is 45 minutes. Obviously, he may hage’spefit more or less than 45 minutes.
ich is based on the scores of the batsman in all T20
matches he played. The avatage\s€ore 1s generalizes all individual scores.
22.3 (i). To calculate meas tral tendency:
We usually co
observation and the
arithmetic mean. T

ing‘b the total numbers of observations, which is particularly the
many more ways to compute averages. We discuss the following

(1) Arithmeti edian (3) Mode (4) Geometric mean (5) Harmonic mean
T es have some advantages and disadvantages when compared with each
other. Al st use of an average depends on nature of data.

¢ arithmetic mean is based on the principle of equality among all observations. We
bservations by their sum, and then divide the sum in # equal parts.

If x,,x,,x,,...,X, are n numbers, then their arithmetic mean (denoted as %) is:

mix all

7 = XatXattn or T 1
n n

where "X" is an upper-cased Greek letter SIGMA used for summation.




Note that:

e Arithmetic mean is a unique number within the range of the data.

e [f data are quantitative, then we directly find arithmetic mean. For nominal or ordinal,
we may assign numeric codes or ranks, respectively.

e Arithmetic mean is not appropriate for nominal data.

Arithmetic mean by definition/ direct method:
The direct method or by definition refers to computing arithmetic mean directl @

the given data without changing the location or scale of the observations.
In direct method/ by definition, we use following formulas:

>
T :& (Ungrouped data) X =

/; are corresponding class frequencies. For brevity, we can omit gifbs
Example 1: Find arithmetic mean of the following datasets b &
1

yrouped data, and
the formulas.

ii1). 18.92, 27.9, 34.7, 39.68

(1).2,3,7,5,513,1,7,4,8,3,4,3 (ii). 7, 5, 74, 10
Solution:
(i). By definition or direct method, we have:
Zx 2+3+7+5+5+13+1+7+4+8+3<4+3 J o5 _
n 13 13
Dx + M+10 96

(ii). By definition, we have: x = =— =24,

n
x 18.92+27. 4. 21.2
(iii). o2t _1892+27.9+347 T 303,
n 4 4
Note that:

e The arithmetic mean isqaffected by extreme values (or outliers). In Example 1 (ii), x =24
is far away from all ations: 7, 5, 74 and 10 due to the outlier 74.

Example 2: The grades students who studied in group were: A+, B+, C, B, A. Identify

the average grade uSi metic mean.

Solution: The ordinal and can be ranked by numbers. We represent the grades: C, C+,

B, B+, A, bels: 1, 2, 3, 4, 5, 6 respectively, then:

6+1+4+3+5 19 )
= fz ?: 3.8=4. So, the average grade is B+.

4

Example 3¥
Find arithmetic mean amount of cold drink by definition in the following data:

Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 [ 1.52
Number of bottles 2 7 5 5 1

Solution:

Data is grouped into discrete classes. The class marks (x) are: 1.48, 1.49, 1.50, 1.51, 1.52.
The computations are shown in the table.




. / ¥
1.48 2 1.48x2=2.96
1.49 7 10.43
1.50 5 7.5
1.51 5 7.55
1.52 1 1.52

D =20 | > xf=29.96 O
D 29.96

Finally, x = =1.498 liters.
> f 20

The average amount of cold drink using arithmetic mean is 1.498 liters. *
Example 4:
Find arithmetic mean of satisfaction of customers using definifion.

Satisfaction level Not at all | Not very | Not sure mewhat 4 Very

Number of customers 3 8 5 6 o 18
Solution:
We represent attributes of the ordinal variable: “Not NNot very, Not sure, Somewhat
and Very” by ranks, say, 1, 2, 3, 4. 5, respectively. B 1tiof, we have:
2 _(0+Q®+OO+ @O0 148 _ -,
Yf 3+8+5+6+ 40
So, average satisfaction level is 4 ga 1ch is “Somewhat satisfied”.
Example 5:

Find arithmetic mean of electric
Electricity consumption | 68-87

consumption (in kWh) of a shop for 60 days:
108-127 | 128-147 | 148-167 | 168-187 | 188-207

Number of days 0 15 10 4 6 2
Solution:
Data show continuotl§, frequency Class | Class | Frequencies | xf
table. We find class,_marks @nd required limits | Marks | (f)
sums in adjacent tabl ()
By definif1 r direct method: 68-87 | 775 10 775
88-107 97.5 13 1267.5
)_szxf TN 166 108-127 | 117.5 15 1762.5
Z T 128-147 | 137.5 10 1375
v . 148-167 | 157.5 4 630
etic mean of electricity 168-187 | 1775 6 1065
con ion of shop is 121.166 kWh. 188-207 | 197.5 2 395
Totl | — [ S -g0 | 7270
Note that:

Arithmetic mean of an ungrouped data and its discrete frequency table are always same.
But, the arithmetic mean of a data from continuous frequency distribution is not equal to (but
closer to) the mean of corresponding ungrouped data.




Arithmetic mean by using deviations/ indirect methods:
If x, are observations and A is assumed/provisional mean (any number within or outside

the range of data), then deviations about 4 are: D, =x, — A .

There are two indirect methods based on deviations: shortcut and coding methods, to
compute arithmetic mean when dealing with larger data with higher values.

Shortcut method:
The arithmetic mean using shortcut method is computed as:
__ 2D _ 2D
X=A+ (for ungrouped data) and ¥ = A+ Z 7 (for grouped data)
n

For ungrouped data, x, are observations. For grouped data, x; are clasgmar 1f%s better

to take x, corresponding to the highest frequency as “A” for grouped d

Coding method:

The formulae for computing arithmetic mean using codin od afe:

X=A+ h% (for ungrouped data) and x = A+h ZL;{ N ed data)
n

—A . —-A . .
where, u, = il p or, simply u = al hA is refﬁ coded variable. For ungrouped
data, x, are observations, and for grouped data arks.
Example 1:
The total marks of six students ied in group for the examination are: 610, 640,

685, 680, 710, 580. Find arithmetic mean marks using indirect methods by taking (i). A = 650
and h = 10, (ii). A = 680 and h = &

Solution:
D
The shortcut methaogd stat X =A+
n
u -A
Z—, where u = x_'
n

By shortcut method, we have:

x =650 + % = 650.833.

By coding method, we have

X =650+10x 0—: =650+ g = 650.833.




(ii). A = 680 and h = 20.

x—680
X =X— u=
D=x-680 20
610 -70 3.5
640 -40 2
685 5 0.25
680 0 0
710 30 1.5
580 -100 5
> D=-175 | > u=-8.75

Example 2: Find mean amount of cold drink (in liters) by shortcut ang
Amount of cold drink(in liters)
Number of bottles

By shortcut method:

¥= 680+($): 680 —29.1666

X =650.833.
By coding method:

_ -8.75
X=680+20 (Tj

X =680—-29.1666 = 650.833.
The mean marks are 658
regardless of the choi

O

x| f | D=x-149 uf
4 0,01 2
1.49 7 0 0
150 s 0.01 5
1.51 5 0.02 0.1 10
ts2 0.03 0.03 3
S f=20 X S Dr=016 | Yuf=16
i 0.16

——=1.498.

By shortcut method: f—? =1.49+ N
By coding method& x 2 =1.49+ 0.01[£ j: 1.498.

We note that th
Example 3: Usg sh

2

esudt by both indirect methods and by definition match.
nd coding methods to find mean mass of 50 metal blocks.

inKg) | 7.1-7.3 | 7.4-7.6 | 7.7-7.9 | 8.0-8.2 | 8.3-8.5 | 8.6-8.8 | 8.9-9.1
3 5 9 14 11 6 2
= 8.1 and h = 0.1, we proceed with the calculations in the table.
x—8.1
ass marks (x) f D=x-8.1|u= o1 Df uf
7.2 3 -0.9 -9 -2.7 -27
7.5 5 -0.6 -6 -3 -30
7.8 9 -0.3 -3 -2.7 -27
8.1 14 0 0 0 0
8.4 11 0.3 3 33 33
8.7 6 0.6 6 3.6 36
9.0 2 0.9 9 1.8 18
> f=50 Y Df=03 | Duf =3




By shortcut method: x = A+ 2.0 =81+ 0_2 =8.106-
5

By coding method: ¥ = A+/x %ljj: =8.1+0.1x (% ): 8.106 -

So, the average/mean mass is 8.106Kg.
22.3(i) (b). Median, mode, geometric mean and harmonic mean O
Besides, the arithmetic mean (based on equality), there are some other ways t p

measures of central tendency of a data. For example, in our electoral system, everyon@has right

to vote, but the elected representative is finally chosen on the basis of majoritygas wi aid
“majority is the authority”. Such a case represents mode, the most freguen
Similarly, the median focuses on the middle most part of a ranked data se egmetric and
harmonic means are mathematical in nature like arithmetic mean 1 ast t0 median and
mode which are descriptive in nature. @

Median:
The median in an ordered data is the value dividing it | parts. By computing
median, we assume that the central point of the whole data arra 0 ascending or descending

order lies at middle position.

Note:
e In adata, median is always unique.

e We can compute median of quantitative dat
e For qualitative data, it is meaningful to ian of only the ordinal data.
e The median does not rely equally on tions

e es (

e The median is not affected by ex outliers) in the data.
For an ordered ungrouped da “n” observations, median “m” is the middle-most

enn is odd (1)

2

a with discrete classes, by the help of cumulative frequencies, we choose
ervation using (1) and (2).

th
n .
+(—+ 1) observations} ,when n is even (2)

rouped data with continuous classes, the median lies in the class containing (Z)
2

observation, which 1is also called the median class (m-class). The formula is:
L+ 4 (n j 3
m=L+—|—-c
rE G

Where, L is the LCB of m-class, /4 is width of m-class, f is frequency of m-class and c is
cumulative frequency of the class just before the m-class.




Example 1: Find median in the following:

(i). 2,3,7,5,5,13,1,7,4,8, 3,4, 3, (i1). 7, 5,74, 10 (iii). 18.92, 27.9, 37.4, 39.68
Solution:

(i). Writing data is ascending order: 1, 2, 3, 3, 3,4,4,5,5,7,7, 8, 13.

13+1Y . .
Here, n =13 (0dd), So: m = (374-) observation = 7 observation = 4.
(ii1). In ascending order, we have: 5, 7, 10, 74. Here, n =4 (even), so: O
1(nY "’ . | . 1
m= —{(EJ + (’1+ lj observations| = —[Z”d +3 observatlons] =—[7+10]%8.5

21\ 2 2 2 2
L 4
Here, n =4 (even). Data is already in ranked from.

m= l[z"d +3" observations | = 1127.9+37.4]=32.65.
2 2

S nts:
,C

Example 2: Identify the median grade of the following two grqoups
(i). A+,B+,C,B, A (i1). C+, A, B, B, B+,
Solution:
(i).  The ranked data are: C, B, B+, A, A+. Also, n SO:
netY (5 . . .
m= - = — = 3" observation & B+ ich is the median grade.
(ii).  Arranging in ascending order, we havv +,B, B, B+, B+, A, A, A+. Here, n= 10,
th th
the two middle observations are (gj % 1) ,i.e. 5" and 6" observations. Which are: B
and B+ grades (different). So, we hat the median grade is equally split between B and
B+ grades.

Example 3:
What is the medign satiSfaction level in the following data of 40 customers?

level Not at all | Not very | Not sure | Somewhat | Very
omers 3 8 5 6 18

Solution:
Here, (even). So, two middle observations are: 20” and 21”. These two lie in
group “S o, the median satisfaction level is “Somewhat satisfied”.

median amount of cold drink in the following data.
Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52
Number of bottles 2 7 5 5 1

Solution?
Here, n= Z f=20(even).

1
So, m=— |:10"’ +11” observations].
2

Finding cumulative frequencies, we see that 10”and 11” observations lie in group with
cumulative frequency 14.




x i Cumulative frequencies
1.48 2 2
1.49 7 9
1.50 5 14
1.51 5 19
1.52 1 20
> f=20

m= %[1.50+ 1.50]= %(3) =1.50 liters.

Example 5:
Find the median electricity consumption of a shop for 60 days using

Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167
Number of days 10 13 15 10 4 0

Solution:

Here, n =60, h = 20. Data are a continuous frequency table,
boundaries and cumulative frequencies as done in the table b
Class limits | Class boundaries f Cumulativy

wegfeed to compute class

68-87 67.5-87.5 10 0
88-107 87.5-107.5 13 23
108-127 107.5-127.5 15 m-class)
128-147 127.5-147.5
148-167 147.5-167.5 52
168-187 167.5-187.5 58
188-207 187.5-207.5 60

th
Median class (m-class) is @ne c@ntaining (zj observation, i.e. 30" observation. So, m-
2

class is one with cumulati
Using the formula:

7
m=L+—

frequency of 38. The m-class is 108-127 (as highlighted in table).

L 2
2
.5+—0(@—23)
15\ 2

Quartiles?
An ordered data may be divided into four equal parts to define quartiles. There are three
quartiles within the range of data which divide data into 4 equal parts.

The first (or lower) quartile Q,, divides ordered data into 25% to 75% ratio.

+ 3 h
For ungrouped data: Q, = (n— ) observation, if — is not integer (1)
4 4




n n

1 th th n
Otherwise, Q, = —K—j + (—+ 1) observations} ,if — is an integer (2)
2 4

4 4

For grouped data with discrete classes, we also use (1) and (2). For grouped data with

h(n
continuous classes, we use: Q, = L+?(Z— c) (3)
where, L is LCB, 4 is width, fis frequency of Q, -class, and ¢ is cumulative Q

e
a class just before Q,-class. The Q,-class is one containing the (zj observation.
4

The second (or middle) quartile Q,, divides ordered data into — 50% ratio. It is
same as the median of data.
The third (or upper) quartile Q; divides ordered data ing6 7 5% ratio.
h
For ungrouped data: Q, = (3n4+1 j observation, if % is N (4)
(Y (3 Y N ,
Otherwise, Q, = E I + 7+1 observathjl , If —&{an integer (5)

For grouped data with discrete classes (4)-(5 ith cumulative frequencies.
3n
For grouped data with continuous cla 3= "'?(4— C) (6)

h
where, L is LCB, & il W%S frequency of Q3—class, which contains (%j

observation, and c is the cumiative frequency of the class just before Q;—class.

Example 1: *
Find lower an: quartiles in the following datasets.
(1). 1000, 120 500, 1200 (i1). 32, 36, 36, 37, 39, 41, 45, 46
Solution
@ T

ata set is: 1000, 1200, 1200, 1500, 1600. Here, n = 5.

== 3 =1.25 is not integer,
4 4
n+3 Y
s0: Q, =( 1 j = 2" observation =1200.
For Q, :%1 = 325 =3.75 is not integer,

3n+1Y
so: Q, =( j = 4" observation]500.

y




(ii):  The data are already given in ordered form and » = 8.

8 ..
=2 is integer,

For —==
Q5 4 4
1 n th n th
$0:Q, =— ( j +(—+1j observations
21\ 4 4
=Q, = l[2"”’ 3" observation |= l[36+ 36]=36 O
b2 2 ' < )
3n 3x8
For Q, : == = 2= —6 (integer),
or Q, 2 2 (integer)

$0:Q, = E[6”’ +7" observations] = 41+45] 43,

Example 2:

Find lower and upper quartiles of the number of childréh ip/80
Number of children | 1 | 2 | 3 h
Number of families | 8 | 10 | 10

Solution:
Data are grouped with discrete classes. Hep€, 7 =8Q.
Finding cumulative frequencies as in the fallowing table.

x| f um ¢ frequency
8
1

1 8

18
, 28 (Q,-class)
4 53

7 80

with cumulative frequency 28, Q, =1(3+3)=3.




Example 3:
Find quartile weights (in Kg) of 100 students reported below:

Weight (Kg) 70-74 | 75-79 | 80-84 | 85-89 | 90-94
Number of students 10 24 46 12 8

Solution:
Here, n=100, h =35, and data are grouped with continuous classes. First we computgyeta
boundaries and cumulative frequencies. The calculations are summarized in the followin
Class Class f Cumulative
limits | boundaries Frequencies
70-74 | 69.5-74.5 | 10 10
75-79 | 745-79.5 [ 24 | 34 (Q,-class)
80-84 | 79.5-84.5 | 46 80 ¢
(m and Q4-class)
85-89 | 84.5-89.5 | 12 92
90-94 | 89.5-945 | 8 100 4

n_ 100

For Q, :Z - =25. 25" observation lies in class with cun\%;uency 34,

So, Q, —class is 75-79.

In this class: Q, = L+£ z—cjz 74.5+—5(25—1 =77 Kg.
fl4 24

ForQ2=m:ﬁ=@=50.

2 2 ;
50" observation lies in the class with (@e frequency 80.
So, m-class is 80-84.

m=L+—(§—cj=79.5+4 )=81.239 Kg.

e class with cumulative frequency of §0.
So, Q,- ' as m-class, which is: 80-84.

5
i cj =795+ —(75-34)=83.956 Ke

Note that:
The quartiles are positional in nature, their positions do not change as long as number of
observations remain same. For example, for an ordered data with »=10:

. 1 . .
Q,=3"" observation, Q, = m = 5 [S'h +6" observatlons],Q3 = 8" observation

y



Any ordered dataset with 10 observations will follow these positions, as in:
a. 133’5_77,9911513,£317,19 Q1=5,m:10, Q3:15

b. 10,12, 12,13, 17,20,20,20,21,25 Q, =12,m=135,Q, = 20.
¢ L1L3,

Mode:

The most frequent observation in a data is referred as mode. Mode relies on the jpsinc
“majority is the authority”. Mode can be computed for both quantitative and qualitgtive data.
Data with no mode is non-modal, one mode is uni-modal, two or more modes is multi~ .

For ungrouped data, observation(s) which occur most frequently than othdg, ifgany, are
referred as mode(s).

For grouped data with discrete classes, mode is the obsewa‘@ ith highest

[u—

2,12,13,17, 19,30 Q=1 m=12, Q,=17.

frequency. If two or more than two classes have tie for highest fregue n data is multi-
modal, and all observations with same highest frequency are modg§.

For grouped data with continuous classes, a class with h rgduency is called modal
class, and a mode lies in the modal class. The formula to com x (M) in modal-class (M-

f,,—f,  )xh
class) is: Mode= M =L+ ( m m—l)
2 =T =~ b
Where, L is LCB, h is width and f,, is frequen: SS. fm_1 and fm+1 are frequencies of

the classes just before and after M-class, regp
Example 1: Find mode in the following dg
(1). 75, 76, 80, 80, 82, 82, 82, 85
(iii). 149, 1.50, 1.51, 1.50, 1.48, 1.5
(v). C+ A, B, B, B+ C, B, A, A+,
Solution:
(1.  Mode = 82 as 82 odgurs 3 tgnes, which is more than any other observation.
(if).  Data has no modeyit's nén-modal data.

(ii1). There aret .50 and 1.51 as these equally occur more than others.
(iv). Data is tgi-m@dal™®here are three modes: 2, 5 and 9.

ti

ii). 13, 14, 15, 11, 16, 10, 19, 20, 18, 17
wv).1,2,2,2,5,5,58,9,9,9,6, 1, 10

(grades)  (vi). Good,Poor,Dull,Good,Fair,Fair (ratings)

(v). Gradg “ s most frequently, so the modal grade is “B”.
(vi). Dat modes: Fair and Good as these are equally most frequent ratings.
Exampl d modal number of mobiles possessed by a family from data of 45 families.

Numbers of mobiles |0 | 1] 2 | 3 |[4[5]6|7
Numbers of families | 1 [ 7 [ 15|12 [5]2[2]1
Solution: Data are grouped into discrete classes. Here, “15” is the highest frequency, and it
corresponds to the class “2”. Hence, the modal number of mobiles per family is 2.
Example 3: From the blood groups of 30 students given below, find the modal blood group.
Blood group A+ | B+ | AB+ | O+ | A- | B- | AB- | O-
Number of student | 6 | 5 3 7131 2 3
Solution: The modal blood group is O+ as it is associated with the highest frequency “7”.

153

o




Example 4: Compute modal satisfaction level of 40 customers from the following data.

Satisfaction level | Not at all | Not very | Not sure | Some what | Very
Number of customers 3 8 5 6 18

Solution: The modal satisfaction level is “Very satisfied” as it occurs most frequently.

Example 5: Find modal kWh electricity consumption of a shop for 60 days using the data:
Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207

Number of days 10 13 15 10 4 6 2
Solution: Data are grouped in continuous classes. The highest frequency is 15. The\wmoda
class s 108-127.  The  class  boundaries are  computed n able.

Class limits | Class boundaries | Frequency
68 - 87 67.5-87.5 10
88 - 107 87.5-107.5 13 ¢
108 - 127 107.5 - 127.5 15
128 - 147 127.5 - 147.5 10
148 — 167 147.5-167.5 4
168 - 187 167.5 - 187.5

188 - 207 188.5-207.5

h=20,L=1075.f,, =151, , =13.f,,=10 | 2% 20
f,, — 1 30-23
Mode =M= L+ o =B ) xB
2f, £ ~f M =107.5 = 113.21428kWh.
Note that:

The continuous frequency distri
one class with the highest frequency.
The following continuous frequengsgdistribution representing diameters of a reel of wire using
measured diameters at 24 places i

Diameters (mm)
Number of places

There are two modal (SR2.14 — 2.17” and “2.26 — 2.29” corresponding to the highest
frequency “5”. Using, fotmule in each class, we can get the respective modal diameters of
2.175mm and 2.

Geometric mea

1 1
GM. = (x,.x,...x,) =[H(x)] (H
Here, [1is upper-cased Greek letter pi for product. G.M., if exists, is unique.
For ungrouped data, formula (1) is referred as the basic formula to find G.M. But, when

observations are bigger in magnitude, we use logarithmic formula obtained by taking logarithm
on both sides of (1) and using properties, which is:




i log x,

, log x
G.M = antilog | = = antilog [Z £ } (2)

n n

In (2), G.M. is the antilogarithm of the arithmetic mean of logarithms of data.
For grouped data, the basic formula is: O
h S In =7 S é
M= (%) x(x;) "xex(x,) | =TT ] (3)<
z f. log x
>t

In (3)-(4), f,L,...,f are class frequencies and X,,X,,...,X, are class ma

and, logarithmic formula is: G.M. = antilog {

the frequencies should be zero in (4).
Example 1: Find G.M. using basic and logarithmic formula. Whi

(i).2,4,2, 16 (ii). 1.48, 1.52, 1.47, 1.50 (ii
Solution:

ctter and why?
, 1600, 1500, 1200

1

(i).  Using basic formula: G.M. = (2x 4x 2x16)* = (256 ;
10g(2)+10g( +log(2 log(165|

Using logarithmic formula: G.M. = antilo g

. 0.3010+0.6021+0.3010 +1.2041
G.M. = antilog (0.60205)=3.9999 ~ 4.
Observations were small in magnltud ic formula is better.

(1.48x 1.52x1.47x 1. 50)“— 4 9604) =1.4924
0g(1.48) + log(1.52) + log(1.47) + log(1 .5)}

By logarithmic formula: GM. =an .,
2
. 0.17034 0. 1673+ 0.1761 .
G.M. = antilog = antilog (0.173875)=1.4924.

Again, basic for

(iii).

(ii).  Using basic formula: G.M.

GM.= x 1600 1500x 1200)" =(3456000000000000) =1281.48 ~ 1281.5
Using logafithmic formula:
log(1000) + log (1200) + log (1600) + log(1500) + log (1200
G.M.=antilog{ g( ) g( ) g( ) g( ) g( )}
5
3+3.0792+3.2041+3.1761+ 3.0792

G.M.—antﬂog[ } = antilog(3.10772)=1281.504 ~ 1281.5

5
The logarithmic formula is better as logarithms made higher magnitudes smaller to use.




Example 2:
Find average amount of cold drink using geometric mean in the following data.

Amount of cold drink (liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52
Number of bottles 2 7 5 5 1

Solution:
Given data are grouped into discrete classes. Computations required in the basi
logarithmic formula are show in following table.

Classes (x) f xf log(x) f x log(x)
1.48 2 2.1904 0.1703 0.3406
1.49 7 16.3044 0.1732 1.2124
1.50 5 7.5938 0.1761 *
1.51 5 7.8503 0.1790
1.52 1 1.52 0.1818
2 f =20 | [1x" =3236.0651 | -

s 1 N

Using basic formula: G.M. = [H(x)’]Zr = (3236.0651)» & X
. o | D flogx 5103

Using logarithmic formula: G.M. = antilog T = antilog

U

20

G.M.=antilog (0.175515)=1.4980 L. The G.M. a drink is 1.498 liters.

Example 3:
Find G.M. of the electricity co iof\data using logarithmic method.
Electricity
consumption (kWh) 68-87 7 | 128-147 | 148-167 | 168-187 | 188-207
Number of days 10 10 4 6 2
Solution:

The computation required i la are carried art in the following table.

Class marks Log
f‘ (x) (x) fx log(x)
10 77.5 1.8893 18.8930
13 97.5 1.9890 25.8570
15 117.5 2.0700 31.0500
10 137.5 2.1383 21.3830
4 157.5 2.1973 8.7892
6 177.5 2.2492 13.4952
2 197.5 2.2956 4.5912
> f =60 > flog x =124.0586

| Xf logx - [124.0586 ,
So, G.M. = antilog | ———— |=antilog | ——— [ antilog (2.0676)= 116.8422 kWh.
>f 60
Example 4:

Find average diameter of a rear of wire using G.M. Use both methods.
Diameter (mm) | 2.10-2.13 | 2.14-2.17 [ 2.18-2.21 | 2.22-2.25 | 2.26-2.29 | 2.30-2.33 [ 2.34-2.37
Number of places 4 5 4 4 5 1 1




Solution:
Data are grouped into continuous classes. The computation follow in the table.

Class Class N

limits marks (x) f * log(x) fxlog x
2.10-2.13 2.115 4 20.0097 0.3253 1.3012
2.14-2.17 2.155 5 46.4768 0.3334 1.6670
2.18-2.21 2.195 4 23.2134 0.3414 1.3656
2.22-2.25 2.235 4 24.9523 0.3493 1.3972
2.26-2.29 2.275 5 60.9406 0.3570 1.7850
2.30-2.33 2.315 1 2.315 0.3646 0.3646
2.34-2.37 2.355 1 2.355 0.3720 04720

S f =24 | [1x/ 1789677454 | — | X fdogx=8.2926

L il
By basic formula: G.M =[l_[ xf]Zf = (178967745.4) =2.2073 mm

) ) ) z f log x . 8.252
By logarithmic formula: G.M. = antilog —f =antilog 3 2074 mm

Harmonic mean:
The harmonic mean (H.M.) is the reciprocal efrth&farithmetic mean of reciprocals of

data. In H.M., we mix all #» non-zero numbers by thé¢{sum eir reciprocals and then remove
the effect of mixing by dividing the same into nggua . Finally, the H.M. is the reciprocal
of the result. The H.M is usually computed f itative data, and it is always unique.

Ifxlaxz »--»X, are n non-zero numbers, th,
For ungrouped data: H.M. = Reciprogal of¥arithmetic mean of reciprocals”.

2,

H.M. = Reciprocal of Sy ! (1)
"1 2)
X
. 2f
For grouped data, i ¢ non-zero class marks, then HM. =—— 2)

f
:(:)
X
. of the speeds of a vehicle measured for each 10 km distance. The speeds are:
km/h, 22km/h, 30 km/h and 45 km/h.

Example 1:

Solution:
n 5 5

(1)_1 I 1 1 1 0.0667+0.0333+0.0454 + 0.0333+ 0.0222
Xl At —+—
x) 15 30 22 30 45

M.= > =24.8880. So, average speed of vehicle is 12.4719 km/h using H.M.

HM.=

0.2009




Example 2:
The amount of cold drink (in liters) is given for 20 bottles. Find H.M. amount.

Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52

Number of bottles 2 7 5 5 1
Solution:
Given data are grouped into discrete classes, so:
df 247+5+5+1
HM. = =
( A ) 2 7 5 5 1
Z = —t——t+—+—+— <
X 1.48 149 1.50 1.51 1.52
20 20 i
H.M. =1.4979 liters. PY

- 1.3513+4.6980+ 3.3333+3.3112+ 0.6579_ 13.3517

Example 3:
Find harmonic mean mass (in Kg) of 50 blocks of metals g

Mass (Kg) 7.1-73 1 7.4-7.6 | 7.7-7.9 | 8.0-8.2 | 8
Numbers of blocks 3 5 9 14

Data are grouped into continuous ch@ L

Computing the required sums in the fo ‘@

8.9-9.1

Solution:

EXERCISE 22.3
"M., G.M., H.M., median and mode in the following (wherever possible).
3.2,6,10, 12, 12, -20, 25, 28, 30.8
14,12, 18, 19, 0, -19, -18, -12, -14
6.5,11,12.3,9, 8.1, 16, 18, 20.5, 25
51, 55, 52, 54, 58, 60, 61, 62, 52, 57, 52, 64
A+, O-, AB+, O+, AB+, AB-, B+, AB+, O+, A- (blood groups)
North, South, East, West (directions)
B+, Fail, B+, A+, A-, C+, B+, A-, B-, Fail, A-, B+, C- (grades)

b.
c.
d.
e.
f.
g.




22.3(ii) Recognize pro

Y0 o vk W=

The daily earnings for ten workers in Rs. are: 188, 170, 172, 125, 115, 195, 181, 190, 195,
190. Find A.M. (by definition and deviations with A =50, # = 10), G.M. (by definition and
logarithmic method), H.M, median and mode.

Find average attitude for dogs using A.M. median and mode from 60 people data.

Attitude Love dogs | Like dogs | No opinion | Dislike dogs | Hate dogs
Number of people 20 15 4 13 8
Find modal cause of death from the following data of mortality/month in a city.

Cause of death T.B. | Diabetics | Malaria | Cholera | COVID | Cancer | B.P. | Heart Attack |gmw

Number of people | 10 6 2 2 15 10 2 5
. The sizes of shoe sold at a store on a 50% off price are listed. Calculate A.M., G.My, H.M.,

median, Q1, Q3 and modal shoe size sold that day.
Shoe size 5[55]6 |65]7 |75|8 [85]9]0. .
Number of pairssold | 2 | 5 15130 [ 60 |40 |23 |11 | 4

. Daily wages (in Rs. 100) for thousand employees in a factory are giFen. R M., G.M,,

H.M., median, quartiles and modal wages.
Daily wages (in Rs. 100) | 22 | 24 | 26 | 28 |30 | 32
Number of employees 3 | 131431102 175|220

The profits earned by a company for a period of last 50
the A.M. profit using shortcut and coding methods w4
(a). A=9000, h=2000 (b). A =11000,
Profits (Rs.) 4000-6000 | 6000-8000 12000-14000
Number of days 5 7 21 6
The marks obtained by students in a subject of 50) are given in the following grouped
table. Find A.M., G.M. (using direct ap@¥pgafithmic methods), H.M., median and mode.
Marks 3 40-44 | 45-49
Number of students 17 5
The following data show numb devices resulting in observed values in appropriate

ranges. Find A.M., G.M., H.M. dian, quartiles and mode.

Class limits | 1 .0-11.4 | 11.5-11.9 | 12.0-12.4 | 12.5-12.9
Frequencies 7 10 12 8
rtigs ofgarithmetic mean:

important properties of A.M. with examples.

Here, we discus

The sum of all s of observations in an ungrouped data about A.M. is zero.
A.M. of aco ataset is that constant itself.
IfAM %, then of Y = aX + b is Y = ax+ b, where a, b are real numbers.
If A. .M."= H.M., then all observations in data are same or constant.
F stant data, A.M. > G.M. > H.M.
For a ®f-constant data: (A.M)(H.M)~ (G.M.)2 :
If A.M. = Median, then the data are symmetric, otherwise asymmetric.
In a uni-modal symmetric data: A.M. = Median = Mode.
In a constant data: A.M. = G.M. = H.M. = Median = Mode.
xample 1:

Find the arithmetic mean of the following datasets:
().  X={19,19,19,19, 19} (ii). Z=3Y+7, where Y={3,4,6, 1,6}




Solution:

@). X= {19,19,19,19,19} is constant with all values equal to 19, so: X=19.

3+4+6+1+6_@_
5 5
Now, asZ = 3Y + 7, so: z =3y+7=3(4)+7=19.

We can verify that, when Z = 3Y + 7 ={l6,l9,25,10, 25} , then Z=191is correct. O

Example 2:
Show that sum of all deviations in {3, 4,6,1, 6} about its A.M. is zero.

Proof:

(ii).  First we find: y = 4

— X
Let X = {3,4,6,1,6}. Finding ¥ first, which is: X = 2
n

Now, the deviations about X are: (3-4), (4-4), (6-4), (1-4), and
2. Now, we observe the sum of all deviations about X :

D(X=X)=CD+O)+Q)+(-3)+(2)=0. =D (X —
Example 3:

Verify that A M. = G.M. = HM. = Median ode, for 19,19,19,19,19} .
Solution: s ,

Finding all averages for the given con t. Here, n =5 (odd).

AM.= 19+19+19 +19 +19 _

(1)

19
5
% 5><1 ..
G.M.=(19x19x19x19x19) =19 (ii)
5
HM.= 9. (iii)

11 1 1 1
—+—t —+ —+

19 19 19 19 12
. 5+1 . vd . .
Median = —f rvation = 3™ observation = 19. (iv)
Mode =19 ( quent observation). v)
From eq i)-(v), we have: A M. =G.M. = H.M. = Median = Mode. Hence proved
Exa
SE¥A.M. and median to see if the following data are symmetric/ asymmetric.
4,5,6,6,6,7,7,7,7,7,7,8,8,8,9,10  (ii). 4, 8, 13, 14, 19, 20, 23
Solution:
(). AleZ4+5+6+6+6+7+7+7+7+7+7+8+8+8+9+10 _E _q

16 16
Median = l[8”“ +9" observation] = l[ 7+7]=17
2 2

As A.M = Median, so data are symmetric.




_4+8+13+14+19+20+23
7

(i). AM =14.42

7417
Median = [T} observation = 4” observation = 14

As A.M.# Median, so data are asymmetric.
Example 5:
For {4,5,6,6,6,7,7,8}, verify (i). AM.>G.M. > H.M. and
(ii). (GM)" = (AM)(HM). < )
Solution:
AM. = 4+5+6+6;6+7+7+8 =6.125, G.M.=(4><5>< 6x 6x 6% Tx Tx S)y =6.0 *
8 =5.879
HM=T""7T 71711 11 °%
—t—t—t—F+—+—+—+—
4 5 6 6 6 7 7 8
As 6.125>6.006 > 5.879, so: A.M.> G.M. > H.M. Hence végificd (1
As (G.M.)2 =36.072 and (A.M.) (H.M.)=36.008:
So, (G.M.)2 ~ (AM.)(HM.). Hence verified (ii).
22.3 (iii) Calculate weighted mean and movingaye
(a) Weighted mean:
When some observations are moregpertant than others in a data, then we cannot give
equal weight (relative importance) to all ing the mean. The mean which is computing

by using relative importance / weight e'Qbservations is called weighted mean.

If X,%,...,X, are numbefs ass@€iated with observations in a data and

W, W ,...,W, are corresponding s then weighted A.M., G.M. and H.M. are:
Zn:Wixf 3w, ¢ . 2w10gx >w
= R , = antilog | &S =—— and H =
wm 2w Y (W J
X
Example 1:

ks of a student in a social sciences diploma course are given for each subject

taug ive weights. Find weighed mean marks:
English | French | History | Science | Mathematics
Marks 73 82 60 62 57
Weights 4 3 2 1 1
Solution:

The formulas are: X, = wa, G_ = antilog L(Z wlog x)} andH = 2 .

) 2w

=




We compute the required sums in following _ 777

table: X,=—= 70.6 marks.
x | w | xw w logx | w.logx t _|
X 1
73 4 1292 | 0.0548 | 1.8633 7.4532 Gw = anti log {—x 20.299%
82 | 3 [246 ] 0.0366 | 1.9138 | 5.7414 11 J
60 2 | 120 | 0.0333 | 1.7782 3.5564 .
2 11 6 Too6l (17924 | 17904 G, = antilog(1.8454) 70.04 marks.
57 | 1] 57 100175 ] 1.7559 | 1.7559 11 0 .
o H = .5 marks.
Sum | 11 | 777 | 0.1538 20.2993 "~ 01583
Note that: Q
In Example 1, the unweighted means are: x = 66.8, G.M.=66.17 and H-N{,=6§.58 which

are lower than the weighted means. The weighted mean marks best degcribg the average
performance of student by giving more share to important courses.
(b). Moving Averages:
When we want to examine average behavior of a variabig o
of time (in days/months/years/etc) then it is important to
proceeds for specific periods. In this case, the average of sp
changing/ moving as time increases, and are referred as in@averages.
For the case of an odd-period moving averages, weglace th8emoving averages at the middle cells
of specific period only and rest of the cells are lef blank. The placement of moving averages
should be done at the already existing cells.
For the case of an even-period moy
This way placement can be done at al
The process is illustrated ugi

st over fixed intervals

ange in average as time
ifiCeriods/ intervals of time keep

ag aYfrages, we place the average of two middle cell.
isfing cells.
foliowing examples.

Example 1:
The data summarize price of an item in Rs./month for the last year.
Month Jan. Apr. | May. | Jun. | Jul. | Aug. | Sep. | Oct. | Nov. | Dec.

Price (Rs../month) | 18 102 | 108 | 139 | 150 | 200 | 220 | 307 | 289 | 330
Compute (i). 3-monthisw(il) 5onths and (iii). 4-months moving averages.

Solution:
@). First ptte 3-months moving Month | Price | 3- months moving averages
averages ering 3 consecutive Jan. | 180 | = ceeeeeee-
months s om: Jan.-Mar., Feb.-Apr. b, | &7 | e DSl
o ’ Mar. 91 93.33
Mar.- and so on until the last 3- Apr. | 102 100,33
morithg Reri d: Oct.-Dec. These are placed May.. 108 166.33
at midd[€’month of the 3-months period. For Jun. | 139 13233
example, the moving average of Jan.-Mar. is Jul. | 150 163
placed beside Feb. Aug. | 200 190
The 3-months moving averages are (S)eI;- gég 2‘;27-233
o . e ot
summarized in the adjacent table N T08.66
Dec. LR T —




(ii).  For 5- months moving averages, we Month | Price | 5- months moving averages
consider 5 consecutive months each time Jan. | 180 |  -mooeeeeee-
starting from Jan.-May, Feb.-June, and so on Feb. 87 | e
Mar. 91 (180+87+91+102+108)/5=113.6

up to Aug.-Dec. Apr. | 102 105.4

Moving averages are shown in the May. | 108 118
adjacent table. Jun. | 139 139.8

We can see that there are total 8 such Jul. 150 163.4
possibilities. The first and last two cells are Aug. | 200 203.2 ~
left blank. Sep. 220 233.2

The 5-months moving averages are IEI):;[/ ;g; 2692 \J
positioned at the middle months. Dec. 1330 | o *

(iii).  For 4- months moving averages, we consider groups of 4 conse onths each time
starting from Jan.-Apr., Feb.-May, ... , Sep.-Dec.
Initially the averages are placed mid-way between the 4 the theft each pair of two 4-
months averages are averaged further to get the required 4-mon ed moving averages.
The results are summarized in the following table. We hayetg add two columns for even-
period group averages always.

Months | Prices 4- months moving averages(Initial I 48month moving averages(centered)
Jan. I . . .. s ———
Feb. LA I o0 T R ——

115
Mar. 91 106
Apr. 102 103.5
May. 108 117.375
& 12475
Jun. 139 137
149.25
163.25
177.25
198.25
219.25
236.625
254
Oct. 307 270.25
286.5

Nov. 280 |

Dec. 330 | e




Note that:

The average price (arithmetic mean) of the 12 months for the year equals Rs. 183.58 per
month. We can see that the prices were not constant, and the 3, 5, 4- months moving averages
better summarize the variations in respective periods over the year.

22.3 (iv): Estimate medians, quartiles and mode, graphically.
Graphically, to locate and estimate median and quartiles, we use ogive (cumu

frequency polygon) of the data. The median, lower quartile (Q,) and upper quartile (Q. @
ogive are simply the x-coordinates of the points on ogive whose y-coordinates gfCumulati¥
frequencies) are %, % and 3, respectively.

To locate and estimate mode (if it exists) graphically, we use the histo of data. The
modal class is one for which the rectangle has highest height, and in this élass, thg mode is the
x-coordinate of the point of intersection of two line segments. First se 1 n by joining
left peaks of the rectangles corresponding to the modal class and cla! it. The second line

e modal class and
class before it. The perpendicular from point of intersection tqut ighits it at the location of
mode. This procedure is used for a grouped data with conti \
Example 1:

Locate and estimate median, quartiles and
Weights (in Kg) 70-74 | 75-

85-89 | 90-94

Number of students | 10 24 12 8
Solution:
We have n=100 and, and given data Cla Class /| Cumulative
are grouped with continuous classe limits | boundaries frequencies
computing the class boundaries Nand 70-74 | 69.5-745 | 10 10
lative frequencies in the adjac o [Py TS5BS |24 34
cumuia quen ! 80-84 | 79.5-84.5 | 46 80
be able to draw ogive and histogram. 85-80 | 84.5-895 | 12 %)
90-94 | 89.5-94.5 | 8 100
. L@ . . 8 e 8 gt g
For median a iles, we identify % =50, % P W 1 it < 49
"
=25 and 2" y-axis. e e e
-
wing perpendiculars through these to H.-. : : ‘_
ogive n from ogive to x-axis lead to median, Ql aaf i j
and U;N@spectively. We read values as: gt fisilfd
Median~81.2, ~-nEssEems MEE IHSINEE
Q=776 ugs sHANE I | -a
L= R TR T L
Q, ~83.9. Frrer ey N
| | —F11
E LEEE FEET T IR TS BT




For mode, we first draw the histogram, as shown here. The modal class corresponds to
the highest height rectangle as highlighted in the figure.

Joining left peaks of the rectangles of modal class and class after it, and then right peaks
of the rectangles of the modal class and class before it to get two line segments. Now, the
perpendicular from point of intersection to the x-axis hits at nearly 81.4 where mode is located.

The modal weight is approximately 81.4 Kg.
(LT AT I.h.ﬂu.ﬂl.lll.ﬂ =] O

L Vemby 2 emall vgirers - 8

¥ < ,
o T T dsi

- A F =411

1.
a. Show that sum of all devia
b. Show that A.M. = G. .My, = Median = Mode for X.
c. Compute AM. of ¥ =
d. Compute A.M. =3W-11
e. Show that H.M. M™ A M. < Median < Mode for W.
2. Check if X={7,9,38.,3,4,1.3,2,2} and Y = {2,1,4,4,4,6,6,5,7,1} are symmetric?

gyand price (Rs./Kg) of monthly items required by a family are

given. Find yfei ean prices using A.M., G.M. and H.M.
A |B C D E
rice (Rs./Kg) 300 | 200 | 600 | 250 | 650

Required weight (Kg) | 25 |5 4 8 3

4. 0 Bricks bought, 21 bricks have mean mass of 24.2Kg, 29 bricks have mean mass of
33 ind weighted mean mass of the 50 bricks.
5. late 2, 3 and 4-days moving average from the following data of number of deaths
monitored for a peak week in a province due to nCOVID’19.
Days Mon. | Tue. | Wed. | Thu. | Fri. | Sat. | Sun.

Number of deaths | 102 | 130 | 158 | 188 | 196 | 259 | 310
6. Calculate 4 and 5 years moving averages of sales (in million Rs.) over 11 years.
Year | 2011 | 2012 | 2013 | 2014 | 2015 | 2016 | 2017 | 2018 | 2019 | 2020 | 2021
Sales | 102 | 130 | 158 | 188 | 196 | 259 |310 | 188 | 196 |259 |310




7. Locate and estimate median, quartiles and mode graphically in the data.

Overtime (hrs/week) | 25-29 | 30-34 | 35-39 | 40-44 | 45-49 | 50-54 | 55-59

Number of days 5 4 7 11 12 8 1
8. Locate and estimate the indicated measures in the following.
a. Mode
b. Median and quartiles
€ nalay ¥ unadl myisms « 3 [ p Ty | p—
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22.4. Measures of Dispersion

The measures of central tendencyOnly focus on the average or central behavior of data

without focusing on the variations istency of data. When observations are much away

from the average, then the mgasure§ of central tendency alone are not sufficient to have a

thorough understanding of r and properties of a data. For example:

The table below ghows the marks obtained by two students in five subjects.

| & Subjects Ljunjmfiv]v

Marks of student-A | 90 | 30 | 85 | 50 | 25

Marks of student-B | 63 | 50 | 60 | 55 | 52

If we erage marks obtained by each student using A.M., then we observe that the
A.M. magks, ofRbOtR students are 56, but is it sufficient to compare the performance of both
students? wer is No. Student-A marks have higher fluctuations about the mean, whereas
Stude rks are closer to the mean marks.

e performance of Student-B is more stable/ consistent/ reliable than of Student-A due
to lesser fluctuations/ variations/ scatter/ dispersions about the mean.
We can also observe average marks of students using all types we learnt below:
Average A.M. | Median | Mode G.M. H.M.
Marks of student A | 56 50 None | 49 (Approximately) | 43 (Approximately)
Marks of student B | 56 55 None | 56 (Approximately) | 56 (Approximately)

Due to variation in marks, the averages for Student-A are also much different than each
other. The averages of the marks of Student-B are closer to each other.




Due to stable and consistent performance, we are in a better position to predict the marks
of Student-B in a forthcoming subject as compared to Student-A.

The knowledge of variation in data matters a lot in decision making and forecasting.
Therefore, it is important to compute the degree of variation (or dispersion) in a data besides
computing the average to have a better understanding of data. The measures of dispersion are
indicators of the extent to which the data are spread-out/scattered about the central poin

average. A measure of dispersion indicates the average variation in a data. It is mostly usg
compare two or more data sets from the view-point of stability/ consistency / reliabilit
is the variation/ dispersion in a data, lower is the stability/ consistency/ reliability.

When we are interested in variation/dispersion in only one data set, we co
measures of dispersion in the units of data, and are thus called absolute measures dispersion.
The variation of two or more data sets with same nature/units, number ofyobseryations and
equal/closer averages can also be compared using absolute measures of %

averages, we use relative measures of dispersion, which are notd
the relative behavior of the variation.

22.4(i) Define, identify and measure range, calculate \
standard deviation:

We discuss some important measures of disperss
(a) Range: Range of a data refers to the difference b@t

extreme observations.

For ungrouped data, range (R) is the diffgzenc cen the largest observation (x; ) and
smallest observation (xs), i.e. R=x,— X (1)

For grouped data, R is the differg en UCB of the final group (UCBr) and the
LCB of the initial group (LCB;), i.e. 2)

Note that:
e Range does not properi§ymeas variation of data with outliers.

e Range uses extrem ta 8n1y without using frequencies and other parameters.
Example 1: Find r th¢ data sets: W = {27.90, 34.70, 54.40, 18.92, 47.60, 39.68}, X = {3, 8, 10, 7,
5,14,2,12,8},Y

Solution: t for an ungrouped data: R=x,— X .So,

cat¥interpret range for dataset, say W, as: “All observations in dataset W lie within a

distance 5.48 between the extreme values 18.92 and 54.40.

The observations in data W and X are well-spread around the extreme values, so range
meaningfully represent the variation. The range of set Y is zero as all observations were same
and there is no variation. The majority of observations in set Z lie within 1 and 4, but due to an
outlier 43, the range equal to 42 is misleading.




Example 2:
Compare the variation of marks of two students in five subjects as given below using
range, and interpret the results. Which student performs more consistently?

Solution:

Marks of student A

90

30

85

50

25

Marks of student B

63

50

60

55

52

Data for both students are ungrouped. The absolute range in mar

R, =90-25=65marks and R, = 63 —50 = 13 marks.

relative range is not useful here. The performance of Student-A show higher
compared to Student-B on the basis of absolute range. So, Student-B performs

than Student-A.
Example 3:

Here, x; + x5 is same for both

Using range compare variation of price and life of fiy,
manufactured by two different companies. Interpret the results.

Price (in thousandRs.) | 8 | 13 | 18
Life (in years) 1.3]1.5] 1.8 2.

Solution:

The data of price (P) and life (L) of batteries ar
units. Also, x; + xg are different for both datasetg®So
variation.

-P  30-8 2 -L
Relative R, = ——— = ——=—=10.5789. R =
P+P 30+8 38

relative variation in price of batterie
comparison to the relative variatiogsig lives of batteries.

Example 4:

Compare the range of Mumb
using the grouped data of so

the variation on basis o

ed, and different in nature and
use the relative range to compare

35 13

1 rating batteries

22

er of mobiles 0] 1 2 3 [4]|5|6]7
milies (Karachi) | 1 | 7 | 15 |12 |5]2]2
r of families (Moro) | 4 | 13 | 8 5 12110

Solution:

ore

red by five different companies is higher in

of mobiles possessed by a family for Karachi and Moro
ly selected families in the cities. Is it sufficient to compare

re grouped into discrete classes with spacing between the classes d=1. So, the
B, —LCB, =(7+0.5)—(0—0.5)=7.5+ 0.5 = 8 mobiles. The range of number of
ssed by a family in Karachi and Moro is same, i.e. 8§ mobiles. But, range does not

consider™humber of families in the cities (frequencies). The variation between the number of
mobiles possessed by an average family in Karachi and Moro are surely different, but this cannot

be reflected by the range.
Example S:
Find the range of electricity consumption (in kWh) of a shop using the data:
Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207
Number of days 10 13 15 10 4 6 2




Solution:
The data are grouped into continuous classes with spacing between the classes d = 1. So,

R=UCB, —LCB,= [207 + ﬂ— [68— —j =207.5-67.5=140kWh. Here, R does not wuse the
frequencies of classes, so can be misleading.
(b)  Variance, mean deviation and standard deviation

To better calculate the amount of dispersion in data, we use all observations insted @
only the extreme ones along with their frequencies in the concepts of variance, mean geviati
and standard deviation. The deviation of an observation x; about the mean (usuallyaA.M.) is
defined as:

Deviation about mean = p, = x,—x ¢

Deviations can be negative, positive or zero. But, to calculate deviations,
simply summing them will not be useful as the result will always be z

To overcome this, we must avoid negative deviations, and hfs i n two ways. We
can use the squared deviations or the absolute deviations, defined ‘as;
2)
3)

Squared deviation about mean = p;” = (x, - 3)2

Absolute deviation about mean = |D;|= |xl- —)_c|

The squared deviations are always are non-negative. absolute value of a real number
is always non-negative, for example: [3|=3,[-22|= 22, 4= 04-1.5=1.5. These two ways lead us
to define more appropriate measures of dispersio

The variance (Var or s?) is the f squared deviations of observations about their
AM. The mean (or absolute) deviat ®D.) is the mean of absolute deviations of
observations about their A.M. Becau ersion is usually meaningful in original units of

data, and the variance finds it in squa nits, so we find its square root to define the standard
deviation. The standard deviatioh (S. ). or s) is the positive square root of variance.
For ungrouped datgwith'@bservations: x;,x,,x3,...,x, with their AM. =x:

MD.= 2kl
n

4) ©)

X

(6)  where x==—
n

™ MD% ®)

—\2
S.D.=s =" = M (9)  where ;?:fo
2 2.7
Formulae (4)-(9) calculate absolute measures, the relative measures are computed by
dividing x in the units of data for comparison.




Example 1:

Find variance, mean deviation and standard deviation of the marks of students A and B.
Which student performs more consistently?

Marks of student A | 90 | 30 | 85 | 50 | 25
Marks of student B | 63 | 50 | 60 | 55 | 52

Solution:

Marks of both students show ungrouped data. First, we compute mean marks.
For student-A (x) and student-B (y), we have:

Zx 280 &_@_56
n - 5 -

As means are same, so we use the absolute variation formulas varianceNgneag deviation
and standard deviation. Computations are shown in the following tables.

=56 and y

x X—x (x—%)?2 | |x—x| 4
90 34 1156 3

30 -26 676

85 29 841

50 -6 36

25 -31 9
Sum=280 0

Z(x %)’ _ 3670
i

(), :_Z'xfxl 2, Qj

(8.0, \/F 27.0924.

Var,

-y =-»*|ly-7l
6 7 49 7
6 36 6
60 4 16 4
55 1 1 1
52 4 16 4
Sum=280 | 0 118 22
U8 o6,
5

2 2,

5

n
=+/23.6 = 4.8578.

We observe that the variation in marks of student A is much

higher than that in the marks of student B by all formulae, so performance of student B is more

consistent.

Example 2: Compare the variation using standard deviation of price and life of five similar

rating batteries manufactured by different companies. Also interpret the results.

Price (in thousandRs.) | 8 | 13 | 18 | 23 | 30
Life (in years) 13]1.5]1.8]25]|35




Solution: Data of price (P) and life (L) are ungrouped and different in nature and units. First, we
compute means.

X — X
¥ :L:%:ISA(IOOORS) and x, :L:%
n 5 n 5

P

= 2.12 years.

As means are different, we use the relative standard deviation formula for comparison.
Computations are shown in the following tables for P and L.

Price (P) | xp —%p | (xp — %p)?
8 -10.4 108.16
13 -5.4 29.16
18 -0.4 0.16
23 4.6° 21.16
30 11.6 134.56
Sum=92 0 293.2
x -X,
s = / 293.2 =7.658(1000Rs) Q
n
s
Relatives | =_—’= —0416
X 184 \@
Life (L) | x, —x, | (x, —
1.3 -0.82 .
1.5 -0.62 2.
1.8 3
2.5 .25
3.5 12.25
Sum=10.
s, = \I 25.68 =2.266 yea
Relative s = 52266 =1.069.
x 212

The relative standard deviation in life of batteries is higher than price. This means that
re consistent than the lives of batteries. We note that if relative

Example 3: Finghyaflance,; mean deviation and standard deviation of amount of cold drink.
ount of cold drink (in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52

Number of bottles 2 7 5 5 1
Solutio afa are grouped with discrete classes. Calculations are given in table below.
Number of xf (x—%) (x —x)? |x — x| (x —%)*f |x — x|f
bottles (f)
1.4 2 2.96 | -0.018 | 0.0003240 | 0.018 0.000648 0.036
1.49 7 10.43 | -0.008 | 0.0000640 | 0.008 0.000448 0.056
1.5 5 7.5 0.002 [ 0.0000040 | 0.002 0.00002 0.01
1.51 5 7.55 | 0.012 | 0.0001440 | 0.012 0.00072 0.06
1.52 1 1,52 | 0.022 | 0.0004840 | 0.022 0.000484 0.022
Sum 20 29.96 - - - 0.00232 0.184




D 2996 . , 2 (x-%)/ 000232

X= Zf —721.49811ters. Var = s* = Zf: >0 :0.000116(liters)2.
x—x f
=4/0.000116 = 0.01078 liters. M.D.= Z| | = 0.21(;34 = 0.0092 liters.

> f

The variation in amounts of cold drink is much smaller, or negligible.

Example 4: Find mean deviation and standard deviation of electricity consumption data.

Electricity consumption (kWh) | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187
Number of days 10 13 15 10 4 6

Solution: The calculations are summarized in the table below, where x show elass

Class limits | Class marks (x) | f xf (x=% | (x=%0?% | [x—x| | (x—%)? -&
68-87 77.5 1 10 | 775 -44.167 | 1950.724 | 44.167 | 1950%24 41.67
88-107 97.5 | 13 | 1267.5 | -24.167 | 584.0439 | 24.167 14.171

108-127 117.5 | 15 ] 1762.5 | -4.167 | 17.36389 | 4.16745 260.4583 62.505
128-147 137.5 1 10 | 1375 15.833 | 250.6839 15}3 06839 158.33
148-167 1575 ] 4 630 35.833 | 1284.004 \ P 5196.016 | 143332
168-187 17751 6 1065 55.833 | 3117.324 Y %703.94 334.998
188-207 19751 2 395 75.833 | 5750.6 11501.29 | 151.666

Sum -- | 60 7270 - -- | 65208.35 | 1606.672

7270

First we need mean consumption, which i =121.667kWh.
0

D._ Z|x—;c|f7 1606.672
- )

=26.778

Example 5
Some randomly sele ilies in the Karachi and Moro, when asked about number of
mobiles possessed by
standard deviations
use of mobiles p
Solution:
The

nd®.408, respectively. Compare which city shows more consistent

mobiles/family for Karachi (K) and Moro (M) are different as:
mibiles/family and X = 6.133mibiles/family .

tandard deviations are given as:
=1.412 mobiles/family and 5y = 3.408 mobiles/family.

As mean mobiles/family differ for both cities, we use relative measures:

Relativesy = ii = ;jz =0.246 and Relative s, = ;—“ = 2 ‘1‘22 =0.555.
X . M

By observing relative standard variations of both cities, we conclude that the relative
variation for number of mobiles possessed by a family in Karachi is smaller than that for Moro.
So, average use of mobiles/ family is higher and more consistent for Karachi than Moro.




EXERCISE 22.5
. Find range, variance, mean deviation and standard deviation of number of absentees in a
class for last seven days: 3, 5, 3, 2, 4, 1, 8.
Find range, mean deviation, variance and standard deviations of scores of two batsmen
in 6 innings. Who is more consistent player?

Batsman-A | 12 | 15 |0 | 185 | 7 | 19
Batsman-B | 47 | 12 | 76 | 48 | 4 | 51

families. Also interpret the results.
Income (in thousand Rs.) 10 | 20 | 30 [ 40 | 50 | 60

Expenditure (in thousand Rs.) | 7 | 21 | 23 | 34 | 36 | 53

mean deviations to find which team performed more consistently?
Goals scored 0 |1]2]3]|4

Number of games A played | 27 |9 |8 |5 | 4
Number of games B played | 17 |9 |6 |5 |3

metal as distributed in the following data:

Mass of block(in Kg) | 7.1-7.3 | 7.4-7.6 | 7.7-7.9 8.6-8.8 | 8.9-9.1
Number of blocks 3 5 9 6 2
Review i
1. Tick the correct answer.
(@1). Arithmetic mean is based on th ’ __ observations of data.
(a). Middle (b). (c). All (d). None
(i1).  The ungrouped data must b first to find .

(iii).  The number of classeshi

(iv)
V).
(vi)
i

—_

(ix)

(a). AM. ( (c). Median  (d). Range

15 (c). 20 (d). 25

. Mode of grou ta i® obtained graphically using .
(b). Polygon (c). Ogive (d). Bar chart
,then  is misleading.

(a). AN (b). Range  (c). Median  (d). Mode
. 0f10, 90, k, 10, 100} is 40, thenk=__ .
(b). 90 (c). 10 (d). 100
and quartiles are in nature.
Mathematical (b). Positional (c). Logical  (d). None of these
(viii). Upper quartile divides datain ___ ratio.
(a). 50%—-50% (b). 25%-25% (c). 75%—25% (d). 40%—60%
. If data contain a number equal to 0, then  cannot be computed.
(a). A.M. (b). G.M. (c). HM. (d). Median

(x).

If all numbers in data are equal, then:
(a). AM.=G.M.=H.M.(b). Range =0(c). S.D. =0 (d). All of these

tinuous frequency table lies between 5 and .

Compare variation using range and standard deviation of income and expenditquO

: . <
Goals scored by teams A and B in a football season are given. Use relafige stafidard and

Find range, variance, standard deviation and mean deyidtion ass of 50 blocks of




SUMMARY

Quantitative data refers to numbers, and are further categorized into discrete (only
integers) and continuous data (any real numbers).

Qualitative data refers to attributes of a variable, and are further categorized into nomina
(without ordering) and ordinal (with ordering) data.

To get meaningful information, data are grouped into frequency distribution.

Frequency distribution lists classes and respective frequencies.

Classes defined by a single point are discrete, whereas by a range of numbersgare
continuous.

Observations are distributed into classes using tally or list entries metho
Number of classes can be obtained using Sturges’ (1926) rule.
The range is the difference between highest and lowest observatjg
The number of observations that can fall in a class is class inte
Class limits are starting and ending points of a class.

Class boundaries are obtained by averaging any two co?s e glass limits.

VVY Y VY

2

The spacing between classes is the distance between acent classes.

Relative and percentage frequencies lie from 0 tol a to® 00, respectively.
Cumulative frequencies are the sum of all fre upto a particular class.

Histogram is a graph of adjacent rectangles #vith basss at class boundaries and heights
proportional to class frequencies.
Frequency polygon is formed by co
coordinates are class marks and y- i
Ogive or cumulative frequency p
(class boundaries, cumulativ:

VVVVVVYVYVYVYY

points with line segments whose x-
es are frequencies.
tained by joining the points with coordinates

f a ranked dataset.
iple of majority, and is the most frequent observation.

data are symmetric, otherwise asymmetric.

Mode can bglo and estimated graphically using histogram.

artiles can be located and estimated graphically using ogive.
of dispersion refers to the amount of variation / scatter in a data.
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icher the variation/ dispersion in a data, lesser is the stability/ consistency.
easures variation in data by difference of two extreme observations.
um of all deviations about mean in an ungrouped data is zero.
Variance is the A.M. of squared deviations of data about A.M.
Mean/absolute deviation is the A.M. of squared deviations of data about A.M.
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PYTHAGORAS
THEOREM

e Weightage = 7%

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:

allied problems.
< In aright-angled triangle, the square of the length of hypotenuse is equa
the lengths of the other two sides. (Pythagoras’Theorem).

«» If the square of one side of a triangle is equal to thesum of the squagéS of
triangle is a right angled triangle, (converse to Pythagoras’ Theowén).

1 te

» Understand the following theorem along  with itscorollaries and appl mtgsolve

e squares of

er two sides then the




Introduction:

Pythagoras, a Greek philosopher and mathematician was born around 570BC. He
discovered a very important relationship between the sides of right angled triangle. The
Pythagorean theorem or Pythagoras theorem is a fundamental relation in Ecludian geometry
among the three sides of a right angled triangle. He developed this relationship in the form
theorem called Pythagoras theorem after his name. The theorem can be proved by vasie
methods. Here we shall prove it by using the concept of similar triangles. We shall stz d
prove its converse also and then apply them to solve different problem of daily life.

23.1.1 Pythagoras Theorem:
Theorem 23.1.

In a right angled triangle, the square of the length of hypotenuse is eqlal to sum of the
squares of the length of the other two sides. ¢
Given: AABCis a right angled triangle, having right angle at C.

measures of sides AB,AC and BC are ¢, b and a respectively.
To prove: ¢ =a° +b*
Construction:

Draw an altitude of vertex C to side AB. say BD=

Proof:
Statements Reason
In AABC <> ACBD

Z/ACB= ZCDB B is right angle (Construction)
/B=/B ommon angle

and /BAC=z=/BCD Complements of /B
AACB ACBD By definition of similar As.

Hence <=2 Corresponding sides of similar triangles

ZADC is right angle (Construction)
Common angles
Complements of ZA

Corresponding sides of similar triangles

or ¢ —ex =b2..(ii)
Adding equation (i) and (i) we get,
ex+ct—ex=a* +b?
A =d*+b*

Q.ED




Corollary: In a right angled triangle ABC, right angle at B.
i. (mﬁ)z =(mAC)2 —(mAB)2
ii.  (mAB) =(mAC) -(mBCY

Theorem 23.2

(Converse of Pythagoras theorem)

If the square of one side of triangle is equal to the sum of the squares of the
other two sides, then the triangle is a right angled triangle.

Given: 3
- - - .
Ina AABC,mBC=a,mAC=band mAB=c 0 *
i %
such that a® +b* = ¢* e

To prove: N,
AABCis a right angled triangle. T R T

Construction
Draw CD perpendicular to BC such that CD = CA. Jor &omts Band D.

Proof:
Statements Reason
ADCBis a right angled triangle Cons
—2 —\ 2
(mBD) =a +(mDC) s theorem
= (m%)2 =a’+b’
But a2 +b* =c? iven
m BD D :c2 Transitive property of equality
mBD =c By taking square root of both sides
Now in
ADCB A%
Construction
Common
Each side equal to C (Proved above).
CB = AACB S555=5S5S
ms£DCB=m/ACB Corresponding angles of congruent triangles
But m£DCB=9(" Construction
: m/ACB =90 Transitive property of equality.
Hence ABCis a right angled triangle. msLACB=9(P

Q.ED




Corollary:
Let a,b and ¢ be the sides of a triangle. Such that the side ¢ be the longest side.

Then,

1. If a* +b* =c* then the triangle is right angled triangle.

ii. If > +b* > c* then the triangle is acute angled triangle.

iii. If > +b* < c? then the triangle is obtuse angled triangle.
Example 1:

Measures of the sides of a triangle are given decide which of these refiresentgright
triangles.

1. a=5cm, b=12cm and ¢ =13cm
ii. a=6cm, b=7cm and ¢ =8cm

O
iii. a=9cm, b=12cm and ¢ =15cm
Solution: @

i Since (13)* =(5) +(12)°
169 =25+144
169 =169
By the converse of Pythagoras theorem, the a,b and'c are the sides of right triangle.
ii.  Since (8) #(6)° +(7)’ '()
ie. 64 #36+49

or 64 # 85
By the converse of Pythagoras theor a,b and ¢ are not the sides of right triangle.

iii.  Since (15) =

Example 2: g
An anch 1‘“‘-\,&
is 96fts. The .
can it be z 1 '5‘-1;5?};3?\
Solution: - i
e anchor line be placed at x ft from the tower. By ™
Pyt s theorem. ¥

(105)* =(96)" +(x)’

= 11025=9216+x
= x* =1809
x =~/1809 = 42 53t
Hence the required distance is 42.53 ft approx.




Example 3:

There are two streets that one can choose to go from
Amna’s house to Ahmed’s house. One way is to take C path,
and the other way requires to take A path of 2 km and then B
path of 1.5 km. How much shorter is the direct path along C
path as shown in the figure.

Solution:
Let x be the length of path C.
By Pythagoras theorem.

22 =(2) +(1.5)
= x=y(2)+(15) =6.25 =2.5km

By using the alternative way, he has to cover the distance = 2 +§ S
The difference between these two paths =3.5—25=1km

EXERCISE 23.1 \
1. Following are the length of sides of triangle, verify that ngle is right triangle.
i. a=16 b=30 c=34 ii. 7 - =8 c=10

iil. a=15 b=20 c=25 iv. =56 c=15
2. Find unknown values in each of the follo%es.
I-'i‘ -,r_';
Y 5
: L-:" Ei Ty
=, ¥ l = Y
1 1
3. T ree sides of a triangle are of measure 9.5cm, 7.5cm and xecm. For what value of x

will the side represent right triangle?
4. ABCis an isosceles triangle with mAB=mAC =13cm and mBC =10cm. Calculate the
perpendicular distance from 4 to BC.

5. The foot of a ladder is placed 6 feet from a wall. If the top of the ladder rests 8 feet up on
the wall. How long is the ladder?




6. Find the value of x in the adjacent

8. The sides of a rectangular swimming pool ar

"
1 P 9k

figure.

Inthe AABC, m/B isaright angle and
BD is a perpendicular on AC such that
mCD=5 units and mAD=7 units as
shown in the figure. Find the lengths of
the unknowns a, # and b.

the opposite corners?
9. The length of each side of an equilaterv s 8 units. Find the length of any one

altitude.
10. The sides of a triangle have len,
20. What values of x make the rig
11. A manager goes 18m due ea
position from the starting fpoin

12. In the rectangle AB
length and breadth@f the

il.

1il.

x-+¥ and 20. If the length of the longest side is
angle?
24m due north. Find the distance of his current

% mCD = 17cm and mBD + mAC = 26cm calculate the
tangle.

al'of a rectangle measures 6.5cm. If its width is 2.5cm, its length is
cm (b) 4cm

6cm (d) 3cm

Which of the following are the sides of a right angled triangle?

(@ 3,45 (b)) 2,3,4

() 5,6,7 d 4,56

In a right angled triangle the greatest angle is

(a) 100° (b)  90°

(c) 80° (d) 110°




iv. In aright angled triangle hypotenuse is opposite side to
(a) Acute angle (b)  Right angle
(c) Obtuse angle (d)  None
v. Ifa, b, c are sides of right angled triangle, with c is the larger side, then

(@) *=a*+b° (b) V=c*+a°
(c) a*=b*+c? (d) A =a*-b
vi. If5cm and 12cm are two sides of a right angled triangle. Then hypotenuse i
(a) 16 (b)y 15
(© 14 @ 13
vii. If hypotenuse of an isosceles right-angled triangle is 32 , th &ceh of

other side is of length
(a) 2cm (b) Scm

(¢) 3cm (d) lecm Q
Explain the Pythagoras theorem.
thedédder is 7m away from

3. A ladder 25m long rests against a vertical wall. The fegt
the base of the wall. Find the height of the wall gigen der reaches at its top end.

4. Find the unknown values in each of the follow} es
'\ i) | G) I

-r E i .R .
1 |
| 3 { ' | L L f [

i

e

¢ SUMMARY
» In aright an gle, the square of the length of hypotenuse is equal to the sum of
e lengths of the other two sides.
» Ifth e one side of a triangle is equal to the sum of the square of the other




RATIO AND
PROPORTION

o Weightage = 5%

Students Learning Outcomes (SLOs)

After completing this unit, students will be able to:
» Understand the following theorems along with theircorollaries and apply them t

3
D>

A line parallel to one side of a triangle, intersectingthe other two sides, divide
If a line segment intersects the two sides of a triangle in the same ratigQ
side.

The internal bisector of an angle of a triangle divides the side opfosi
containing the angle.

If two triangles are similar, the measures of their corresw proportional.




24.1 Ratio and proportion
In this chapter, we will study the theorems related to the ratio and proportion of sides
of a triangle along with the similarity of triangles. So, first of all we have to recall the
concepts of ratio, proportion and similarity.
Ratio:
Ratio is the comparison of two quantities of same kind with same units. The ratio C

. a . .
and b is written asa : b or 3 where a is called antecedent and b is called consequent.

For example the ratio of 25 litres and 5 litres is 25:5 or 5:1. < ’

Proportion:

Equality of two ratios is called proportion. *

If two ratios a:b and c:d are equal then we write it as a:b=c; :bf:c:d and
call it as proportion.

In the proportion a:b=c:d, a and d are called extremes,gth and c are called
means.

In a proportion, the product of means is always equal to ct of extremes.
Similar Triangles:

Two triangles ABC and PQR are called similar tr es 9f their corresponding angles
are congruent.

Symbolically, we write it as AABC ~APQR

In the given figure, AABC ~ AXYZ v
C i

j N

/
/
S’ N s’ '
A > B X ¥
For similar trian lowing theorem is important
“If two tria similar then their corresponding sides are proportional”. We will

prove this theorem injlast.




Theorem 24.1
A line parallel to one side of a triangle and intersecting the other two sides, divides
them proportionally.

Given: In AABC,DE|BC and DE intersects the other
sides AB and AC at points D and E respectively.

To prove: mﬁ = _mﬁ
POV DB mEC -
Construction: B

— L 4
Select such a unit of length so that mAD = p units, and mBD = its Where p and ¢
are natural numbers. Q

Divide AD into p congruent segments and BD into gc ments.
AD . L .
So, MAZ _ P From the points of division, draw line
mDB ¢
Proof:
| Statements Reasons |

stru@tion

AD s divided into p congruent segment
by the parallel lines.

arallel lines make equal numbers of

AEis also divided into p cq :
congruent intercepts on each transversal.

segments by the same parallel lines.

Similarly, EC is also divi q| BD s divided into ¢ congruent segments
congruent segments. by the parallel lines.
Now,
mAE  p "~ AE and EC are divided into p and ¢
mEC = > congruent segments respectively

q (Proved above)
But
mAD By construction
v
mAD® mAE By transitive property of equality
mDB  mEC

Q.E.D
Corollary 1:
mAB mAC

From the figure of above theorem, it can be proved that —=—.
mDB  mEC




Corollary 2:
mAD _mAE
mAB  mAC’

From the figure of the above theorem, it can be proved that

Corollary 3:
If a line is parallel to the base of an isosceles triangle and intersects other
congruent sides then the corresponding intercepts on the sides will be congruent.

Example:
In the adjacent figure, DE I BC in AABC.

Find mAD if mAE = Scm,
mBD = 15c¢m and #CE =25cm.

Solution:
DE || BC B C

mAD _mAE
mBD  mEC < )
mAD B i
15 25
= mAD-
25
= mAD =3cm
Theorem 24.2

If a line segment gnterséets the two sides of a triangle in the same ratio then it is
parallel to the third si * i
Given: \

In AABC, AB and AC / "'\
at points P agnd
such that

To prove:

Construction: . L
If PQ is not parallel to BC, draw  BK meeting AC at point K other than C such that

PQ||BK




| Statements Reasons

In AABK
PQJ|BK Construction

mAP _ mAQ Line parallel to one side of triangle divi
mPB  mQK other sides proportionally

But
AP Al ( )
M M Given

mPB  mQC
So

mAQ mAQ

mQK  mQC
=  mQK =mQC
i.e. Q_K;Q_C

This is possible only when K coincides
with C.
Hence

PQ||BC ur assumption is wrong
D
Corollary:

The line segment joinihg the#mid points of two sides of a triangle is parallel to the
third side.

is cgmmon point in both

Example: ':

In adjacent figure, two sides AC and BC of AABC e I' \

at points D and tively. Find the base angles A and B Py W

if m/ADE and m/BED=100° where lengths of gﬁ — _'.'.1"‘ "
sides are shown in the figure. P y 1%".;
Solutigm {J B

E and ZCDE are supplementary
ZCDE=50°( mZADE=130°)

Similarly
mZDEC = 80°
%: % i.e. DE cuts two sides AC and BC proportionally

DE || AB




So, m/A=ms/CDE, because corresponding angles of parallel lines are

EXERCISE 24.1 O
A
- - ."J" Lom
1. InAABC, DE || AB. Find mCE / \E Q
llI' 5

if mBD = 6¢cm, mDC =12cm ,-". f .
and mAE = Scm. / r"f l""-..
".n:-__ .I::—."Q

w3 |:|,'r@

equal
ie. mLA=50°
Similarly

ms/B=m/DEC =80°

-
1/
. {
2. InAABC, PQ| BC. Find x 9, \
if mAP = 5x~3, mPB =2 2N
mAQ = 2x+1 and mQC =3 f _._"L_
s=) P 1 B
3. Prove that the line drawn paralle Ellel sides of a trapezium divides the non-

parallel sides proportionally.
4. Prove that the line segment ? ugh the mid point of a side of a triangle and

parallel to another side bisdets thgfthird side.
5. Prove that the line whi ides"the non-parallel sides of a trapezium proportionally is

parallel to the third side \
L 4
Theorem 24.3

The intern or of an angle of a triangle divides A
the side oppos it in the ratio of the sides containing the A
angle. ' "
Given: .

the bisector of ZABC of AABC. .":'.‘-- ' \

ie £2 e
To prove:

mAD _mAB

mDC  mBC j
Construction: '_.-"’-

—> JE— . —> . -
Draw CE parallel to BD meeting AB at point E 4




| Statements Reasons
EC|/BD Construction
mZE=m/1...(1) Corresponding angles of parallel lines.
Also
ms2=m/3 Alternate angles of parallel lines
But  mA=mL2 Given
So mLl=m/3 Transitive property
m/E=m/3 Usingeq (i)
In ABCE, Sides opposite to congruent afigleseof a
BC=~BE triangle are congruent
In AACE,
BD||EC Construction
: mAD _ mAB Line paralléjto@negide of triangle divides
. e EE other sideSypr onally
Or
mAD _ mAB S =~BE (Proved ab
DC_ mBC = (Proved above)
Corollary:
If the internal bisector of an a 1angle bisects the opposite side, the triangle is
isosceles. :
P i
Example: In adjacent figure, the bisector of /A of AABC. N
Find x if mAC=15 cm, 54x—1cm, mCD=x+1cm and J ":" #
mBD = 5cm. Also specify the type of triangle where xe N. {" : 5D
Solution: ¢ i o
rof ZA . . " \
4 4x-1 n
i.e.
S ox+4x-1=75

2 +3x-76=0

4x* +19x—16x-76 =0
x(4x+19)-4(4x+19)=0
(x—4)(4x+19)= 0

x—4=0 or 4x+19=0

Ui uld




-19

Hencex=4

—e¢ N
4
Now mAB =4x-1

-19
we neglect —
4 O
=4x4-1 ¢
=15
mAB = mAC =15 cm @Q

and mBC=x+1+5=10cm

AABC is an isosceles triangle.
Theorem 24.4:
If two triangles are similar, the measures of thitir cofgsponding sides are proportional.

Given:

AABC and AXYZ are similar triangles.
ie. In AABC <> AXYZ A X
ZA=/X Q~ A A
i L1 J
7 X
X

/B=/Y L X
and ZCz=/Z f . \
To prove: v \ .
mAB _ mBC _ mA_$ _-" N\
XY mYZ Rz ; \
Construction: .
From AB, =~ XY and from AC, cut off AE = XZ. Draw DE.
Proof:
Reasons
Construction
Given
AE=XZ Construction
AADE = AXYZ By S.A.S postulate
ZADE = /2Y Corresponding angles of congruent triangles
But «£ZB=/Y Given
So /ADE= /B Transitive property
Hence




DE || BC Corresponding angles ZADE and / B are
- - congruent
mAB mAC
—_— = By Theorem 1 (Corolla
mAD mAE V ( )
or 2B _mAC ) AD = mXY and mAE =mXZ
XY  mXZ S A AHE S = O
mAB  mBC
Similarly — = — By the above process
d mXY mYZ -(if) y R Q
So  MAB_mBC_mAC From (i) and (if)
mXY mYZ mXZ

Q.E.D Q
Corollary:
In a correspondence of two triangles, if two angles o are congruent to the
corresponding two angles of other triangle then their corr \ es are proportional.
Example 1: é

In the given figure, AABC and
APQR are similar. Find the values of x and y

if  mAB=6cm, mBC=12cm, m PQ=3c ,-‘ 4_",,
and mPR = 7em "'?\ - 7
Solution: —

AABC and APQR are similar s o M
Their corresponding sides ’ e d
agl”
e mAB mBC _m AC -l
w mPQ mQR .mP =/
12 _Y r dam Q)
= 3= = ng%he given measures )
6 12
= — —_ ==
3 3 7
or 2 or 2=2
X 7
or 12 or 4=y
= =06 cm or y=14cm

So the values of x and y are 6cm and 14cm respectively.




Example 2
. - mAB  x
In the given figure, AABC and APQR are similar and T_Q:—Where h, and h,are the
m y

altitudes of the given triangles. ¢

5
Prove that: A Y
- Y\
Area of AABC _ x* 7 |
Area of APQR  )? 4 B,
Proof: / \
AB / b
we have mA_B . i A
mPQ y ; u
AABC and APQR are similar A o

: mAC_ mBC _mAB_ x (i)
mPR  mQR  mPQ y
In AADC <> APSR \@
mLA =m/P (Given)
= and m£D =m/S=90°
AADC ~ APSR < ,

Hence by = m—A_C =X (using eq: 1)
h, mPR 'y
Now

Area of AABC _ %(mﬁ)

Area of APQR |

$ Hence proved.

From above example, we conclude that

The ratio of areas of two similar triangles is equal to the square of the ratio of
any two corresponding sides.




EXERCISE 24.2

— ol
1. In the adjacent figure, ADis the bisector of ;R
ZAof AABC. Find the value of x if *

mAB = x+9,mE=ll—x,mC_D= 2x+3and
mBD =3x+2.Also specify the type of triangle.

L1
2. In the adjacent figure, APQR andAABCare
similar. Find the values of x and y if lengths of
sides are indicated in the figure. &
Q® '
3. Let A andA, be the areas of two sinfilar ]
triangles ~ AABC and APQR respectiv Pl J'.!
shown in the figure. Find P~ / . f
:'- T "B

A, =28cm’, mAB =4xcm.a1nd@ m /A=
! 4 it n 1;- 1; i E\.'

4. Ratio of corresponding $ides\Of two similar triangles is 2:x—5and the ratio of their
areas is 1:9. Find the :

5. Prove that two ri
congruent to a
6. In aright
the tria
one.

t trian@les have their sides proportional if an acute angle of the one is
arfele of the other.

erpendicular drawn from the right angle to the hypotenuse divides
o triangles. Prove that each of these triangles is similar to the original

REVIEW EXERCISE 24
1.8ic tI€ correct option.
i. ¥In a proportion, the product of means is equal to of extremes.
(a) sum (b) difference (c) quotient (d) product
il. __triangles are always similar.
(a) right (b) scalene (c) acute angled (d) equilateral

iii.  The symbol of similarity of triangles is

(@ = (b = © ~ d <«




1v.

V.

vii.
viii. The corresponding sides of two similar triangles are

IX.

XI.

Xii.

If a line parallel to base of a triangle and divides one side in 2:3 then it will
divide other sidein

(a) 3:2 (b) 2:3 (c) 2:6 (d) 5:3

If a line intersects two sides of a triangle in same ratio then itis  to
other side.

(a) parallel (b) non-parallel (c) coincident (d) all of these O
In AABC, the bisector of /A divides BC in rato __ f i
mAB = 6cm and mAC =8cm.

(a) 5:8 (b) 3:4 (c) 1:1

The bisector of an angle of equilateral triangle divides the opposite,si

(a) 2:3 (b) 3:2 (c) 1:1

) None of these
If the ratio of two corresponding sides of similar tri then ratio of their

areas is equal to

(a) 5:7 (b) 7:5 (c)25%7 (d) 25:49

If the ratio of areas of two similar tria@ 36:121 then the ratio of its
corresponding sides will be

(a) 6:10 (b) 6:1 Wﬁ (d) 10:6

If the ratio of corresponding side @ imilar triangles is 2:x and that of areas is 4:9

then x=_ .
(a)3 (b) - v (c) both a and b (d) none of these
Two equilateral triang e al .

(a) congruent (b) stilar (c) proportional (d) equivalent
4

(a) equal (b) un- equal (©) proportiox
i

SUMMARY
artsdn of two similar quantities.
lled antecedent and 4 is called consequent.

Ratio is the co

les are similar if they are equiangular.
riangles are similar then their corresponding sides are proportional.

A line parallel to one side of a triangle and intersecting the other two sides, divides them
proportionally.

If a line segment intersects the two sides of a triangle in the same ratio then it is parallel
to the third side.

The internal bisector of an angle of a triangle divides the side opposite to it in the ratio
of the sides containing the angle.




CHORDS OF
A CIRCLE

o Weightage = 6%

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to:
»  Understand the following theorems along with their corollaries and apply them t@ solve ie&problems.‘

0,
X3

D

g

o
*

0,
o

One and only one circle can pass through three non-collinear points.
A straight line, drawn from the centre of a circle to bisect a chord
perpendicular to the chord.

Perpendicular from the centre of a circle to a chord bisects it.

If two chords of a circle are congruent then they will be eq& frof the centre.
a

is not a diameter) is

Two chords of a circle which are equidistant from the cen' ongruent.




Introduction

In previous classes and units, we studied detailed geometry involving triangles and
quadrilaterals which are all formed by line segments. Line segments do not have bends. Here,
we focus on theorems with proofs and allied examples related with circles.

Circles play an important role in understanding the shapes of real world objects.
Without circles, we will be unable to understand movement of a vehicle around a curve on
road, the starting developments about the orbits of planets, movements of electrons in an a
shapes of cyclones, etc. Circles form a basis to study advanced shapes: ellipses, e
cylinders, and cones which are used in trunks, trees, water drops, wires, pipes, ballgons, pies,
wheels, ball-bearings, etc.

The path followed by a moving point is termed as curve. An open curvébas different
starting and ending points. A closed curve starts and ends at the same poinf{or) which has no
starting and ending points. A curve which does not cross itself is a sig , otherwise
non-simple. A curve which is simple as well as closed is known as a stmple ¢losed curve. For
examples, refer to the curves in Figure (i).

(A) (B) - ©

(E)
Simple, open  Simple, closed Non-simple, open n-simple, closed  Simple, closed
Figure (i). Open, closed, simpl n mple curves

11 olfits are at the same distance from a fixed
dagy of a circle is called its circumference. A
ghy point on its boundary is a radial segment, and
Sl'he points lying inside the boundary of a circle
form its interior, and those outdide its exterior. A line segment joining any two points
of circle is a chord of the i hord passing through the centre of circle is called a
diameter or a central ¢ its length is highest of all the lengths of chords of a circle.

A circle is a simple closed curve and a
point, called its centre. The length of the
line segment joining centre of a circle an
its length is called the radius of th

- ! 4 te
" L} e | - 0 \
(A) (B) © (D) (E)
Cir Circuinfirence Radius  and radial Interior (E) Chords AB,CD,
cOe ( QN o fC 0 segments %, OB, and exterior E,G_H, diameter
0C,0D o0 ER(mEr-2)
Figure (ii)

If r is radius of a circle, then its diameter, circumference and circular area are equal
to: 2r,2nrandnr’, where n (Greek letter PIE) is an irrational number. m is ratio of
circumference of a circle to its diameter. It is approximated by %, but is not equal to it. In

195

o




real, ©=3.141592653. We see that 22 _ 3142857142 matches with only first two decimal

7
places of =.

A portion of the circumference of a circle is an are of the circle. A chord chops the
interior of a circle into exactly two parts or segments. The diameter divides the circle into tw;
equal segments. The segments are bounded by an arc and a respective chords of a circle. Fo
a particular chord, a segment with larger portion of the interior of circle is major segme
the other one is minor segment. The corresponding arcs are referred as major and mi

arc in-between is a sector of the circle. This leads to the minor and major secto

and chosen radii. The word subtend means “holds under”, is usually used for ang nder a
chord or an arc at a point in a circle. The central angle is an angle subtgnde #n arc with
the centre of circle (vertex of central angle). Figure (iii) explains the
L] ] K L] n
A

[ ] | = |
-

o N
i i |

(A). Arcs (B). Minor arc ACB, (D). Central angle
AB,CED . . ~/MON =0. Vertex O,
’ major arc ADB, minor —_— —
. arms OM, ON.
and major segments
Fi
The location and size of a circle 2 ned by its centre and radius, respectively.

1 arg) equal. Two circles with same centres are
concentric. Points lying on the same lifg pllinear, else non-collinear. Points lying on the
boundary of a circle are concycli e through vertices of a triangle is a circumscribed
circle (or) circumcircle. A quadnifateral whose all vertices lie on a single circle is called

cyclic quadrilateral. These xplained in Figure (iv).
C— e —
=l N \ I W )
: i N o S
(B). Congruent (C). Concyclic (D). (E). Cyclic
circles points Circumcircle  quadrilateral

Figure (iv)

25.1 Ch®8rds of a Circle:
Theorem 25.1: One and only one circle can pass through three non-collinear points.
Given:
Three non-collinear points, say A, B and C.
To prove:

One and only one circle can pass through A,B and C.




. e
Construction: -~ '“\_\
R s

Draw line segments ABand BC. Draw right bisectors / E C
<> <> J— — . <~ > -
ED and GF of AB and BC, respectively. ED and GF intersect 0_~ |ﬁﬂ
0 7 = =1
at a point, say O. Draw OA, OB and OC. G LR Y

A < .
Proof: ,

Statements Reasons
All points on ED are equidistant from A | ED is the right bisector o ,a
! : : >
and B, so mOA = mOB (i) |1s apoint on ED
> > >
All points on GF are equidistant from B | GF is the right bi#Ector C,and GF

and C, so mOB = mOC (ii) | passes througgO?
O is the unique point of intersection of <E_]5 and GFR 0 -parallel lines.

> <>
EDand GF. (iii)
The point O is equidistant from A, B Fro (1) a
and C, i.e.

mOA = mOB = mOC =r, say sitive property.
(iv Q~
The circle with centre only at A, OB and OC are radial segments,

radius 7 passes through A, an and by (iii).

A, B and C are non-collinegs® (V1) Given

Therefore, there exist§one amd only one | From (iii), (iv), (v) and (vi).
ith radius r
passing throu ollinear points
A,B and

circle centered at

Q.E.D

Cor

Anythree distinct points on a circle are non-collinear.
Note 1:

Theorem 25.1 demonstrates the existence and uniqueness of the circle which can be
drawn through any three non-collinear points.
Note 2:

Any number of distinct points more than three on a circle are non-collinear.




Example 1:

Prove that one and only one circle can pass through three vertices of a triangle.
Given:

AABC with vertices A, B and C. B
To prove:

One and only one circle can pass through vertices of
AABC.

Construction:
— > >
Draw right bisectors: DE, FG and HI of sides of AABC
. AB, BC and AC , respectively, intersecting at the point O, say. i

Draw O_A,@ and OC.
Proof:

Statements
O is the unique point of intersection of E

]<)_]::,(ﬁ>} and <I-_II)

The point O is circumcenter of AABC.
The point O is equidistant from vertices of
AABC, i.e. mOA = mOB = mOC = r

The circle with centre O and radius @ OA,OB and OC are radial segments.

through vertices of AABC.
Q Q.E.D

Example 2:
Show that one a onlzl ne circle can pass through vertices of a quadrilateral.

Given: o
A quadri BCD. s - S
" =
To prové i I
on¢€ circle passes through vertices of quadrilateral 3 g
v
W o a2
. W

Construction: . 4"

. > e >
Draw L bisectors EF,GH,1J and KL

on E,B_C,C_D and AD. These all meet at point O. Construct OA,0OB,OC and oD.




Proof:

Statements Reasons

All points on EF are equidistant from A and | EF is | bisector of AB.

B.
- : >

. OA =OB (1) O lies on EF.
. . — . .o H H

Similarly, OB=0C (i1) Using similar reasoning for GH and BC |
OC=0D (iii) 1J and CD,KL and AD, as above.
OD=OA (iv)

O is the unique point of intersection of O lies on all these lines. *

I e R TR =
EF,GH,IJ and KL
O is equidistant from vertices A, B, C and D | From (1) to (iv). Q

of the quadrilateral so:

mOA = mOB = mOC = mOD = r
The unique circle with centre O and radius 7 | QA, 0_@ form radial segments.

passes through vertices A, B, C and D of
quadrilateral. ‘ ’
- 'I?zq
1. Can a circle pass through three cold points? Explain with reason.
2. Can you draw a circle from a ur ngn-collinear points? Explain with reasons.
3. Show that one and only ong cir pass through the vertices of a square.
4. Show that only one cir n paSs through the vertices of a regular pentagon.
5. Three villages are siguated¥in a way that B is east of A at a distance of 6km and C is north

. Retermine the location of mosque so that all have to walk same
e by using ruler, compass and divider. How much distance each
own?

L~ _HHH-\.

ircle with centre O and a chord AB which does not pass [ 1',

through O, i.e. not a diameter. A straight line OC bisects AB at C, [ ‘f' l|

i.e. mAC=mBC. \ £ '
To prove: OC L AB H',,k . | ! !.-"-
Construction: m B

Draw OA and OB. ¥




Statements Reasons
In AOCA <> AOCB
mOA = mOB Radii of same circle.
mAC = mBC Given.
mOC = mOC Common side.
AOCA = AOCB S.S.S=S.S.S.
or mZ/OCA =m-/0OCB @) Corresponding s of congruent As §
m/OCA+msOCB=180° (i1) Supplement postulate. .
mZ0OCA =90° =m/0OCB From (i) and (ii).
Thus, OC L AB By definition of pe

Q.E.D
Theorem 25.3: Perpendicular from the centre of a circle to ac cts it.
Given: A circle with centre O and its chord AB . The p@ "‘1.

from O meets AB at C, i.e. OC L AB, so ~0OC CB are ."' \
right angles ";]' ||
To prove: OC bisects AB at C. '-. _ | f
Construction: Draw OA and OB. b, < —'[i- —= ]
Proof: A B
Statements Reasons
In AAOC <> ABOC
mZOCA =90° =mZOCB Given.
OA =~ OB Radial segments of same circle.
0OC=0C Common side.
H.S=H.S.
Corresponding sides of congruent As.
C is the midpoint of AB.
Q.E.D

The shortest distance from a point on chord and the centre of the circle is from its
midpoint.
Note:

Theorems 25.2 and 25.3 highlight relationship between a chord of a circle and a line
segment dividing it equally through the centre of circle. With these and the Pythagoras’
theorem, we can find length of a chord of a circle.




Example 1:

Calculate length of a chord which stands at a perpendicular distance of Scm from the
centre of a circle with radius 9cm.
Solution: - M

7

Consider a circle with centre O and its chord AB. The  / \
perpendicular from centre O meets chord AB at a point C, as shownin | b _"f '
the adjacent figure. Using Pythagoras’ theorem in AOCA , we have: s |:,—-|- O

2 —\2 2 2 W—y
(mOﬂ :(moc) +(mAc) (or) 9>=% +(mAc) ANt =
. mAC = 81-25 =456 = 214 cm.
L 2

Finally, L L L L
Length of chord = AB = 2(mAC) (AsOC bisects AB)

_ 2(2@) = 414 =14.967cm

Example 2: :
If length of a chord in a circle is 8cm, and perpendicul\ ngé from centre of circle

to the chord is 3cm, what is radius of that circle?

Solution: ”

Consider a circle with centre O and itg” chor B. The f -
perpendicular from centre O meets chord AB of 16@1'" atapoint | xem,. ..L;L.'"' |
C, as shown in the adjacent figure. Using ras’ theorem in ."~._-f__ =1

AOCA , we have: b T, e
(mOA)" =(mOC) +(mAC) Q‘

(or)  x%=3%+4?(OC bisects
. x? =25 =x=>5,ignoring ne

Thus, Radius=mOA=%=5 cn®

ind circumference and area of the circle.
4. Calctlate length of a chord which stands at a perpendicular distance of k from the centre
of a circle with radius » when:
a. k=4cm, r =9cm b.k=3cm, r=6cm

5. What will be radius of a circle in which the distance of a chord of length 10cm from the
centre of circle is 3cm?




Theorem 25.4: If two chords of a circle are congruent then they will be equidistant from the

centre.
Given:

A circle with centre O. Two congruent chords: AB and CD

of circle, where OE 1 AB and OF L CD.
To prove:

OE = OF
Construction:

Draw OA and OC.

Statements V
mAE = %m AB (i) Perpendicular % e chord AB.

sects the chord CD .

Proof:

mCF = % mCD (i) Perpendiegla

mAB=mCD (i) ® C\(Given).
AE =CF ing (i, (ii) and (iii).

In right AAEO <> ACFO

OA =0C adial segments of same circle.
AE=CF Proved above.
AAEO = ACFO H.S.=H.S.
. OE= OF Corresponding sides of congruentas.
Q.E.D
2
Corollary:
Two congguentehords of a circle subtend equal angles at the centre.
Note 1:
Theo 25.4 explains the association between congruence of two chords and
their s from the centre of the circle.
Note

If two chords are not congruent, then they are not equidistant from the centre.




Theorem 25.5: Two chords of a circle which are equidistant from the centre are congruent.
Given:
A circle with centre O. Two chords AB and CD of circle, which are equidistant from

0. i.e. O_E ~ (j: This also means that (YE 1 AB and O_F 1L C_D ) ey
oy i ] b
To prove: : '
AB=(CD ./ P \

Construction:
Draw OA and OC.

Proof:
Statements Reas
In right AAEO <> ACFO
OA =~ 0OC Radial segments ¢
: OE = OF Given.
AAEO = ACFO H.S.= H.S. \
So,  mAE=mCF ) Correspongli es of congruent As.
MAE = %mA_B (ii) PerpgfidiculOE bisects the chord AB .
mCEF = %mC_D ) icular OF bisects the chord CD .
1 +5-1,.cD ng (1), (i), (iii)
2 2
AB= CD
Q.E.D
Corollary:
If two chords sybtend equal angles at the centre, then they are congruent.
Note 1:
Theorems nverse of Theorem 25.4
Note 2:
s are not equidistant from the centre, they | T—
are not /‘S— B
/ 4.
Exa Il..r : \
that if two chords of a circle intersect each II.r M
other, then the product of their lengths of segments are equal. N - ]
Given: Two chords AB and PQ of a circle centered at O Il'n, L] 4,
intersecting each other at M. \ }.! Q
To prove: (maAM )x(mMB)=(mPM)x(mQMm) 1““-.__. ,—-"f
T

Construction: Draw AP and BQ.




Statements Reasons
ZPAM = ZBQM (i) Angles of same arc PB.
ZAPM = ZQBM (ii) Angles of same arc AQ.
AAPM ~ AQBM From (i) and (ii): A. A~ A.A.
mAM  mPM (i) Corresponding sides of similar A,
mQM  mBM
( mm) % ( mm) _ ( mm)x ( mQ_M) Cross multiplication in (i
L 2
Q.E.D
Example 2: =
Show that the largest chord in a circle is the diameter. H‘.,
Given: A circle with centre O and its diameter AB. CD i A\

_ l'l |
any other chord of circle except AB. \ . : |“
R R | § - |
To prove: mAB>mCD \ / ~./
g 1 F = 2

Construction: Draw OC and OD to complete AOCD. A s g
Proof: g
Statements Reasons
In AOCD,

Sum of two sides of a A is greater than

mOC +mOD > mCD 1)
the third.
mOC +mOD =mAB (i1) OC and OD are radial segments, and

by definition of diameter.

N (iif) Using (i) and (ii).

The length ,which is also | From (iii), and for any chord CD except
the dia larger than length of any | diameter.

of the circle.

Q.E.D
EX 3:
d distance between two congruent chords of lengths 6cm
each in circle whose circumference is 10w cm.
Solution:

Two congruent chords AB and PQ of length 6 cm of a circle
centred at O with radius » are shown in the adjacent figure. We need
mCD.




Radius of the circle: mOB = r = £ = IOJ =5cm.

2n 2m
Using Pythagoras’ theorem in right AOCB, we have:

(O8] ={n0C) +(n B

2 —
52 = (m&)z J{; mABj (Perpendicular OC from centre O bisects the chord AB) O

52=(m&)2+32 :>m&=\/25—9=\/ﬁz4cm. < ’

Because, two congruent chords are equidistant from the centre of a circle, 50

mOD = nOC =4cm. ¢

Finally, mCD = mOC+ mOD =4+ 4 =8cm.

EXERCISE 25.3
1. Prove that two congruent chords of two congruent circl@ istant from their
c

centres.
2. Show that two chords of congruent circles equidistant N entres are congruent.
3. Find distance between two congruent chords of lefagth#oNin a circle of radius » for the

following given values of o and r:
(a).oo.=7cm and r = 6cm (b).oo.=5cm and r =4cm
(c).oo=2cm and r =4cm (d). o =4c =0cm

4. Find distance between two parallel ch ofj€ngth o and B in a circle of radius r for the
following given values of a, B and

a. o =6cm, 3 =8m,r=5 ) o =3cm, f = 6cm,” =14cm
5. Iftwo chords AB and CD fofa 8ffcle with centre O intersect at P, find x in the following.
@ (b) ©
" o i :

T A

'I v . i H

4 ] | |




Review Exercise 25

1. Tick the correct option.

L.

ii.

1il.

1v.

V.

Vii.

All circles are always

(a) congruent . (b) similar
(©) tangent (d) none of these
In the following figure, circles centred at D and E are . O

(a) congruent (b) simil \@

(c) both (a) and (b) (d) nQne

In the given figure, the length of the chord_G .

m (c) 8cm (d) 15cm
ughthree ~ points.

-collinear (c) disjoint (d) none of these
iation “If two chords of a circle are congruent, then
the centre.” is:

(a) two chor cirele are equidistant from the centre.

ircle are congruent.

o chords.

(a) 4cm (b)
One and only one circle p
(a) collinear

ion of the enunciation “If two chords of a circle are congruent, then
quidistant from the centre.” is:

o chords of the circle are equidistant from the centre.

) two chords of a circle are congruent.

¢) a circle has two chords.

(d) the centre of circle is equidistant from chords.

The hypothesis of the enunciation “One and only one circle can pass through
three non-collinear points” is:

(a) three points are non-collinear.

(b) one and only one circle passes through three points.




(c) two circles pass through three points.
(d) three points are collinear.
viii.  The conclusion of the enunciation “One and only one circle can pass through
three non-collinear points” is:
(a) three points are non-collinear.
(b) one and only one circle passes through three points.
(c) two circles pass through three points.

(d) three points are collinear.

iX. A circle is an exampleofa ~ curve.
(a) simple and closed (b) simple and open : 4
(c) non-simple and closed (d)  non-simple andégpen

SUMMARY :
» A circle is a simple closed curve. \(
» All points of a circle are equidistant from a fixed @ ixed point is the centre

and constant distance is radius of circle.
» A radial segment in a circle is a line segment ffom its Centre to any point on it.
» A chord is a line segment joining any two po
the centre is known as diameter or centra
» For a circle of radius r, its diameter,ggitcu
2mr and 1?2, respectively.
» A portion of circumference of g circ
minor and major arcs.
» Sectors are portions of cirgle b
be further categorized a'
Segments are portiofs of ¢

erence and circular area are equal to: 27,

s called an arc. These are further categorized as

ded by two radii and the intercepted arc. These can
d major sectors.
e bounded between a chord and the intercepted arc. These

Y

only one circle can pass through three non-collinear points.

t line, drawn from the centre of a circle to bisect a chord (which is not a
ter) is perpendicular to the chord.
Perpendicular from the centre of a circle to a chord bisects it.
If two chords of a circle are congruent then they will be equidistant from the centre.
Two chords of a circle which are equidistant from the centre are congruent.

YVVV VVVVVYY
o




TANGENTS OF
A CIRCLE

e Weightage = 5%

Students Learning Outcomes (SLOs) 'S
After completing this unit, students will be able to:
»  Understand the following theorems along with their corollaries and apply theg e alficd problems.

, it is tangent to the

circle at that point.

The tangent to a circle and the radial segment joining the gpo tact and the centre are
perpendicular to each other. \

The two tangents drawn to a circle from a point outside jt are

length.
If two circles touch externally or internally, the distance een their centres is, respectively, equal
to the sum or difference of their radii.




Introduction

The theorems and proofs related to tangent(s) to a circle are discussed here. The concept
of tangent is also important in defining derivatives in a branch of Mathematics called Calculus.
A straight line may or may not intersect a circle. If a line touches a circle at only one point, then
it is a tangent to the circle. The common point between a tangent and the circle is the point of
contact (or) point of tangency. A line which intersects the circle at two points is a secant to, @

It

circle. There are two points of contact between a secant and the circle. In Figure (i), lines L3}
1, do not touch the circle. The lines m; and m, are tangents at P and Q, respectively.
n; and n, are secants to the circle at points A, B and C, D, respectively. A line segmeng from ghe

pomt of tangency to any other point of the tangent is a tangent segment.qln Fi i),
PQ and ABare tangents to the circle, whereas PQ and AB are tangent segments, ¥gspectively.

mAB is length of tangent segment AB. Fora point P lying outside the ¢ Q

PA and PB can be drawn, as shown in Figure (iii).
a B .1. hl'i u. \@

o tangents

/ h r sl I i
\ / .\ /
ey ] | [ N Fy]
f g\ " i | o =
D 72
I -] | 4 v
= = ]
Figure (i). i Figure (iii).
Circles touching each other i allyor externally share the common point of tangency.
The point P is the common pointof t of circles with centres O, M and N in Figure (iv).

Circles with centres O and M tguch intetnally, whereas circles with centres O and N (also M and

hing each other can have common tangents but different

tangeht between two circles not touching each other is an internal
(or transverse) comm eli if it intersects the segment joining their centres, otherwise an
external (or direc ofr'tangent. In Figure (v), line m is an external (or direct) common
tangent, whereag lin&/ is an internal (or transverse) common tangent to the circles.

i [
- —— .
1 r .
f H'.I F i
CE I L] |' T b1 '|
5 LY h II' |
. \ 7 .
. b " e

Figure (iv). Figure (v).




26.1 Tangent(s) to a Circle:
Theorem 26.1: If a line is drawn perpendicular to a radial segment of a circle at its outer end
point, it is tangent to the circle at that point.

Given: 3 .
g |
A circle with centre O and radius . AB is drawn perpendicular on ,
_ PAEN -
radial segment OP, i.e. AB_L OP at its outer end point P. | [y # '
To prove:
AB is tangent to given circle at P only. -\
Construction: P i
Draw OQ, where Q is any other point on AB except P. :
Proof:
Statements
In right AOPQ, mZ0OPQ=90° AB L OP
But, mZOQP <90° , other angles are acute
So,  mOQ >mOP ¢ has greater side opposite.

Theorem 26.2:

Hence, Q lies outside the circle.

>
All points on AB except P lie outsi

circle.
Only point of contact of cirfle as ABis

H .
P. So, ABis tangent to ¢

is any other point except P
(construction),

By definition of tangent.

* Q.E.D.
to a circle and the radial segment joining the point of contact and

Construction:
R <>
Draw OQ, where Q is any point on AB other than P.

210

.




Proof:

Statements Reasons
Q lies outside the circle.

<>
Q is any other point on AB except P.
So,  mOQ>mOP=r (1) OP is radial segment.

Distance from the centre of all points on | ;0P = ;- and Q is any point on AB

<>
AB except P exceed r. So, all points except P. (construction).
except P lie outside the circle.

The short(eg linef:gment from O toany | From (i) for any Q on AB excH
point on AB is OP.
So, mZOPQ=90° and, OP L AB | All other angles are aef

Q.E.D.

Note 1:
Theorems 26.1 and 26.2 highlight relationship b@ngent to a circle and the

corresponding radial segment at the point of tangency.
Note 2:

Theorem 26.1 is a converse of Theorem 26.2 \and wice-versa.
Corollary 1:

The line drawn at right angle to a ta; ofi@ circle at its point of tangency passes through
the centre of the circle.

Corollary 2:

The triangle formed by centre ircle, point of tangency and any other point on the
tangent is a right-angled triangle.

Corollary 3:

Only one tangent cat be Qr
Example 1:
Show that t

n to a circle at a given point on its boundary.

elogram circumscribing a circle is a thombus.
Given:

Construction: ] \
AB,BC,CDand AD are tangent to circle at P, Q, R and S, | )
respectively. Draw OS,0A and OP. "\




Statements Reasons
In AOSA < OPA
0S= OP Radial segments of same circle.
m/OSA =90° = m/OPA Tangent perpendicular to radial segment
OA = OA Common side of triangles.
= AOSA = AOPA HS=HS
and  mAS = mAP (i) | Corresponding sides of congruentff;As .
AOPB=AOQB By same process
Similarly,  mBQ = mBP (i) | Corresponding sides of congrignt Qs .
AOQC = AORC By same process
mQC=mRC (@ii) | Corresponding side t As.
AORD = AOSD By same process
. mD_S_= mD_R_ __ (@v) | CorrespondingfSidgs ofe0ngruent As.
Now, mAS+mBQ+mQC+mDS Adding (1)-@)
= mAP +mBP+ mRC +mDR
or  (mAS+mDS)+(mBQ+mQC)
R . - mng
= (mAP+mBP)+(mRC+mDR)
or mAD+mBC = mAB+mCD rom figure
YmBC=2mAB = mAB = i y definition of parallelogram (given)
mAB = mBC = mCD Using (vi) and the given.
So, ||" ABCD is a thombus.
Q.E.D.

Example 2: Find th
away from the c
Solution: Letggen

offthe tangent segment to a circle of radius 5cm from a point 13cm
circle. -

of the circle is O. The point of tangency is P.

tangent at a distance of 13cm from the centre h

as shown gure. From Figure, we have: | Kl _'1"

m, m&Q:lScmandesz:? o
Using agoras’ theorem:

(mO—Q)z :(m@)z 4_(m%)z x L I1_-'Ill'| : ‘II
(13) =(5) +(x) \o

169=25+x" or x*=169-25=144

mPQ = x =144 = 12cm.




Example 3:

Two concentric circles have radii 5cm and 3cm, respectively. Find the length of the
tangent segment to smaller circle from the points on larger circle. Also find the length of chord
of the larger circle which touches smaller circle.

Solution:

Two concentric circle of given radii are shown in the figure

with common centre O. mOA =3cm and mOP =5cm. =
We first need to find mAP and #AQ, i.e. length of tangent

segment to smaller circle from points P and Q of larger circle. | I
Using Pythagoras’ theorem, we have: {

(mOP)' =(mOA) +(mAP) \
25=9+(mAP)

o] QO
= (mAP) =16 or  mAP=4cm @
But, the radial segment OA bisects the chord PQ, so: \

mAP = mm = m@ =4cm
Finally, we need length of chord PQ of large@v i
is: mﬁ =mAP+ mm =8cm.

EX

ch touches smaller circle, which

26.1

1. Show that a triangle circumscrib e is an equilateral triangle.

2. Show that a rectangle circumscribifig a circle must be a square.

3. The diameters of two conc cles are 10cm and Scm, respectively. Find length of the
tangent segment to th&ygmalle®eircle to a point on it touching outer circle. Also find length
of chord of outer hiéh touches inner circle.

4. The length of

segment from a point at a distance of Scm from centre of the circle
etef;, circumference and area of the circle?

tangent segment to a circle of radius 7cm from a point at a distance of
centre of circle

m centre of the circle of radius 3cm, a tangent segment of length 10cm can be




Theorem 26.3: The two tangents, drawn to a circle from a
point outside it, are equal in length.

. S e . K,
Given: PA and PB are tangents to the circle at A and B from , «
a point P outside it. | |
To prove: PA=PB. b 4
Construction: Draw OA,OB and OP. P
Proof: r
Statements Reasons
—— : :
OA | PA and mZOAP = 90° Tangent is perpendicular to
segment
— H . .
Similarly, OB L PB and m/OBP =90° | Tangentis perpendi
segment
In right triangles AOAP <> AOBP
OP =~ OP Common si

OA =~ OB Radial same circles
AOAP = AOBP H.
PA=PB ing sides of congruent As.

Note 1:

D.
Theorem 26.3 demonstrates thz@ ngents to a circle intersecting at a point outside

the circle must be equal in length.

Corollary 1:

The two tangents drawg to &ircle from an external point subtend congruent angles at
the centre.
Corollary 2:

Two parallel fang@nts tg 4 circle do not intersect at the same point outside it.
Note 2: A

If a tang secant to a circle intersect outside a circle " "
as shown in dghjacent figure, then the square of the length of the SR
tangent cquals the product of the lengths of the secant _ ,
segment a ternal portion, i.e. ( 0 J e
( DB)(mBC) or  F=se b
Note 3:

If two secants intersect outside a circle as shown in the ‘b q
adjacent figure, then product of the lengths of one secant segment r-""‘ = Sy ol -
and its external portion equals the product of the lengths of other | - I| .,.'- >
secant segment and its external portion, i.e. — :r';‘“' =

(AE ()~ (D) o nse O




Example 1:
Prove that the tangents drawn at the ends of a diameter of a circle are parallel.

Given:

A circle centred at O. AB and CD are tangent at end ¢ *
points P and Q of the diameter, respectively.

To prove:
> <>
AB||CD
Construction:
Draw CP,DP,AQ and BQ.
Proof:
Statements
mZAPO =90° = m/BPO A(_)B 1L OP
mZCQO=90° =m ZDQO D 100
mZCPQ=m/BQP (i) | Alternatin
and mZAQP =m/ZQPD (ii) Altern
> <> )
AB| CD 8@1

Q
Example 2:
Prove that the two direct commog entsito two circles are equal in length.

Given: =, "i-
AB and CD are directcojmm nts to circles with I' l"‘]
centres O and P. 0 §
To prove: _1___,,.*
mAB=mCD v ey
Construction: )
to intersect at a point, say Q " 0
Reasons
(@) Tangents drawn from point Q outside O.
(i) Tangents drawn from point Q outside P.
mAQ—mBQ = mCQ—mDQ Subtracting (ii) from (i).
mAB =mCD Using figure.

Q.E.D.




Example 3:
Find unknown length x in the following figures:

@ _ (b) -
Qs ~ = o
f e i
a7 <) J - -
5N / [ a7 -
T Il. 0{# ]
= H (1] )

-
II

Solution:
(a). Tangents PQ and PR meet at point P outside the circle, so they m@ueﬁ in length,

i.e. mPQ= mPR. Therefor, x=3cm.
(b).  The tangent AB meets the secant DC at point B outsidegthe ci o we have:

(m@)2 :(mﬁ) (m87C) (or) ¥’ =12x3= ¥ =36 = x ¢

(¢). Two secants AB and ED of circle intersect at it, so we have:

(mAC)x(mBC)=(mEC)x(mCD) (or) (x+8)x 8@ 6=>8x+64=96

Finally, 8x=96—64 =8x=32=x=4cm.
:SEE 26.2
tt

1. Show that the tangents drawn a nds of a chord in a circle make equal angles with the

chord.
2. Show that if two tangent§ to a\gircle are parallel, then the points of tangency are the end

points of a diameter o .
3. Show that if two tangents to a circle are not parallel, then the points of tangency are end

points of a cho: circle.
4. Find unkn the following.
(b) © (d)
= .-T- —, o - i . WA
Ir o | Iy O _;“ ¥ i « 2 | ] _I
WA ' u -‘- b il o= - u‘- |_| + A E _I ] |_
(© ® (2 (h)
1_,_‘_!'.'-.}:_. ] = , .“ 1|._ __ k) i P i L _m T
[ L | | I' ti - 1 3 A |k g
£ W o i [




5. Find unknown x in the following.

(a) (b)
:_ ‘,;_ rl._,".'.-"—\-\._\_
B
N a {L fi
(d) (©

equal to the sum of their radii.
Given: Circles with centres O and O’ havin

respectively, touching each other externally at p

To prove: mOO =r+r'

Construction: Draw a common ta t through B of both
circles. ¥
Proof: '
Statement Reasons
OB_L A(_)C so mZQBCR90% (1) | Tangent is perpendicular to radial
segment.
—~— H .o
OBLAC O'BC=90° (i1) | Tangent is perpendicular to radial
segment.
OBC=18(° (iii) | Adding (i) and (ii).
5 d O' are collinear, and B lies From (i), (i1) and (iii)
between Oand O .
mOB+ mOB = mOO' By definition.
or mOO =r+7 mOB=r and mO'B =/".

Q.E.D.



Theorem 26.4: Case (B): If two circles touch internally, the distance between their centres is

equal to the difference of their radii.
Given:

Circles with centres O and O’ with radii » and 7', respectively,
touching each other internally at B.
To prove:

mOO =r—r
Construction:

Draw a common tangent AC through B of both circles.
Proof:

Statements ReagfNoN
OB L AC so mZ/OBC=9(° (i | Tangent is perpe
segment
SN .
OB L AC so mZ/O'BC=90° (i) | Tangent s p
segmen
mZ0BC=m/OBC=9(° (iif) !

0, O' and B are collinear, and O’ lies s ii) and (iii).
between O and B,

mOO0 +mO'B=mOB i\l
or mOO = mOB-mOB=r, From (iv), and mOB = r-, mO'B =7".

Corollary 1:
If distance between cetftres @f'two circles is sum (difference) of their radii, then circles
touch externally (internally
Corollary 2:

If the distancgbetWeengentres of two circles is not equal to the sum or difference of their
radii, then circles do h each other.
Example 1.

s touch in pair externally, then the perimeter of a triangle formed by joining
their centgBs to twice the sum of their radii.

. . .o . "-'_\_\"'-L
circles with centres A, B, C and radii 7,7, 75, ,,a"'f-_x"‘\ ;o :
respectively, touch in pairs externally at points P, Q and R. J A llI
To prove: f/ L - / /
Perimeter of AABC = 2(1’] +7,+ }’3). \ S 0 \ IH_;-*';
Construction: L __,ﬁ-_\'“-.ll
Construct AB,BC and AC through P, Q and R, — L K.

respectively, to form AABC. —




Proof:

Statements Reasons
mAB = mAP +mBP (i) P lies between A and B.
mBC =mBQ 4mCQ (i1) Q lies between B and C.
mAC = mAR +mCR (iii) R lies between A and C.
mAB+mBC +mAC Adding (i), (ii) and (iii)

= mAP+mBP+mBQ+ mCQ+mAR+mCR

mAB+mBC+ mAC Re-arranging
:(mﬁ+m§)+(mﬁ+mﬁ)+(m@+mc_R) 0 <

B+ mBC+mAC=(r 1)+ 1 1) ()
=2K+2r,+2r,=2(r,+1,+1)
So, Perimeter of AABC = 2( FAT, R )

Q.E.
Example 2:
The radii of two intersecting circles are 10c and cmh. If the length of their common

chord is 6cm, what is the distance between their, ntr
Solution:
Consider circles with centres O a radii 10cm and SCm respectlvely as shown

in the figure. From figure, we have: %
mOA = 10cm, mOA = 8cm, mAB 00’ = ; ’:"".

m = . | j
| o=t |
,th? m we have: | I/
L 8 T
=100-9 = \91cm. " P

The two transverse common tangents to the two circles e A
are equal in length. ; b D
Given: ABand CD are two internal (transverse) common | iy .:| I.I: |: & "u
tangents to circles with centres O and O’, respectively. \ N
To prove: mAB=mCD S——Ff g




Construction: Tangents AB and CD intersect at point P.

Proof:
Statements Reasons
mAP = mCP (i) Tangents from a point outside circle.
mBP = mDP (ii) Tangents from a point outside circle.
mAP+mBP =mCP+mDP (iiiy | Adding (i) and (i)
— mAB = mCD From (iii) and figure.
Q.E.D.
Example 4:

L 2
Two circles touch each other externally, and the length of segmentYeining their centres
is 7cm. If radius of one is 3cm, what is area of other circle?

Solution: Q
Two circles touch externally, so:
Length of segment joining centres =7 +7, \
7=3+r, = r,=T-3=4cm.
Now, area of second circle =7, =7 (4)2 =16mc

=16 (22 jcm2 =50.28 ’ ximately).
7

E 26.3

1. If length of the segment joining cCafres of two circles is the sum of their radii, show that

the circles touch externally.
2. If perimeter of the triangle witlj vertices at the centres of three circles is equal to the sum
of their diameters, sho three circles touch in pairs externally.

3. two congruent circles touching externally is 12cm, find their
4 angents to the given circle from a point P outside as indicated in the
e unknown angle.
(b)
4
P oy 4 T
|". 1 i ;. .'.. b
I { ] % - I __.ll 'l -
I'. “)Hll"" Wl \ 0 | "
L ¢ v: - "*__.f'-
— D =

5. Show that if two circles touch externally, then the point of contact lies on the segment
joining their centres.




6. If two chords in a circle of radius 2.5¢cm are 3.9cm apart, and length of a chord is 1.4cm,
then find the length of the other chord.

7. If three circles touch in pairs externally and radii of two circles are 4cm and Scm, then find
the radius of the third circle if the triangle formed through their centres has perimeter of

35¢cm.

Review Exercise 26 < |:
1. Tick the correct answer.

1. If a point is outside the circle then from this point we can draw tang@at(sp to the
circle.
(b) two (c) three

(a) one (d) none
ii. Angle between the radial segment and tangent at its outer en

(a) 45° (b) 60° (c) 90° (d) 120°
iii. In the adjacent figure, circles with centres E and C . b s

(a) touch internally ~ (b) touch externally \ 15T Jt-.

(c) do not touch (d) are congruent Ll fl'"? LAl kAR,
iv.  In the adjacent figure, circles with centres B an ave r " pe ] o

point(s) of contact.

L1
- a
(a) no (b) one m"" i1,
(c) two (d) none of thege o :
V. In adjacent figure, circles with cen @ and Chave  point(s) of contact.

(a) no

Nl r

(c) two x
vi.  Inthe adjacent figure, =

(a) tangent - A

(c) chord
vii.  Inthe adjacent CBE 1s

(a) tangent b) secant e

(c) chord (d) none of these C ===
Viil. figure, the point of tangency is . -

(b) B (c)C (d D
iX. awn at end points of a diameter of a circle are to each other
llel  (b) perpendicular (c) intersecting (d) both (b) and (c)

X. maximum number of common tangents between two circles touching internally is

()0 (b) 1 (c)2 (d)3
Xi. The maximum number of common tangents between two circles touching externally is

(2) 0 (b) 1 (©) 2 )3
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SUMMARY

A straight line intersecting a circle at two points is a secant to the circle. There are
points of contact between a secant and the circle.
A tangent segment is a line segment from the point of tangency to any other poj
tangent.
The triangle formed by joining the centre of circle, the point of tangency ang.a
point on tangent line is always a right angled triangle.
When two circles touch internally or externally, they share a comm@g tan, ﬁ)etween
them and the common point of contact.
@ external (direct)
The lengths of two direct common tangents to two circlgs
The lengths of two transverse common tangents to N
Only one tangent can be drawn to a circle at a poigt o
The tangent to a circle and the radial seg
are perpendicular to each other.
The two tangents drawn to a circle

Two circles not touching each other can also have common
and internal (transverse) common tangents.

If a line is drawn perpendicular to a radial seg a citcle at its outer end point, it is
tangent to the circle at that point.

If two circles touch externally, th€

their radii.

A straight line touching a circle at only one point is a tangent to the circle, and the
common point is called point of tangency or point of contact.

enf§yoinigg the point of contact and the centre

oint outside it are equal in length.
stanc® between their centres is equal to the sum of

v

If two circles touch internally,
of their radii.

ance between their centres is equal to the difference




CHORDS
AND ARCS

o Weightage = 5%
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Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:
» Understand the following theorems along with their corollaries and apply them to golve a p’oblems,
< Iftwo arcs of a circle (or of congruent circles) are congruent, then the correspondin®ghord§ are equal.
< g arCs (minor,major,

If two chords of a circle (or of congruent circles) are equal, then their corrg$
semi-circular) are congruent.
< Equal chords of a circle (or of congruent circles) subtend equal anglegfat thgce (at the corresponding
centres).
<+ If the angles subtended by the two chords of a circle (or con, N at the centre (corresponding
centres) are equal, the chords are equal.




Introduction:
In this unit, we discuss the theorems related to chords and arcs of a circle.

Theorem 27. 1 1]
If two arcs of a circle (or congruent circles) are congruent P G
then the corresponding chords arc equal. rd »
We shall prove the theorem: £ - E
i. For one circle J :
ii. For two congruent circles 8 |:. 0

i For one circle
Given: A circle with center O whose AB and CD arc congruent
arcsie. AB = CD.

AB and CD are the corresponding chords of the given
congruent arcs.

To prove: AB=CD
Construction: Join the points O with A,B,C and D.
Proof:

Statement eason
In AOAB <> OCD
OA=0C Rad§ of salne circle
OB=O0OD ii 0Fame circle
mLl=mL2 tral angles of two congruent arcs
AOAB=0OCD .S postulate

AB ~CD Corresponding sides of congruent triangles
ii. For two congruent girgles E -

Given: Two congruent

Oand O respectively. agdC/]\) are congruent | |
arcs of these ciggles AB and CD are the "
corresponding chi

To prove: A
Constru
Proo

in O to A and B. Join O to C and D.

Statement Reason
In OAB <> AO'CD
OA=0OC Radii of same circle
OB=0OD Radii of same circle
mLl=m/2 Central angles of two congruent arcs
AOAB = AO'CD S.A.S postulate
AB =CD Corresponding sides of two congruent triangle




Theorem 27.2 (Converse of theorem 1)
If two chords of a circle (or of congruent circles) — —

are equal, then their corresponding arcs (minor, major,

semi-circle) are congruent. " i f "

Given: Two congruent circles with center O and O | ' |

respectively having two congruent arcs i.e., AC=PR.

To prove: AC= PR
Construction: Join O with A and C, O' with P and R. < )

Proof:

Statement Reason
In AAOC & APOR

OA=O'P Radii of congruent c
OC=O0OR Radii of congruent g1 Q
AC =~ mPR Given

AOAC=APOR S.S.S=S.S

mZAOC=m/POR (i) es of congruent As.

Hence
Q.
Example 1:
A point P on the circumference of, le §§ equidistant from the 9
radial segments OA and OB. Prove that =mBP
Solution: f \
Given: AB is the chord of a gircle§with center O. Point P on the II 0 II
circumference of the circle idistant from the radial segment | T !
OA and OB. i.e. mPR = APS X : : /
To prove: mA/l\’sz ¢ " "
Construction: Joi . Write m/1 and m/2 as shown in the r
figure.
Proof:
Statement Reason
In ngle AOPR <> AOPS
mOP = mOP Common
mPR = mPS
AOPR = AOPS H.S=H.S

So msl=ms2 1) Corresponding angles of congruent As

- AP ~BP From (i)

Hence mAP = mBP By definition of congruent arcs




Theorem 27.3
Equal chords of a circle (or of congruent circles) subtend equal angles at the center

(at the corresponding centers). L
We shall prove theorem: A

i) For one circle ii) For two circles / K
i) For one circle i .
Given: Circle with centre O, having two congruent chords i.., | O
AB=PR.

To prove: m/AOB=m/POR
Construction: Join O with A and B and also O with P and R.
Proof:

Statement
AB =~ PR @) Given
OB=OR (ii)
and OA=OP (iif)
AAOB= APOR
m/AOB = m/POB
Q.E.D
ii) For two congruent circles
Given:
Two congruent circles with cente nh® \ /

respectively  so  that  mAC —@ re A 'y
AC and PR are the chords of circl % .. / ;

To prove: V e ol Fri————ia
m/AOC = m/POf l\ | 5

Construction:
Take a point &c BR and join S to P and O’ such that ZAOC = /PO'S.
Proof:

ement Reason
Let =m/POR
Bu =m/PO'S Construction
AC =PS (i) Arcs subtended by equal central angles
of congruent circles
. mAC =mPS (i1) From theorem (1)
But mAC=mPR (iii) Given
5 mPR =mPS Using (ii) and (iii)
Which is only possible, if R concides Because P is common point
with S.
= mZAOC = m/POR Our supposition is working




Corollary 1:
In congruent circles or in same circle, if central angles are equal then corresponding
sectors are equal.
Corollary 2:
In congruent circles or in same circle, arcs will subtend unequal central angles for unequal
chords.
Example 1:
Prove that the internal bisector of a central angle in a circle
bisects the corresponding arc.

Given: A circle with center O. OP is an internal bisector of central angle
AOB. i.e. L1= /2

To prove: AP=PB &
Construction: Draw AP and BP, then write /1 and /2 a\@.
corresponding angles of AP and BP respectively. -
Proof:

Statement

In AOAP <> AOBP

mOA = mOB

mLl=m/2

and mOP = nOP i

AOAP = AOBP A postulate
Hence AP =~ BP orresponding sides of congruent As
— AP = BP Arcs corresponding to equal chords in a circle.




Example 2:

Prove that in a circle, if two diameters are perpendicular to each other then the lines
joining their ends form a square.
Given:

Given PR and QS are two perpendicular diameters of a

circle with center O. So PQRS is a quadrilateral. Naming £1,/2, I
IF
/3,/4,/5 and Z6 as shown in figure.

To prove:
PQRS is a square-

Proof:

Statement

PR and Q_S are two perpendicular diameters

of a circle with center O.
mA=ms2=m/3=mL4=90°

Arcs Bpposite to the equal central
s in a circle

mPQ = mQR = mRS = mSP 1)

mPQ=mQR = mRS=mSP (il ords corresponding to equal arcs.

In right A POS,

mPO = nOS (iii) PO and OS are radii of circle
APOS is right isosgeles, friangle From (iii)

ms5=45° APOS is right isosceles, triangle
Similarly, APOQ is %ight ‘s celes triangle | By the above process
mZ6 =4 (v)
Moreove
m. /5+mZ6 Angle addition postulate
=45°+45° By using (iv) and (v)

/P =90° (vi)
rly, m£Q=msZR = m£S=90° (vii) | By the above process

PQRS is a square Using eq (i), (vi) and (vii)
Q.E.D




Theorem 27.4
If the angles subtended by two chords of a circle (or T

congruent circles) at the centres (corresponding centres) are equal, A X
the chord are equal. X
(a) For one circle [ T "II
Given: |I oy |
Circle with centre O, having chords PR and AB. The angles 'L. @
substended by both arcs are congruent i.e. /POR = ZAOB. LY N
To prove: mAB= nPR ANT— 2
Construction: Join O with P and R, and also with A and B. L vl
L 2
Proof:
Statement Reas
OR = OB (1) Radius of same cir;
and OP=OA (ii) Radii of same ci

/POR = ZAOB (ii1) | Given (\

APQR = AAOB (POstulate)

ABZ= PR side of congruent triangles

(b) For two congruent circles
Given:

Two congruent circles with_cen
and O'with ACand PR are

Subtending equal angles gat§ cenfge i.e. f \ )
ZAOC= /POR. '.;-__—_-*,' - i
To prove: mAC = m?“ * (1] [
Proof:
tatement Reason
In AO'PR
Radii of congruent circles
OC=z= /PO'R Given
OC=OR Radii of congruent circle
AOAC=AOPR S.A.S postulate
Hence mAC = nPR Corresponding sides of congruent As

Q.E.D




EXERCISE 27.1

1. In a circle prove that the arcs between two parallel and equal chords or equal.

2. Prove that in equal circles, equal central angles have equal arcs.

3. In the following figure, O is the centre of the circle. Find -
the value of x and y. 3 '

4. In the following figure mZPQR =35° and m£PRQ=31°.

Find m/ QPR and mZ/OQR. Q’ —N
i} |

\ ' ’
5. In the figure O is the center of cirdle, gi%that Iy LY
mZAOB=120° and m/BCD=_85°. Find D | i

I . i "

6. In the following figure, AB 1§ diameter of the circle given
that m/DAB =30° ACD e

|
|
% - :II:

\ i
2 ' .
REVIEW EXERCISE 27 S

1. Multipl oxge Question:
j cO®Prect option.
a circle subtends, a central angle of 60° . Then the chord and the radial segment

(b) Perpendicular (c) Congruent (d) Incongruent
ii. An arc subtends a central angle of 45° then the corresponding chords will subtend a central
angle of ?
(a) 15° (b) 30° (c) 45° (d) 60°

iii. A pair of chords of a circle subtending two congruent central angle are.
(a) Perpemdicular (b) Non congruent  (c) Congruent (d) None of these




iv. The arcs opposite to congruent central angles of a circle are always.

(a) Parallel (b) Congruent (c) Perpendicular (d) None of these
v. A 6cm long chord subtends a central angle of 60°. The radial segment of this circle is
(a) 4cm (b) 6cm (c) Scm (d) 8cm
vi. The chord length of a circle subtending a central angle of 180° is always
(a) equal to the radial segment O
(b) less than radial segment C
(c) double of radial segment

(d) half of the radial segment.
viii. The length of a chord and the radial segment of a circle are congruent, @trﬁ angle
made by the chord will be:
(a) 60° (b) 75° (c) 90°
ix. Out of two congruent arcs of a circle, if one arc makes a

other arc will subtend the central angle:

(a) 60° (b) 90° (c) 75° \ (d) 30°
x. Diameter divides the circle into parts.
(a) Two (b) Three (@

SU
The circles are congruent of their ra@ 1.
Equal chords of circle subtend e ngles at the centre.
The straight line joining any OWsof the circumference is called a chord of the circle.
The portion of a circle b n arc and a chord is known as the segment of a circle.
The boundary traced ly a mOging point in a circle is called its circumference.

An portion of the eiggumferénce of a circle is called an arc of the circle.
A straight line the centre of a circle bisecting a chord is perpendicular to the

YVVVYYYVYYVY

awn from the centre of a circle on a chord, it bisect the chord.

vV
= >
=)
a
.3

ircle(or of congruent circles) are congruent, then the corresponding chords

> 1 hords of a circle (or of congruent circles) are equal, then their corresponding arcs
(minor, major, semi circular) are congruent.

» Equal chords of a circle (or of congruent circles) subtend equal angles at the centre (at the
corresponding centres).

» If the angle subtended by two chords of a circle (or congruent circles) at the centre
(corresponding centres) are equal, the chords are equal.




ANGLES IN A
SEGMENT OF
A CIRCLE

 Weightage = 5%
Students Learning Outcomes (SLOs)

After completing this unit, students will be able to: ¢
» Understand the following theorems along with theircorollaries and apply the; ed problems.
» The measure of a central angle of a minor arc of a circle is double t c@le subtended by the
corresponding major arc.
| » Any two angles in the same segments of a circleare equal.
» The angle

+** In a semi-circle is a right angle,
J

%* In a segment greater than the semi-circle is less than@right an@le, (i.e., an acute angle)

¢+ In a segment less than a semi-circle is greater than
The opposite angles of any quadrilateral inscrib

ight apgle, (i.e., an obtuse angle)




28.1

Angle in a segment of a circle

We have already studied most of the terms related to circle like chord, minor arc and
major arc etc.

Now, we have to define some more terms in order to understand the theorems related to

the angle in a segment of a circle.

Definitions:

i.

ii.

jii.

iv.

allied problems.

Sector of a circle:

A sector of a circle is the part of circular region bounded
by two radial segments and the arc which they intercept.

In the given figure, AOB is a sector of the given circle,
with centre O.

Segment of a circle:

A segment of a circle is the part of circular region bounded
by an arc and its chord.

A segment is called major segment if its arc is major atg.
Similarly, a segment is called minor segment if its arc i
minor arc. In the adjacent figure, ACB is a minor
and ADB is a major segment.

Angle in a segment of circle:

An angle in a segment of a circle is the w ich is
subtended by the chord of the segm t @fpoint other
than the end points on the arc of the

In the adjacent figure, LACBis_an le in the minor
segment ACB.

Whereas ZADBiis an angle i the fajor segment ADB. 2
Note:
Angle in a segment of'@ circlels also known as inscribed angle of the arc of the segment or

simply angle subte the arc

Central an

A central an n arc of a circle is the angle subtended
by the a centre of the circle.

Int e, Z/AOBis the central angle of the arc AB.

Understand the following theorems along with their corollaries and apply them to solve



Theorem 28.1

The measure of a central angle of a minor arc of a circle is double that of the angle

subtended by the corresponding major arc.
OR

The central angle of a minor arc is double in measure of the inscribed angle of t
corresponding major arc.
Given:

In a circle with centre O, ZAOB is the central angle of
minor arc AB.
ZACB is the angle subtended by corresponding major arc ACB.
To prove:

mZAOB=2m/ACB

Construction:

Draw CO and produce it to point D of the circle.
Proof:

Statements
In AAOC, OA =OC Radial seg same circle
mZOAC= nZOCA ...(i) gles site to congruent sides
Now
m/AOD = m/OAC+m/OCA ior angle is sum of opposite
mterior angles of a triangle.

=2m/OCA ..(ii) sing eq:(i)
Similarly
m£BOD =2m/0CB {.(iil By same process
Now
m/AOB=m/ A BOD Angle addition postulate

=2 #2 mOCB Using (ii) and (iii)

A+ m/OCB) Taking 2 common
m/ A CB Angle addition postulate
Q.E.D
Cqrol

asure of a central angle of a major arc is double that of the inscribed angle of the
corresponding minor arc.
Corollary 2:
Measure of the central angle of a semi-circle is double that of the inscribed angle of the
corresponding semi-circle.




Example 1:
In the adjacent figure, point O is the centre of the circle. Find j("f
the value of x if mZAOB=80° and m/OBC=25° i

i
g s, o
Solution: In the figure, ZAOB is the central angle of AB and / '-,“'",. /

ZACBis inscribed angle of corresponding ACB
Central angle of ABis double of the inscribed angle of the

corresponding ACB.
m/AOB =2m/ACB

ie. 80° =2ms/ACB
= mZACB = 40°

As we know that the sum of all angles around a point is 360° .

So,
80° + y = 360°
= y=280°
In quadrilateral AOBC

x+y+25°+msACB=360°
= X+ 280° + 25° + 40° = 360°
o1 X+ 345° = 360°
= x=15°
Theorem 28.2

Any two angles in the same seg cle are equal.
Given: ZAPBand ZAQB are th 0

les in the same segment

APQB of circle with centre O.
To prove: mZAPB=m/A

Construction: Join O wit

v

andWB so that ZAOBis the central angle of ACB.

Reasons

Proof: <
Z/AOBis the e of ACB
/APB and / e the angles in the
same segnign
Now

=2m/APB
Also

m/ AOB = 2m / AQB
2m/ APB = 2m/AQB
m/ APB =m/AQB

Construction
Given

Central angle of major arc is double of
inscribed angle of corresponding minor arc.

By same process
By transitive property
Dividing both sides by 2

Corollary 1: Any two angles in a major segment are equal.




Example: r
In the adjacent figure, ZP and ZQ are the two angles in the

sy g
same segment APQB of circle with centre O. Find the value of x or ' " -'«,"
mZABQ where the measures of angles are indicated in the figure. | g ]
Solution: \ LA ¥

ZP and ZQ are the angles on the same segment "X il
ms£Q=msLP e
ie.  m£LQ=50° ( mLP = 50°) < ’

In AABQ,
mLA+mZQ+x=180°

i.e. 30°+50° +x =180° 0
= x=100° @

EXERCISE 28.1

1. In figure 1, point O is the centre of the ci % ,
Find x where m/C = 3(°. f . _|

s | .'l
nf
? =
2. In figure 2, point O is the ¢entreVof the circle.
Find x wherem/Q =5
L 2
3. Infi O is the centre of the circle. f '“ ! |
Find %+ 1/vhen m/D=230°. I'r,. |y a ,l
i el ¥

(T LT 1 £| L.
Ry
g
4. The inscribed angles of two congruent major arcs of two congruent circles are congruent.
Prove it.

5. Prove that the inscribed angles of major arc and its corresponding minor arc in a circle
are supplementary.




Theorem 28.3 (a)

The angle in a semi-circle is a right angle. C
OR
The angle inscribed in a semi-circle is right angle.
Given: A 0
In a circle with centre O, ZAOB is the central angle of

semi-circle ADB.
ZACB is the inscribed angle of corresponding semi-circle.
To prove:  ZACBis a right angle.

Proof:
Statements Reasop
mZAOB=18(° (i) Central angle of semi-@
Now m/AOB=2m/ACB Central angle of sgfhi gi
inscribed angl egponding semi-circle

= 2m/ACB=18(° Using eq: (i) ﬁ\

or mZACB=90 Dividing 13gs by 2

ie. ZACBis right angle By f right angle

Q.E.D

Theorem 28.3 (b)

The angle in a segment greater tha sefi-circle is less than a right angle.
OR{ } C
The angle inscribed in a maj isagute.
Given: %
In a circle with centr% is the angle in the segment

ACB greater than semi-cirgle

/AQOB is the central a
To prove: /AL
Proof:

< . .
corresponding minor segment AB.
acute angle.

tatements Reasons
ms 8 (i) Central angle of minor arc
N
AOB=2m/ACB Central angle of minor arc is double of
inscribed angle of corresponding major arc.
=  2m/ACB<18(° Using eq: (i)
or m/ACB<IF Dividing both sides by 2

ie.  ZACBis an acute angle By definition of acute angle.



Theorem 28.3 (¢)
The angle in a segment less than a semi-circle is greater than a right angle.
OR

. . . . . I
The angle inscribed in a minor arc is obtuse. i,

Given:

In a circle with centre O, ZACB is the inscribed angle of f )
minor arc AB. | ﬂ O

ZAOB is the central angle of corresponding major arc ADB.
To prove: ZACBis obtuse.

Proof:
Statements
mZAOB >180° (1) Central angle of major
Now
m/AOB=2m/ACB Central angle
inscribed an ponding minor arc.

= 2m/ACB > 18(0° Using eq

or m/ ACB > 9(0° Dividi ides by 2

ie. ZACBis obtuse By iffon of obtuse angle.

Q.E.
Example:
In figure 1, Point O is the centre of ¢. Find x and y

where m/BCO=30°. AC and BD ar, 1s.
Solution:

BD is diameter
£BCD is inscribed anpgle‘\efsethi-circle
Hence m/BCD =

= x+30°=90°
= x=60° *

A_C 1s diameter

Figure 1

ibed angle of semi-circle

m/CBA +y =180° c
30°+90° + y = 180°
y=60° D \

So

=

Inscribed Quadrilateral or Cyclic Quadrilateral:
A quadrilateral is called inscribed quadrilateral or
cyclic quadrilateral if all of its vertices lie on the same circle. /

==

In the figure, ABCD is a cyclic quadrilateral.

238

—




Theorem 28.4

The opposite angles of any quadrilateral inscribed in a circle are supplementary.

Given: PQRS is a quadrilateral inscribed in a circle with center O.

To prove:
mZQ+m/S =180°

and  mLP+m/R=180°

Construction:

Draw OP and OR so that /POR or Zxis central angle
of PR and Zy is central angle of corresponding PQR.

Proof:

Statements

ZSor Za is inscribed angle of PR

—

Zy1s central angle of corresponding POR.
mly =2msa

=3 mla:%méy...(i)

Now -
ZQ or £b is inscribed angle of PQR.

Zx is central angle of corresponding PR
So, msx= 2msb

ie. msb= —mlx 11 v
Now

.

By definition
Construction

Reasons
Central angle of

jgpfarc ;double of
inscribed an ex onding minor arc.
Dividing gt y 2
dgn

ction

Contral angle of minor arc is double of
inscribed angle of corresponding major arc.

Dividing both sides by 2

Adding eq: (i) and eq: (ii)
1

Taking > common

Sum of all angles around a point is 360°.

Za=/Sand £b=/ZQ

By same process

Q.E.D

mZa+msb= —mé —Nw L
msy)
1.8 +msb =180°
or m£Q+m«S =180°
Similarly
m£P+ms/R=180°
Corollary:

A parallelogram inscribed in a circle is rectangle.




Example: C

In given figure, point O is the centre of the circle. CE is its B
X

diameter and ABCD is cyclic quadrilateral. Find x if mZODE =35°.

Solution: D 0
ZCDE is inscribed angle of semi-circle 35°

' mZCDE =90°

ie. 35°+msZADC=90°

= mZADC = 55°

Now
In cyclic quadrilateral ABCD *
x+msZADC =180°

= x+55°=180° Q

= x =180°-55°

= x=125°

EXERCISE \2\ -
i .|r._‘= _Jl'l | _th
) I
1. In figure 1, O is the centre of t le, |:, o2 “:#l

whereas AC is its diameter Fin

Figure 2

3. In a circle, 7x—1is the measure of inscribed angle of a minor arc of a circle. Find x
where xelR.

4. Prove that a rhombus inscribed in a circle is a square.

5. Prove that the exterior angle of a cyclic quadrilateral is equal to the interior opposite
angle.




Review Exercise 28

1. Tick the correct option.
i.  Inscribed angle of --------- is obtuse.
(a) minor arc (b)  major arc (c) semi-circle  (d) all of these
i, =mmmmeme- is the circular region bounded by arc and its chord
(a) Sector (b) Segment
(c) Major arc (d) Circumference
iii. If 2x is the measure of inscribed angle of minor arc then the central afigle
corresponding major arc is --------- .
(@) x (b) 2x (©) 3x (d) 4x
iv. If2xand 60° are the measures of inscribed angles of same segment then Mg -4----.
(a) 120° (b) 60° (c) 20° 3
v.  The inscribed angle of minor arc of circle i§ ------------ angle.
(a) acute (b) obtuse
(c) right (d) reflex
vi. The inscribed angle of major arc of circle is ------------
(a) acute (b) obtuse K
(c) right (d) reflex
vii. Sum of opposite angles of cyclic quadrilater R .
(a 9 (b) 180° (@7 (d) 360°
viii. A parallelogram inscribed in a circle is - .
(a) Kkite (b) trape
(c) rectangle (d)
ix. The central angle of an arc is ----= cribed angle of corresponding arc.
(a) less ( ater
(c) less or equal (@ reater or equal
x.  The sum of central anglesl of alljthe arcs of a circle is ----------- .
(a 9 (b) (c) 360° (d) 1000°
SUMMARY
» The circular regio nded by an arc and two radial segments is called sector.
» The circula bounded by an arc and its chord is called a segment.
» Angle i of circle is also known as inscribed angle of the segment.
> d by an arc at the centre of circle is called the central angle.
> | angle of minor (or major) arc is double than inscribed angle of the

VVVYVYYVY

nding major (or minor) arc respectively.

Any two angles in the same segment of a circle are equal.

The angle inscribed in semi-circle is right angle.

The angle inscribed in major arc is acute.

The angle inscribed in minor arc is obtuse.

All the vertices of a cyclic quadrilateral are on the same circle.
The opposite angles of cyclic quadrilateral are supplementary.




PRACTICAL
GEOMETRY -
cl RcLEs * Weightage = 6%

Students Learning Outcomes (SLOs)

After completing this unit, students will be able to:

» Locate the centre of a given circle » Draw a tangent to a gi circ fro’m a
» Draw a circle passing through three given point P, when P lie
non-collinear points. R i
> Complete the circle: *
% By finding the centre, > Draw two t
< Without finding the centre, when a part of cach other
its circumference is given. » Draw
»  Circumscribe a circle about a given triangle. o
» Inscribe a circle in a given triangle.
> Escribe a circle to a given triangle. & nsverse common tangent or
> Circumscribe an equilateral triangle nternaltangent to two equal circles,
about agiven circle. ‘faW )
» Inscribe an equilateral triangle in a give % Direct common tangent or external
triangle. = tangent,
R ” . . i « Transverse common tangent or
» Inscribe an equilateral triangle in a

internaltangent to two unequal

circle .
circles,

»  Circumscribe a square abo ven cifcle.
N . i » Draw a tangent to
»  Circumscribe a regular hexagotilabout a N -

givencircle « To unequal touching circles,
N . : : : : * Two un equal intersecting circles
> Inscribe a regular hékagoRin a%iven circle. 2 q g ’
> arc, without » Draw a circle which touches

a given point P, % Both the arms of a given angle,

« Two converging lines and passes
through agiven point between

them,

Three converging lines.




Introduction:

We know that Practical Geometry is an important branch of Geometry which is used in
architecture, computer graphics, art etc. We have already learnt to construct angles, triangles,
rectangle, pentagon etc in previous classes. Let us learn the construction of circles and related
figures.

29.1 Construction of circles:
We know that a circle can easily be drawn by using compass when its centre and ra @
are given. In this section we will also learn to draw circles when centre and radius are Q i

29.1(i) Locate the centre of a given circle:
In order to locate the centre of a given circle, we will use the fact that the right%biggetors

of two non-parallel chords of a circle always intersect each other at the centr&Nf the circle.

Method of locating the centre of a given circle is explained with the helpyof thg following

example.

Example: Locate the centre of given circle as shown *q

in the figure.

Given: A circle

Required: To locate the centre of the given circle.

Steps of Construction:

(1) Draw two non-parallel chords g §
AB and CD of the given circle. < at '

(i)  Draw the right bisector (P_Q) of the

-h

J— % .F' -
AB.
e . . H e~

(iii)  Draw the right bisector )g CD

(iv)  Both the right bisectors Y intersect each other at point O.
The point O is the ce e given circle.

29.1(ii) Draw a circle pas h three given non-collinear points.
In order togdraw @circle passing through three given non-collinear points, we

will first locate the ce
Example: Draw a circl

then draw the circle as explained in the following example.
g through three non-collinear point P, Q and R

Given: Three non- points P, Q and R. R
Required: To circle which passes through P, . 3
QandR. -
Steps of CoRstrifetion: i
i any three non-collinear points P, Q 4 - |
nd R | i |
(i1) Draw PQ and QR : !

(_) —
(iii)  Draw the right bisector AB of PQ

* E]
F [=

PARN -
(iv)  Draw the right bisector CD of QR —

<> <>
(v)  Both right bisectors ABand CD intersect each other at point O which is the centre
of the required circle.




(vi)

29.1(iii)

With O as centre and radius equal to mOP or m@ or mOR , draw a circle.

This circle is the required circle.
Complete the Circle:

e By finding the centre.
¢ Without finding the centre.
When a part of its circumference is given.
(a) Completion of circle by finding the centre when a part of its circumference_is'§
We can complete a circle when a part of its circumference or an arc is givefi by finding
its centre with the help of its any three non-collinear points. The method is'explaified in
the following example.

Example: Complete a circle whose arc AB is given by finding the centr *
Given: A part of circumference or an arc AB is given. . A
Required: To complete a circle whose arc is given. i
Steps of Construction: . -
(1) Draw the arc AB
(i)  Take a point C on AB other than A and B. \ -
(i)  Draw AC and BC. )
(iv)  Draw the right bisector PQ of AC - .
(v)  Draw the right bisector XY of BC o G
<> e
(vi)  Both PQ and XY interest each ot int O which is the centre of the circle.
(vii)  With point O as centre andz#dius eqbal to mAO or mOB or mOC ,

wrcle. .
le of the given arc AB.

draw the remaining part of

Thus we have a co 5

(b) Completion of a circle witholgflinding the centre when a part of its circumference is

given.

We can comple
of regular polygon.
angles which are con

RS congruent to PQ | \Y

a cirele without finding the centre when an arc is given with the help
aw gegular polygon with the help of either exterior angles or interior
The method is explained with the help of the following example.

(iii) Draw exterior /S congruent to ZR and draw ST 1k

congruent to % . s
(iv) By the same way, we get point S, T, U and V




(v)  So we get a regular heptagon PQRSTUV

(vi) Draw dotted arcs of RS, ST, TU, UV and VP

These dotted arcs complete the circle.

EXERCISE: 29.1
1. Draw a circle with the help of a circular object. Locate its centre.

2. Take three non-collinear points X, Y, Z and draw a circle which passes through th
points.

3. Draw a minor arc AB by a circular object. Complete the circle by finding the centr
4. Draw a major arc ABC by a circular object. Complete the circle by finding the cenfge.

5. Draw a minor arc AB by a circular object. Complete the circle without findingthe ¢ f
9.

29.2  Circles attached to polygons: *
Recall that polygon is a three or more sided closed figure for exa Jtsiangle,
quadrilateral, pentagon, hexagon etc.
The circles attached to polygons are those circles which eithgf p ugh all the
vertices of the polygon or touch the sides of the polygon.
29.2 (i)Circumscribe a circle about a given triangle: E

there is circumcircle of A ABC with centre O called .
circumcentre.

Circumcircle of a triangle:
A circle which passes through all the three ve 0
triangle is called circumcircle of the triangle. In theggiven re,
ich i |
[ g

o

Example: Draw the circumcirgle of AABC in which mAB= 6cm, mBC= 5cm and
mAC= 7cm.

Given: A triangle ABC wh‘i mAB = 6cm, O
mBC= 5cm and mAC e £
Required: To dra circle of A ABC. "
Steps of Const s
(1) A ABC with (il)le help of given data. o i
(ii) right bisector PQ of AB b i al e
<—> _
(14 the right bisector XY of AC
. . . H H . §
(iv) oth the right bisectors PQand XY intersect each - M
other at point O. "
Y &

v) With O as centre and radius equal to mOA or mOB -

or mOC, draw a circle which passes through A, B
and C. J
This is the required circumcircle of A ABC.




29.2(ii) Inscribe a circle in a given triangle: L=
Inscribed circle or Incircle of a triangle:
A circle which touches all the sides of a triangle is called - \
incircle or inscribed circle of the triangle. In the adjacent figure, there is | 1|
an incircle of AABC with centre O which is called the incentre A . @

Example: Draw an inscribed circle of AABC in which mAB = 7em, ~
mZ/B =60° and mBC =6 cm

Given: A triangle ABC with mAB = 7cm, m/B=60° and mBC = 6cm
Required: To draw an inscribed circle of AABC b

Steps of Construction: "'D
(1) Construct a AABC with the help of given data.

(i)  Draw the internal bisector AX of ZA

—
(iii)  Draw the internal bisector BY of /B Q .
(iv)  Both the internal bisectors AX and BY 1nter8\

each other at point O. -
(v)  Draw perpendlcular OP on ABfrom me '_aur..‘
intersects AB at point L A Tem | L
(vi)  With point O as centre and radius eq + "
draw a circle which touches all s1des of r
AABC.
This circle is the requi ibed circle.

29.2(iii) Escribe a circle to a givegtriaNgle

Escribed Circle or Exgirc

A circle which touches one Side of a triangle externally
and the two produced si ally is called an escribed

circle or excircle of the fiangle? Vol N
In the given th&e is an escribed circle of AABC cf \
opposite to vert ith Centre I, , which is called excentre. ! I J
Simi and I; are excenters of excircles of ‘H —_— -
to vertices B and C respectively.
Exa ‘\Draw an escribed circle opposite to vertex A of AABC where mAB = 5cm,

and mZB = 60°

Given: A triangle ABC in which mAB = 5cm, mZA=30° and mZB = 6(°

Required: To draw an escribed circle opposite to vertex A of AABC.
Steps of Construction.
(i)  Construct a AABC with the help of g1ven data.

(i1) Produce AC beyond C and produce AB beyond B making two exterior angles BCE
and CBF respectively.




(iii) Draw the internal bisector AX of ZA. o

(iv) Draw the internal bisector BY of /CBF. L
— —
(v) Both bisectors AX and BY intersect each "D -
other at point I e A -
. ) — — gl X
(vi) Draw a perpendicular 1Z on AF from I _ | o
which cuts AF at point K. HI:[}' T

P x :h i
(vii) With I as centre and radius equal tomIK , Y Al —r - = < ]f’ -

draw a circle which touches BC externally {

— — tE
and AE and AF internally. ! .
This is the required escribed circle of AABC opposite to vertex A

29.2(iv) Circumscribe an equilateral triangle about a given circle.

We will draw an equilateral triangle which circumscribes
the fact that if a circle is divided into three congruent arcs and t
division will be the sides of the equilateral triangle cir
method is explained in the following example.

circle by using
wn at the points of

Example: Draw a circle of radius 3cm with centre at afd circumscribe an equilateral
triangle about this circle. N
Given: A circle of radius 3cm with centre at point O ;U

Required: To circumscribe an equilateral trian
the given circle. 5
Steps of Construction: B

(i) Draw a circle of radius 3cm e at point O. II_-'"FF ™ 2
(i) Divide the circle into three gofigrifent arcs A/B, R (’ e T ’.l
= —~ . o - 0= O
BC , and AC by div I angle into three = . ~0) . Yem
congruent angles. - L_I".L J ;
(iii) Draw tangents ints» A,B and C by making :'\-. ’ v
right angles ints L
(iv) rsect each other at points P, Q
and R 4P
R1s the required equilateral triangle. y "
29. ribe an equilateral triangle in a given triangle
know that an equilateral triangle is said to C
be inscribed in a given triangle if all the vertices of the '
equilateral triangle lie on different sides of the given Re—0

triangle. In the adjacent figure, APQR is the equilateral
triangle inscribed in the given A ABC.




Example: Draw an equilateral triangle inscribed in a AABC where mAB

mBC = 5cm and mAC=7cm.

Given: A triangle ABC in which mAB =4cm, mBC=5cm and mAC =7cm.

Required: To draw an equilateral triangle inscribed in A ABC.
Steps of Construction:
(i) Construct A ABC with given data.
(ii) Draw the internal bisector BD of /B which is the
suitable angle (usually the largest angle)
’ g
(iii) The internal bisector BD intersects AC at point E
(iv) At point E, draw two angles BEP and BEQ each of
measure 30°
(v) EP and EQ intersect BC and AB at points F and G
respectively.
(vi) Draw FG
Now EFG is the required inscribed equilateral tri
29.2(vi) Inscribe an equilateral triangle in a givenggir,

Inscribed equilateral triangle in a circle
An equilateral triangle is called inscribed @a triangle

in a circle if the circle passes through its all th

with centre O.

Example: Draw an inscribe
Given: A circle of radiug 3cm and with centre at point O.

Required: To draw @minScrif®d equilateral triangle of the
given circle.
Steps of Constrigtio

(iii) Braw AC, AE and CE

Now AEC is the required inscribed equilateral
triangle of the given circle.

ces. In the
adjacent figure ABC is an inscribed equila iangle of circle

4cm,

eral triangle of a circle with centre at O and radius of 3cm




EXERCISE: 29.2
1. Construct the A ABC and draw its circumcircle in each case.

(i) mAB = 5.5cm, mAC = 6cm and mZA = 50°
(i1) mAB = 6cm, mBC = 4.5cm and mAC = Scm

2.  Construct the APQR and draw its incircle in each case
(1) mPQ = 5cm, mQR = 6.5cm and mRP = 5.5cm O

(ii) mPQ = 6cm, mZP = 60 and m£Q = 50°
3.  Construct the AXYZ and draw its escribed circle opposite to £ Y in each cas

(i) mXY =4.5cm, mYZ = 5cm and m2Y = 30°
(i) mXY = 5.5cm, mYZ = 6cm and mXZ = 2.5cm
4. Draw a circle of radius 3.5cm with centre at point O and circ e an equilateral

triangle about this circle.
5.  Draw an equilateral triangle inscribed in A PQR where
mPQ = 4.5cm, mQR = 5.5cm and mPR = 8cm.
is'$, 8cm with centre O.

6.  Draw an inscribed equilateral triangle of a circle with ral
29.2(vii): Circumscribe a square about a give cl
Before going to circumscribe or inscribe a {gquarefor hexagon or any other polygon
about or in the given circle respectively. We@must the following theorem regarding
regular polygons attached to the circles.

If the circumference of a circle be d Tato n equal arcs then
(i) the points of division are the vert1 egular n-gon inscribed in the circle.

(i1) the tangents drawn to the ci? ese points will be the sides of a regular n-gon

2

circumscribing about the gircl
It means if we have

cribe or inscribe a square, regular pentagon, regular

following example

Example: Cir square about a circle whose A i
radius is 3.5 tre at point O. - 3 C lH .
radius 3.5cm and centre at point O. = W (=
construct a square which circumscribes the !":'* " I
4 1|
Step of coMtruction: .1.?I Y A B Y 1!‘!
(i) With point O as centre, draw a circle of radius | om0 RSem f
3.5cm. \ | /|
— S
(ii)) Draw a diameter AB.
(iii) Draw another diameter CD which is perpendicular = it 5= 4 a -

tOE. [ !




(iv) Draw tangents at points A,B,C and D.
(v) These tangents intersect each other at point P,Q,R and S.
Now PQRS is the required square which circumscribes about the given circle.
Let us learn how to inscribe a square in a given circle with the help of the following

example.

Example: Construct a square inscribed in the circle whose radius is 3cm and centre at poji
Given: A circle with radius 3cm and centre at C. s O
Required: To construct a square inscribed in the given circle. e
Step of construction: Fi @ 1

(i) With C as centre , draw a circle of radius 3cm i . 1

(ii))  Draw a diameter PR [ . >ﬁ| (e ]

a

(iii)  Draw a diameter QS which is perpendicular to PR
(iv)  Given circle has been divided into four equal parts atQ

point P,Q,R and S - '
(v)  Draw PQ, QR, RS and SP. Now PQRS is the regu —
inscribed square in the given circle. \
nabo

29.2(viii) circumscribe a regular hexagon abouta g e:
The method of circumscribing a regular h 0 ut a given circle is explained with
the help of the following example.
Example: Circumscribe a regular hexagon abeut a‘@uel€ of radius 4cm with centre at point O.
Given: A circle of radius 4cm with centre at
Required: To construct a regular hexa hieh circumscribes the given circle.
Steps of construction: .
(1) With O as centre draw a €% adius 4cm e L | W
(ii)  Take any point A on the . i
(iii) ' L. i+
i s, o
| o [F "
(iv) A sm oL
™) L ;
P S SEE N
TU is the required regular hexagon Uy Ay
irctiascribing the given circle.
29.2 cribe a regular hexagon in a given circle:

he method of inscribing a regular hexagon is explained with the help of the following
example:
Example: Construct a regular hexagon inscribed in a circle of radius 4.5 cm and centre at point
0.
Given: A circle of radius 4.5cm and with centre at point O.
Required: To construct a regular hexagon which inscribes the given circle.




Steps of construction: Gl W
(1) With centre at point O, draw a circle of radius o i5em Ny

4.5cm e 'i;.!

(i)  Take any point A on the circle. / - i

(iii)  Starting with point A and radius equal to mAO
or 4.5cm draw arcs to divide the given circle in 1".'

six equal parts at points A ,B, C, D, E and F I". ?ﬂ

(iv) Draw AB, BC, CD, DE, EF and AF X
Now ABCDEF is the required regular hexagon 48
which is inscribed in the given circle. -

EXERCISE 29.3
Circumscribe a square about a circle of radius 4.2 cm and with ce

Inscribe a square in a circle of radius 3.6 cm with centre at poin
Circumscribe a regular hexagon about a circle of radius 4.8 cpf with ¢ at point O.
n

Inscribe a regular hexagon in a circle of radius 4.4 cm wit] atgpoint C
Inscribe a regular pentagon in a circle of radius 4.3 cm
(Hint: Draw five congruent angles at centre)

29.3 Tangents to a circle
Recall that tangent to a circle is a line wliich togcRes the circle at a single point.

Tangent and radial segment of a circle are always pegpendicular to each other at the point of
contact
29.3 (i) Draw a tangent to a given arc yy#Rouilising the centre through a given point P
when P is

e The middle point of the

e At the end of the arc.

e Qutside the arc
Casel. When P is the middle the arc

The method of drawing tangent to a given arc without using the centre through a point
P which is middle poin arc , is explained with the help of the following example.

Example: Take a . Draw tangent to the arc AB through the middle point P of AB

Al =

i

Eiz) Draw the chord AB

(iii)) Draw the right bisector <X—Y> of AB which cuts the arc at point P.

(iv) At point P, draw a perpendicular (% on ﬁ |
Thus C<_l>) is the required tangent X

251

o




Case2. When P is at the end of the arc

The method of drawing tangent to an arc without using centre through an end point P of
the arc is explained with the help of the following example
Example: Take an arc PAB

Draw a tangent to the PAB through its end-point P without using centre.

Given: Point P is the end point of PAB .
Required: To draw a tangent to PAB at the end point P without ’
using centre.
Steps of Construction:

(i) Draw a PAB with radius and centre of your choice *

(i) Draw chord AP
—> —_—
(iii) Draw a perpendicular AX on PA at point A which cuts the Q

given arc at point Q. e "
(iv) Draw PQ which is the diameter of the arc l i
H —_—
(v) At point P draw a perpendicular CD on PQ \
_)
Now CD is the required tangent.
Case 3. When P is outside the arc
The method of drawing tangent to
without using centre is e/)ﬂ)lained with the help
Example: Take an arc AB

Draw a tangent to the arc AB
outside the arc without usi

an ar eh point P which is outside the arc
g, following example.

Given: A point P outside an ar - ' [\

Required: To draw a tan AB from the point P
without using centre
Steps of Constructi

(i) Draw an

(i) Take side the AB
(i) D ich cuts the given arc at point C. I
(iv) . Draw right bisector ST of AP which cuts AP at

=
o
=
)
ot
o
(@]
e
—
=
&
el

draw a semi-circle
<< —_—
(vi) Draw a perpendicular CF on AP at point C which cuts the semi-circle at point D.

(vii) With P as centre and radius equal to mPD, draw an arc which cuts AB at point Q.
H
(viii) Draw PQ

_> . .
Now PQ is the required tangent.




29.3 (ii) Draw a tangent to a given circle from a point P, when P lies
e On the circumference
e  Outside the circle
Casel. When point P is on the circumference
The method of drawing a tangent to a given circle from a point P when P lies on the
circumference is explained with the help of the following example.
Example: Draw a circle of radius 3.4cm with centre at O. O
Draw tangent to the circle at a point P of its circumference.
Given: A circle of radius 3.4cm with centre at point O and a
point P on it circumference
Required: To draw a tangent to the circle at point P.
Steps of Construction:
(1)  With point O as centre, draw a circle of radius 3.4cm
(ii) Take a point P on its circumference
(iii) Draw OP
(iv) At point P, draw a perpendicular A<_1)3 on OP \
Now A—I)B is the required tangent.
Case2. When point P is outside the circle
The method of drawing a tangent tofa given €ircle from a point P which lies
outside the circle is explained with the help of the fo ing example.
Example: Draw a circle of radius 3cm with cen “@J Draw a tangent to the circle from a point
P outside the circle.
Given: A circle with centre O and radius@ Also a point P outside the circle

Required: To draw a tangent to the gigcle frf@m point P outside it ,
Steps of Construction: _ 1;. 3
(1)  With O as centre, draw a gircle @f radius 3cm =4

(i) Take point P outside thi
(iii) Draw OP e | em
(iv) Draw the right b XY of OP which cuts it at point A.

(v) With A as &n d radius equal to mAO, draw a semi-
circle w ts the given circle at point Q |

(vi) Dra

is the required tangent
29.3 aw two tangents to a circle meeting each other at a given angle:
— —

Consider a circle with centre O. PS and PT are two tangents to —d
the circle where ZP is the angle be_tv)veen the tangents. L

Here m/PSO=90°( OS L PS)

and m/ PTO=90° ( OT L PT)
Now, in quadrilateral PSOT 4




mZP+mZPSO+mZO+mZPTO=360°
mZP +90° + mZ0O+90° = 360° Le,
= msLP+mZ0 =180°

= |m£0=180°— m/P|
i.e, the central angle of circle joining the points of contact is supplement of the as

between the tangents
Using this fact, we will draw two tangents to a circle meeting each other st a\g
& 1d

angle. The method is explained with the help of the following example.
Example: Draw two tangents to a circle of radius 3.6cm and centre at point O ting’ each
other at angle of measure 60°
Given: A circle with centre O and radius of 3.6cm
whereas angle between the tangents is 60°
Required: To draw two tangents to the given
circle meeting each other at angle of 60° r
Steps of Construction:

(1)  With centre O, draw a circle of radius 3.6cm

(i) Take a point A on the circle and join it with O

(iii) Draw LAgC of 120° (i.e 180°—60°=1 b
such that OC cuts the given circle at poin

(iv) Draw perpendicular A_>_]>) on OA at p

(v) Draw perpendicular BE on OB i
(vi) Both AD and BE intersect ea point P
Thus AP and BP are the r&m gents such that m/P=60°
EXERCISE 29.4
1. Take a minor arc Ii(\) D ent to I;a through its midpoint A without using centre.

2. Take a major arc PQR. ]2r a tangent to lg(_Q\R through its endpoint Q without using
centre.

. Draw a tangent to XY through point Z which is outside arc without

radius 2.9cm with centre C. Draw a tangent to the circle from a point P of

circle of radius 3.2cm with centre P. Draw tangent to the circle from a point Q

is at a distance of 8cm from P.

6. Draw two tangents to a circle of radius 3.3cm with centre C meeting each other at an angle
of measure (i) 50° (ii) 63°

29.3(iv) Draw
e Direct common tangents or external tangents.
e Transverse common tangents or internal tangents to two equal circles.
(a) Drawing of direct common tangents or external tangents to two equal circles




Direct Common Tangent:
A common tangent is called direct common

=

. cp- — 0
tangent or external tangent to two circles if it does not i _ = ——
intersect the line segment joining the centres of the ' }
two given circles. i T

<>
In the figure, PQ is a direct common tangent
to two circles with centres at A and B. —
<> _—
Note thatPQ does not intersect AB. The method of drawing direct common tangefits to gvo

equal circles is explained by the following example.
Example: Draw two direct common tangents to two equal circles with centres oints A and

B and having radius 3cm each such that mAB = 8cm

Given: Two equal circles of radius 3cm each and centres at poi such that

mAB=8cm i

Required: To draw two direct common [:,'I'-

tangents to the given circles " P b
b

Steps of Construction:
(i) Draw AB of 8cm {

|
(i) Draw two equal circles, each of radius | , im ! Ram | 3o (P |
3cm at points A and B. i )
=
i [}
T

(iii) Draw perpendicular E)’ on ABat poin
A which cuts the circle at points P

(iv) Draw perpendicular EF on AB
B which cuts the other circle

<> <>
(v) Draw PQ and ST
<> <>
Now PQ and ST are
(b) Drawing of transverse common tangents or internal tangents to two equal circles
Transverse C Tengent:

A commongtangen called transverse common tangent or internal tangent to two
circles if it interse ine segment joining the centres of the two given circles.

oints Q and T

direct common tangents to the given circles.

In the figure,

Note that rsects AB. The method of drawing transverse common tangents to two
equal c explained with the help of the following example.

ot ¥
] I| i .'I

i i .|

transverse common tangent to two given circles with centres A and B.

_,_
-




Example: Draw two transverse common tangents to two equal circles each of radius 2.8cm

with centres at points A and B whereas mAB =7.8cm

Method 1
Given:
Two circles each of radius 2.8cm with . % ! .
centres at A and B where mAB=7.8cm M
Required: “f
To draw two transverse common
tangents to the given circles 2hem |
Steps of Construction: | 5 |
(i)  Draw AB of 7.8cm ! ..-"I' \
(i) At points A and B , draw two 5 P
circles each of radius 2.8cm o N
(iii)  Draw the right bisector of AB ' i "
which meets it at point O.
(iv)  Draw a right bisector of OB meeting it at point
(v)  With P as centre and radius equal to mQR Ndfaw ¥ circle which cuts the circle of
centre B at points T and Y.
(vi)  Draw BT and BY
(vii) Draw AZ BY and AS BT usin ares.
(viii) Draw ST and YZ.

<«—> <>
Now ST and YZ are eqited transverse common tangents.
thod-2
Given: Two circles each ofg&us 2.8cm with centres at A and B such that mAB = 7.8cm

Required: To draw twotranswerse common tangents to the given circles

Steps of Construction:

v)
(vi)

- 2

Draw . ¥

At poi d B, draw two circles ;

eac 1us 2.8cm 4 x
ABat O and draw a circle of Mg

e

ius equal to mAO with centre O. |
B as centre and radius equal to g

.6cm (double of 2.8cm), draw a circle ;

which cuts the previous circle of centre .
O at points L. and M.

Draw BL and BM which cut the

smaller circle with centre B at points T and Y respectively.

Draw AS BT and AZ BY by using set squares.




<> <
(vii) Draw ST and YZ.
<> >
Now ST and YZ are the required transverse common tangents.

29.3(v) Draw

e Direct common tangents or external tangents.

e Transverse common tangents or internal tangents to two unequal circles.

(a) Drawing of direct common tangents or external tangents to two unequal circle

Following example is suitable for learning the method of drawing direct commogtange

to two unequal circles
Example: Draw direct common tangents to the given circles of radius 3.4cm and, 2. 1cntyvhere
distance between their centres is 7.5 cm.

Method 1

L 4
Given: Two circles with centres A and B having radii 3.4 cm and 2.1 @ pectively such that
mAB="7.5cm

Required: To draw direct common tangents to the given circles.

Steps of Construction: \
(i) Draw AB of 7.5cm
(i1) With centres A and B , draw two
circles of radii 3.4 cm and 2.lcm O r 1

respectively. _

(iii) Bisect AB at point O and draw a v " -_ ‘
circle of radius equal to mAO fli 12k | iy Liem|
centre O. & Wi i i D T §

(iv) With centre A of larger circl AU Ft .
circle of radiu " —t
(i.e. 3.4—2.1=1.3) ich cufs the == T

previous circle at pgints dD.

(v) Draw AC and e it to intersect ‘
the given congenfiiceircle at point Q

ce it to intersect the given concentric circle at point T

(vii) Dra nd BS AT by using set squares
<>
(viii) Dra d ST
<> <> . .
PQ and ST are the required direct common tangents.
Method 2 - a
Given: Two circles with centres, A and B and i
having radii 3.4cm and 2.1 cm respectively such i -r"l-
that mAB=7.5¢cm ' £ P P =
Required: To draw direct common tangents to -5

the given circles.




Steps of Construction:

(i) Draw AB of 7.5cm.
(i) Draw circles of radii 3.4cm and 2.1cm at points A and B respectively.

(iii) Take a point C on circle with centre A and draw AC.

(iv) Draw BD lAC using set squares.

(v) Draw CD and produce it beyond D. O

(vi) Produce AB to intersect CD at point M.

(vii) With M as centre and radius equal to mMB, draw an arc which cuts the ciréle off€entre
B at points P and Q. 4

(viii) Draw MP and produce it to meet other circle at S.
(ix) Draw M_Q and produce it to meet the other circle at point T.
Now @ and <T_>Q are the required direct common tangep#f tq t en circles.
(b) Drawing of transverse common tangents or intgr tapents to two unequal
circles. \
We explain the method of drawing transverse @t
by the following example.

Example: Draw the transverse common tangents‘ , -

gents to two unequal circles

to two circles with centres A and B, also h
radii 3.1cm and 1.9cm such that the dist - .
between their centres is 7.6cm & . uil i
Given: Two circles with centres A an mg » . ra
radii 3.Icm and 1.9cm re ivel and | | /5 [ i

— | Lk Tiemi ;.;I.I wai -“,..‘_“ |
mAB =7.6cm | | e |
Required: To draw transve n tangents ' BN f
to two given circles. A ™
Steps of Constructiqi: . | . .

(i) Draw A

(i) ' adii 3.1cm and 1.9cm at - |

B respectively
(iii) at point O and draw a circle of radius equal to mOA with centre O.

centre A (centre of bigger circle) and radius of 5 cm (i.e,3.1cm+1.9cm=5cm),
aw a circle which cuts the previous circle at points P and Q.

(iv)

(v) Draw AP which cuts the given larger circle at point S.

(vi) Draw A_Q which cuts the given larger circle at point L.
(vii) Draw BM E and BT AP .
(viii) Draw ST and LM .

<> >

Now ST and LM are the required transverse common tangents.




29.3(vi) Draw a tangent to
e Two unequal touching circles
e Two unequal intersecting circles
(a) Drawing of a tangent to two unequal touching circles
There are two cases
Case 1: when circles touch internally.
The method is explained by the following example
Example: Draw a tangent to two unequal circles of radii

3cm and 2cm with centres A and B respectively whereas b
circles touch internally. r -~
Given: Two circles with centres A and B having / ..*"f
radii 3cm and 2cm respectively which touch [ f
internally. ( |I
Required: To draw a tangent to these two circles ,

Steps of Construction: '-,_
(i) With centre at point A, draw larger circle of

radius 3cm \ -
(ii)) Take any point P on the circle and draw AP e

(i) Take a point B on AP at a distance of 2cm ffom
point P
(iv) With B as centre and radius of 2cm d citcle which touches the larger circle at

point P

(v) Draw a perpendicular <S—>T on AR f contact P

Now ST is the required tan
Case 2: When circles touch extgrna
The method is explained in t

[¢]
Ei
=
=
(¢}

Given: Two circl
with centres at
each other exte

Steps of C [ £fm pl 2 |
(i) ntre A, draw a circle of radius R — Tk '
(i1) a point P on the circle.

(iii) Draw AP and produce it to point B 13
such that mPB=2.2cm .

(iv) With P as centre and radius of 2.2cm, draw a circle which touches first circle at point P
<> —
(v) Draw a perpendicular ST on AP at point of contact P

2. .
Now ST is the required tangent.




(b) Drawing of a tangent to two unequal intersecting circles.
The method is explained with the help of the following example
Example: Draw a tangent to two unequal interesting + '
circles of radii 4cm and 2cm with centres A and B e

respectively such that mAB=5.5cm ’ e

Given: Two unequal intersecting circles of radii 4cm - "j';-' L AT -4
and 2cm with centre A and B respectively such that | {

¥\

—= {5.50m
mAB=5.5cm | | Af =l _
Required: To draw a tangent to both the circles _ LN d .'"-..‘ ' '

- a ’

Steps of Construction: \ -

(i) Draw AB of 5.5cm.
(i1) Draw circles of radii 4cm and 2cm with centres
A and B respectively. L

(iii) With centre A (centre of larger circle), draw a circle of radius 2ciyflcm — 2cm = 2cm)

(iv) Bisect AB at point O. With O as centre and radius N O, draw a circle which
cuts the smaller circle of centre A at point C and D.

(vi) Draw E | AP using set squares.

.. >
(vii) Draw PQ
. .
Now PQ is the required tangent.

29.3(vii) Draw a circle which touc

e Both the arms of a given
e Two converging lines gnd ing through a given point between them

e Three converging lk
(a) Drawing a circlg whicltouches both the arms of a given angle.
We explain the m&thodyof’ drawing a circle which touches both the arms of given angle
in the followi ple
Example: Draw 8¢ which touches both the arms of an angle ABC of measure 30°

(v) Draw AC and produce it to meet the larger C 1c circle of centre A at point P.

Given: An a C of measure 30° T
Require aw'a circle which touches both the
arms Qf thajangle o .
St truction . | "
(i) w an ZABC of 30° * il il
—> B i
(i) Draw the internal bisector BD of ZABC " "
H
(iii) Take any point P on BD o

— =
(iv) From point P, draw a prependiculer PQ on BA which cuts it at point E

(v) With P as centre and radius equal to mPE, draw a circle which touches g& and B_(E
This circle is the required circle.




(b) Drawing a circle which touches two converging lines and passing through a given
point between them. - I
Converging Lines: E

Two or more lines which get closer and e
closer to each other and finally meet at a point, are
said to be converging lines, In the adjacent figure,
two lines AB and CD are converging lines and

they finally meet at a point P.

Example: Draw a circle which passes through a point P between the conver@es

L L]

-
- &

AB and CD and touch both the lines.

-

Given: Two converging lines AB and CD. . *
And a point P between them e . 2 o
Required: To draw a circle which passes !.: . ’

through point P and touches both the given = o
converging lines.
Steps of Construction:

5 ..E! 4
I A B
] = -
(i) Draw two converging lines AB and == - \ 3 .« = ' '*--I-_
CD which meet at point E. A " d
(i1) Take any point P between these lines. O .

(ii1) Draw the internal bisg;[or ﬁ of ZE.

(iv) Take any point G onEF . W

(v) From point G, draw a perpendicula EC meeting it at point M

(vi) With G as centre and radius eq , draw a circle which touches both the

converging lines.
H
(vii) Draw EP which cuts this i&pnm N.
(viii) Draw NG . Also draw )

— —
(ix) PQ cuts EF at poitat O.
(x) With O a centr

touches the

adftis equal to mOP, draw a circle which passes through P and

verging lines.

T e required circle.
(c)Dgwi ircle which touches three converging lines
Drawi ircle which touches three converging lines in a plane is not possible.
HoweveQiis\possible in space which is beyond the scope of this book.
EXERCISE 29.5
1. Draw two equal circles each of radius 3.3cm with centres at points A and B such that

mAB = 7.8cm.
(a) Draw direct common tangents to these circles.
(b) Draw transverse common tangents to these circles.




P Draw two unequal circles of radii 3.3cm and 2.1cm with centres, A and B respectively

such that mAB=8cm.
(a) Draw direct common tangents to these circles.
(b) Draw transverse common tangents to these circles.

3. Draw a tangent to two unequal circles of radii 3.8cm and 2.2cm with centres A a
respectively whereas
(1) circle touch internally
(i)  circles touch externally < ’
(iii)  circles intersect each other and mAB=5.6cm.

4. Draw a circle which touches both the arms of an angle of measure Py
(1) 35° (i)  40°

5. Draw a circle which passes through a point M which lies be
PQ and ST such that the circle also touches both the line
REVIEW EXERCISE 29, @

Tick the correct option
(1) Right bisectors of non-parallel __ intergect e ‘eentre of the circle.
(a) Radial segments (b) Chords (c) Ta tS¥ (d) none of these

(11) circles can pass through a sihgle pgi

(a) One (b) Two T (d) Infinite
(i) circles can pass through n-collinear points.

(a) One (b) Two c)Whree (d) Infinite
(iv),.  angles of regular ¢ equal in measure.

(a) Interior  (b) Exterior aand b (d) none of these
(v) Each interior angle of regular isequalto .

(a) 90° (b) 108° (c) 120° (d) 135°
(vi)A circle which touches es of triangle is called

(bNincircle  (c) excircle  (d) tricircle
es 8ne side of triangle externally and two produced sides internally

(a) circumcircle

(vii) A circle whic
is called

(a) exci

circumcircle (c) incircle  (d) tricircle

(viii) The ce inscribed circle is called
e (b) incentre (c) centroid (d) orthocentre
(ix) ectors of sides of a triangle intersect each otherat
ntre  (b) excentre (c) centroid (d) circumcentre
(x) Th&point of intersection of internal bisectors of angles of a triangle is called
(a) excentre (b) circum centre (c) centroid  (d) incentre

(x1)If a regular hexagon is inscribed in a circle then length of each side of hexagon
_ radius of the circle
(a) < (b) > (c)= (d) <
(xii) Angle between tangent and radial segment at the point of contact is
(a) right (b) obtuse (c) acute (d) reflex




(xiii) The central angle of circle joining the points of contact of tangents is L of
the angle between the tangents

(a) complement (b) supplement (c) square  (d) cube
(xiv) ______common tangents do not intersect the line segment joining the centres of
the circle
(a) internal (b) transverse (c) direct (d) vertical
(xv) Direct common tangents of two equal circles are

(a) intersecting (b) coincident (c) equal (d) parallel
xv) common tangents of two equal circles intersect at the midpoingof t
line segment joining the centres of the circles
(a) direct (b) transverse (c) external  (d) parall
(xvii)If two circles of radii Scm and 2cm touch each other externally

between their centers is

(a) 5cm (b) 10cm (c) 3cm
(xviil) If two circles of radii Scm and 2cm touch each other 1nt the distance
between their centres is
) cm

(a) Scm (b) 10cm (c) 3cm
(xix) Two or more converging lines always intersect eac -
(a) single point (b) two ppints
(c) more than one point (d) nonetef the
(xx) Three or more sided closed figure is call -
(a) pentagon (b) hexagon h8pfagon (d) polygon
S ARY
» Centre of a circle can be located ing the right bisectors of two non-parallel chords

which meet each other at he entr
» From three non-collinear
» A circle can be compfgted
of regular polygon
» Circumcircle

=aPunique circle can be drawn.
out finding the centre when an arc is given with the help

2

s through all the vertices of a polygon.
ays touches all the sides of the triangle.
gle touches one side of a triangle externally and two produced sides

YV
[o—
=
()
=
@,
(¢)
o
=
2]

line which touches circle at a single point
Iways cuts the circle at two points.

Tangent to a circle is always perpendicular to the radial segment at the point of contact.
Only one tangent can be drawn to a circle from a point of its circumference.

Only two tangents to a circle can be drawn from a point outside the circle.

The central angle of a circle joining the points of contact is supplement of the angle
between the tangents.

» Ifaline is tangent to more than one circle, it is called common tangent.

YVVVVYVYVYY




Direct common tangents do not intersect the line segment joining the centres of the two
given circles.

Transverse common tangents always intersect the line segment joining the centres of the
two given circles.

If two circles touch each other externally then the distance between their centers is

sum of their radii.

If two circles touch each other internally then the distance between their centersj
to the difference of their radii.

Converging lines get closer and closer to each other and finally meet at a poi
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TRIGONOMETRY

e Weightage = 10%

| Students Learning Outcomes (SLOs)
After completing this unit, students will be able to: L 2
» Measure an angle in sexagesimal system (degrees, minutes and seconds).
> Convert an angle given in D' M'S" form into decimal form (upto two decimal p
»  Define a radian (measure of an angle in circular system) and prove the relati
measures
| » Establish the rule / = O, where r is the radius of the circle, / the len ircular arc and O is the

central angle measured in radians.

> Prove that the area of the sector of a circle is L %0 or 1 /0
»  Define and identify: 2 z

“  General angle (coterminal angles)

% Angle in standard position.

Prove the trigonometric identities @nd apply them to showdifferent trigonometric relations.

Find angles of elevation and d
Solve real life problems igvolvingtangles ofelevation and depression.

» Recognize quadrants and quadrantal angles.

» Define trigonometric ratios and their reciprocals elp of a unit circle.

» Recall the values of the trigonometric r: r45% 30°, 60°.

» Recognize signs of trigonometric ratios in n drants.

»  Find the values of remaining trigono: ic ratiog,ifone trigonometric ratio is given.
»  Calculate the values of trigonomegric r0°, 90°, 180°, 270°, 360°.

>




Introduction:

The word trigonometry has been derived from Greek word, “tri”(Three), gono (angles)
and “metron” (measurement). Literally, trigonometry means measurement of the triangle. This
branch of mathematics was developed by Greeks in 330 B.C. It deals with solution of triang

It has vast application in Physics, navigation astronomy surveying etc.
30.1 Measurement of an Angle:

An angle is defined as union of two rays which have a common point (ca
one of the rays is called “initial side” and other is called “terminal side”.

Measuring of angle depends upon the direction of the rotation from the i de to
the terminal side. Angle measured in the anti clock-wise direction is taken§to bg “positive
angle” as shown in figure (a) and angle measured in the clock-wise direction is fo be negative

angle, as shown in figure (b)
Note: The rays are also called arms of the angle and their commg @ t is also known as
vertex of the angle.

3 Tmktial shde
F iz i

£ Qy N

Fagaru (bl
An angle is said to be In stagdard posmon if its initial side is on the positive of x-axis
and its vertex is at origin.

30.1.(i) Measure an an§le in agesimal system (Degrees, minutes and seconds)

If the initial
angle formed is

)‘6}% completes one rotation in anticlock-wise direction, then the
e 360 degree or 360°. Hence, the circumference of a circle is divided
angle subtended at the centre of the circle by such an arc is called one
d by 1°. Each degree is divided into 60 equal parts, each part is called 1
minute is'\den as 1'. Furthermore, each minute is divided into further 60 parts and each part

rt of 1 degree. The system in which angle measures in degree, minutes and seconds is
called sexagesimal system.

1
Thus one degree is defined as the measure %th of a complete rotation and it is denoted by

1°, it is further sub-divided as under




1° = 60 minutes = 60/

1' =60 seconds =60"
e.g, 30 degrees, 20 minutes and 10 seconds are written symbolically as30°20' 10"

30.1.(ii) Convert an angle given in D° M' S’ into decimal form (up to two decimal places)
and vice versa

In this section we convert minutes and seconds into degrees by dividing minute with 604
second with 3600. After simplifying we get required decimal form.

Example 1
Convert 30° 30’ 10" into degrees and write in decimal form.

Solution:
1 o 2
Since 1 :(—j 0
60 .
o _( 1 j %
369 ‘ ,

30°30'10" =| 30+ 1+ 1
2 360

=[30+0.5+0.00 E

=30.503°

=30.50° ufg off upto two decimal places)
Example 2

Convert 12.51° into D d
Solution:

12.51° =12° +(

+30 +(0.6)
1230 +(0.6x60) (1 =60")
=12°30'36'
30.1.(iii) Define a radian (measure of an angle in circular system) and prove the

relationship between radian and degree measures.
Radian is another unit to measure an angle which is equal to ratio of arc length to the

radius of the circle. i.e., 6 =—, where 6 is central angle in radians, / is the arc length and r is
r




the radius of the circle. The system where angle is measured in radian is called circular system.
Thus, the angle measure in circular system is said to be of 1 radian if it is subtended by an arc

equal to radius of circle. (as shown in figure 30.1).

we have 0 =—,
r

i
when [=r _H‘%‘"L _
o\
then 6= ! . _f_
L oL
For a complete rotation the arc length is the circumference
0=

of the circle i.e., / =2mnr.
@:ig: 30.1

Now,
Hence for a complete rotation, the angle measuredgin radiahs is 2.
Relationship between degree and radian
We know that, for a complete rotatio measured in degree is 360°, and angle
measured in radians is 27 .

Therefore
360° = 27 radians

= 180° = w radians v
1°= T radians = adians
180

0=

oY |~
~ | a
~

J

or, 1 radians = ~ §7.3°
Some standa es in degrees and radians are as under
30° 45° 60° 90° 180° 270° | 360°
. L A A .
‘an 6 4 3 2 2

Example 1
Convert the following into radian measure.
(a) 120° (b) 10°30"  (c) 24°32'3("

Solution (a):

we know that




1° = L radians
180

120° = 120x —— radians
180

= 120° = 2? radians
Solution (b): O
we know that
)
60
- )-(3)
60 2

e 30 1)
Now 10°30' = ( 0+ 60} (10+5j

21 =
=—x —— radians
180

——radians)
2

= 7—” radians
120

Solution (c): 24°323(/

DY (32
0

1" _ 1 '
3600

3600)
xM0+64+1j

120

% R = T radian
120 180
WAs) 2945 m .
Now 120 120 180
589 .
= 7 radians
4320

S0,24°32'30" = > 7 radians




EXERCISE 30.1

1. Convert the following into degree, and write in decimal form.

G 32015 Gi)  10° 30/ Gii) 8 15' 30"
(v) 452036 (v) 25°30 i) 1826 21"
2. Convert the following angles into D° M' " form. O
Q) 3225 Gi) 4736° Gii)  57.325°
(V) 6758  (v) 22.5° (Vi) 225.60°

3. Express the following angles into degree measures. 0 *
1) T radians (i1) T radians (ii1) 3 radia
4 3 4
(iv) 3 radian v) £l radians (vi) 4.5 @
T
4. Convert the following angles to radian measures. \
(1) 30° (i)  45° (iii)

(iv) (22%) v) —225° <Vi) ’60° 35 48"
30.2 Sector of a circle: v
Definitions:

(1) A part of the circumferenceagf a Ciicle is called an arc.

(i1) A part of the circle bounpde two radii and an arc is called sector of the circle.
The following figur Ip tounderstand the above mentioned definitions.
a-_—.._\_\_.-

o

r. 1 '\.‘~'

<
S X
o | ( a ]‘I
; } |I r r II
- 0 i 12
Fig: 30.2 (i) Fig: 30.2 (ii)
fig: 30.2 (i) PQ ia an arc and in fig: 30.2 (ii) POQ is a sector.

30.2.(i)Establish the rule / = r 0, where r is the radius of the circle, / the length of the
circular arc and 0 is the central angle measured in radian.

In a circle of radius r, the arc length / is directly proportional to the central angle 6
measured in radians. (as shown in figure 30.3).
1.e., [ocB
= [=cO (1)




For complete rotation II- 4
[=2nr i
and  0=21 " rr/ ‘ ; ™
By using equation (i), we have, - . As | .
2nr = c(Zn) - I_I i | .-"H ’
= c=r 1”‘*--]4' : O
so equation (i) becomes / = 79. {
Note: (i) / and r are measured in same units ) v
(i) © is measured in radian Fig: 30.3 O

Example 1: Find the length of an arc of a circle of radius S5cm which subten@glbof 2?71

radian.
Solution: Given that

r=5cm, 6= Z?JT radian and [=? @ :
Since, /=10 \
l=5><ZE

5 &,

= l:2n;2[%jz 6.28cm.

Example 2:
How far does a boy on a bicycle t 111"10 revolutions if the diameters of the wheels

of his bicycle each equal to 56cm?

Solution:
We know that
i:e. 0 =20 ra

also, diameter of th =
p cm = 20 m (v Im=100cm)

[= 20m
2x100
= [~ 26 ><20><2 ¢ nzg)
2x100 7 7
= [=17.6m.

Thus, the boy travels 17.6m in 10 revolutions.




Example 3:

Find , when/ = 4cm and 0 = % radians

Solution: Given that:

[=4cm
9=l radians O
4
and r="?
[=r0

= r=|4+—|=4x—=16cm.
4 1

1
30.2.(ii) Prove that the area of the sector of a circle is zrz\@.

Proof:

Consider a circle of radius » with centre O an arc

which subtends an angle 0 radians at the centre @s shown*in the
figure 30.4.
We know that

Area of circle =mr’ i
Angle of one revolution = 2x radia
Angle of the sector =6 ra

Then by elementary geometry,
area of sector AOB

r=i L 4

W of proportion, we have
sector

area of a circl

= aef sector AOB =

of sector AOB = %ﬁe

ea of sector AOB = %rGXr

= Area of sector AOB = %rl ( r0=0)

Hence proved.




Example 1:

Find the area of sector of a circle of radius 5cm with central angle of 60°.
Solution: Given that:

r=5cm

0=60°= 60(n j: Emdians
180 3
and area of sector="?
Area of sector = ;rZG C}

Area of sector = l(5)2 « X

- O
N 2 3
= Area of sector 1>< 25x% 22 R g Q

2 7x3 7 @

=  Area of sector = 13.09cm’
Example 2:
Find the area of sector whose radius is 4cm, with gle of 12 radians.

Solution: Given that: C
r=4cm
0 =12 radian
and Area of sector =? v
1 Q~

area of sector = — 9

2
area of sector = %(4)2 x12 v

=  areaof sector=16x 6=

EXERCISE 30.2
Find 0, if
i =5cm (i) /=30.2cm and r=2cm
and¥r = 2.87cm (iv) [=4.5cm and r=2.5cm

and 0 =2.1radian
and 0 =2 radian

and 0=30°
and  0=60° 30
3. Find r, if
(1) 6=60°and [/=2m (i) ©=3.S5radiansand [= %m

(i) 6 =% radians and /=4cm (iv) 06=180° and /=15.4cm




4. Find the arc length of a unit circle, corresponding to the central angle measuring.
(1) 30° (i)  45° (iii)  60° (iv) 90°

5. The arc of a circle subtends an angle of % radians at the centre. The radius of a circle i

Scm, find;
(1) length of an arc (i)  area of a circular sector Q
n

6. A point is moving on the circle of radius 10cm. If it makes 3.5 revolutions] fi
distance travelled by the point.

7. Find the area of the sector with central angle of % radian in circle of @ct@

8. If a point on the rim of a 21cm diameter fly wheel travels 3
through, how many radian does the wheel turn in a second?

9. A car is running on a circular path of radius equal to doublggfhe a he circle travelled
by the car. Find the angle subtended by the arc at the cet\ e gircular path.

10. In a circle of radius 12cm, an arc subtends a central a . Find its arc length and
also calculate area of the sector.
30.3 Trigonometric Ratios C
30.3.(i)Define and identify:
(a) General angle (Coterminal angles )
(b) Angle in standard position

30.3.1(a) Angles having the same in@%inal sides are called coterminal angles and

per minute

they differ by multiple of 27 radians. ar¢ also called general angles.
pe ol " F o~
) e A
2
_ 11w o ([ Ldwe:
o r i " o r
) Fig: 30.5 (ii) Fig: 30.5 (iii)

Q =0 radian, where 0<6 < 2.

0 radian , (Zero revolution )
(i)  (2m+0) radians , (After one revolution )
(ili)  (4n+6) radians , (After two revolution)

Hence 0,27+6 and 47+6 and coterminal angles as shown in figure 30.5.

However, if the rotation are made in the clock-wise directions as mentioned in the
below figures




c L}
=y
-

" i .|I. ™ g |
T P T P /1] r O
Fig: 30.6 (i) Fig: 30.6 (ii) Fig: 30.6 (iii)
(i) 2m—0radians (no revolution)

(i) 4n—0radians (after one clockwise revolution) PY
(iii) 6m—0 radians (after two clock wise revolution)
m/POQ =0 radian, where 0<0 < 2x.
wiin figtire 30.6.

Hence 2n—0, 4n—6 and 6m—0 and coterminal angles as s
Examples:

Which of the following angles are coterminal with 12 \

14n 14n

-240°,480°,— and ———.
3 3
Solution:

120° —(—240°) =120°+240° =360° is coterminal angle of 120°
480°—-120°=360°, yes 480° @ inal angle of 120°
14n l4n 2r  12n

— 1200 =———=— es lan is coterminal angle of 120°
3 3 3 3 3
120°— (14—71 )z 2 + 1ion it is not multiple of 2m,

3 3.3
SO, _1477r is n. te&mifal angle of 120°.

30.3. (i)(b) An angleis to in standard position if its vertex is at origin and its initial side on
positive x-axis a n in figure 30.7.

.L... " I!. .

. P - - o -
[T T O leillaia & L T T
-§

Fig: 30.7 (i) Fig: 30.7 (ii) Fig: 30.7 (iii) Fig: 30.7 (iv)




30.3.(ii) Recognize Quadrants and quadrantal angles:
30.3.(ii)(a) In rectangular coordinate system two axes divide the plane into equal parts, each

part is called quadrant. Hence, four quadrants are formed as shown in figure 30.8.
Angles between 0° and 90° are in Quadrant I

1e.,

O<6<E
2

Angles between 90° and 180° are in Quadrant II

1.e.,

Angles between 180° and 270° are in Quadrant I1I

1e.,

Angles between 270° and 360° are in Quadrant [V

1e.,

90° <0 <180°

180° <6 < 270°

270° <0 < 360°

Sepsaul Lnmirums
1]

Fuarun i)
i

.

e §]
nr

&k

[RTTRTLIR T
1%

Thirl =|J|T.d®u!‘.

An angle in standard position is said to be in a quadrant, if its

terminal side lies in that quadrant.
30.3.(ii) (b) Quadrantal angles.

If the terminal side of the standard angle coincides
a quadrantal angle, for example90°,180°,270° and

figure.

] 1 g

Fig: 30.9 (i)

30.3.(iii) Define trjgon

g: 30.8

1

ic

Fig: 30.9 (iii)

ig’or y-axis, then it is called
are shown in the following

F '|-|..|.|

Fig: 30.9 (iv)

etgic ratios and their reciprocals with the help of a unit

circle.
We have learnt about trigonometric ratios for any acute angle 6 of a right-
angled triang in previous classes, which are as under.
. . B

1 0 length of opposite side _a /

length of hypotenuse ¢ o 3
_ length of adjacent side _ b ;p.,::s"r ¥

length of hypotenuse ¢ WL E

3 _ length of opposite side _ a "j,-r" - =

' length of adjacent side b ek
and their reciprocals are respectively A . o e

Fig: 30.10




length of hypotenuse 1 c

4. cosech = — = =—
length of opposite side sin® a

length of hypotenuse 1

5. secO = 4 — = =
length of adjacent side cos6

<

b

6. cot0— length of ad]ace.nt 51-de _ 1 _ b
length of opposite side tanf «

For each point of the circle, there always exist an angle corresponds to it.

Suppose that P(x, y)be any point on the unit circle lying in the 1* q@ng 1s the

corresponding angle a shown in figure 30.11. A7
We define the trigonometric ratios as under .
—| Fy iy . *
‘@‘ ’ i~ :' | I IlIII:
‘_‘ 7] L
and cos0 =— '_PJ?Il
for] 1 C N
BP 9
Now, tanf = prov1ded x#0 "
. O Fig: 30.11
similarly,
cotf=" provided y ;t
1
sech=— provid
g 1
cosech = — ed 3 0
y

Reciprocal ratios,

sinf = or cosecO = 1—
sin@
1
— or secO =
ecO cosO
tan0 = L or cotg =——
cotO tan®

Notes:
1. All trigonometric ratios in terms of x and y are called trigonometric function.

2. The functions cosf and sin@ are also called circular functions.
3. The functions sin@ and cos 0 are called primary functions whereas other functions are

called secondary functions.




Example:
Find the value of trigonometric ratios at angle 0 , if point P (6, 8) is on the terminal side

of 0 .
Solution: e
Here  P(x,)=(6.8) r e R
= x=06 and y=8 as shown in figure 30.12. TR
By using Pythogras theorem, f . \
rr=x" 4+’ 7 \
r? =(6)"+(8)’
= r* =36+64=100
= r =+/100 =10, where r = |OP |
Thus, values of all six trigonometric ratios are
sin9=z— 8 =—4 ) cose:cG:E
r 10 5 4
cos(i)zfzizé ) secezé
r 10 5 3
tan9=Z:§:i and cotezg
x 6 3 4

30.3.(iv) Recall the values of trigonometric rati

We have already learnt that values o etric ratios for 30°,45° and 60° which

are given in the table below

n

&[5 j 2
NP

2
¢
tan 1
Now we values of reciprocals trigonometric ratios with the help of above table.
1 1




1 1 1 1
cot30° = =——=4/3 cosec45° = =—=+2
tan30° 1 V3 sin4s ° 1 2
N N
sec45° = ! = ! = \/5 cot45° = ! = ! =1

B 1
: 5 O
1 1
tan 60° ﬁ - ﬁ ¢
30.3.(v) Recognize signs of trigonometric rations in different quadr
If 0 is not a quadrantal angles, then signs of trigonometric % be determined
according to point P(x, y) on its terminal side.

1. If O lies in first quadrant, then point (x, y) on its termi N
positive.

ie. x>0andy> 0.
. All trigonometric functions/ratios are positive in the firsf/quadrant.

2. In 2™ quadrant x<0andy> 0. Theref€ » 1 d cosecd are positive in second
quadrant and remaining ratios are negai

3. In 3" quadrant x<0andy< 0. T @ :

and remaining ratios are negati
4. In 4™ quadrant x >0 andy O%re cos and sec are positive in fourth quadrant

and remaining ratios are tive.
Example 1: Find the signs of th owing trigonometric functions/ratios

(i)cos120°  (fias1M1030° (iii) tan229° (iv) tan (— % j (V) cosec (— g}

and cot60° =

as x and y coordinates

an 0 and cotf are positive in third quadrant

Solution:

(1) cos
lies in Quadrant II, and cos 0 is negative in Il Quadrant
0s120° is negative.

(i)  sin1030° =sin(720° +310°)
1030° lies in Quadrant IV and Sin 0 is negative in IV Quadrant,
Sine 1030° is negative.




(i)  tan229°

229° lies in Quadrant III and tan 6 is positive in Quadrant III,
tan 229° is positive.

. T
v tan| ——
@ 1)

T " lies in Quadrant IV and tan 6 is negative in Quadrant IV, O

tan % is negative.
T
v cosec| ——
W cosef 3)
T lies in IV Quadrant and cosec 0 is negative i @

_TE . : 6‘ 29
cosec 3 is of negative sign.

30.3.(vi) Find the values of remaining trlgonometrl
is given.

The method is illustrated by the followm xamples:

one trigonometric ratio

. 3
Example 1: If sin 6 = = then find values of trigonometric function/ratios.

Solution: Given that: T
Since sinf =2

.\.'\.II
r F ¥
By using figure 30.13 ; I_.'r - I"'.,I
_ |' E '|
| 1 u_l_."
/
\ i
/
X +9=25 el 3 T——
x*=25-9 x 4
x*=16 cosece—r—5
- Y Fig: 30.13
= x=4 y ::’, g
Now tanG:Z:_
X X 4
cos=— x 4
r cotG——zg
Y
costi
5




Example 2: If tan®=1 and 6 lies in the 3 quadrant. Find values of remaining trigonometric
functions.

Solution: Given that: T

By using figure 30.14

tan6 =1 c.oocotO=

sin 0 _1_1
cosO x

= y=x

tan6 =

¥ +yi=1
X +xt =1 Voy=x
= 2x =1

= X'=—Dx=t—+H

2 2 \
Here we take negative value, because
0 lies in 3rd quadrant O

1 1
x=cosb=———and y =sinf=——
N N3

Therefore remaining trigonometric tionf are
cotf=1,

sin()——L
7 ?*

remaining trigonometric functions/ratios, using the unit circle. If

0s0 = % and 0 is in Ist quadrant.

(i)  sin6=0.6 and tan 0 is negative.

Solution (i): Given that:

cos@zxz%, cosec=—— 3

cos§ 2’
0 lies in 1st quadrant .. p(x,y)e Quadrant I




and x*+ y>=1 (Given)
Here x=cos® and y=sin0

L g4ls
o O
Here, we take +ve value, because 0 lies in 1st quadrant
—ﬁ—sin ; : cosece—LIi 0 *
Y73 ’ : S0 5
and tanf= Y

=£; cotez—1 _2 ,
X 2 tan® 5
Therefore required remaining trigonometric zatiogare
1. secE)z3 2. sinezﬁ stecf)zi
3 5
and 5. cotf
Solution (ii): Given that:
. 6 3 5
siny=0.6=—=—, f cosec 6==—=1.6,
10 5 3

since sin0 >0 and tan0 < 0

D>

il
kl

4. tan0 =

N |
S

2
=
—
Here, Wetake negative value because p(0) is in 2nd quadrant
x=cosG=—£=—0.8 and secO = =—§=—1.25
cosf
Now, tanf = Y3 - —éz —0.75 and cotf= b = —i: 1.3
x 4 4 tan® 3




Therefore required remaining trigonometric ratios are

1. cosecO=1.6 2. cos =-0.8 3.secH=-1.25

4. tan0 =-0.75 5. cotb=-1.3
30.3.(vii) Calculate the values of trigonometric ratios of 0° 90° 180° 270° and

360°.

We have already discussed quadrantal angles in section
30.3.(ii)(b). Here we calculate trigonometric ratios of the
quadrantal angle
When 6=0°

In a unit circle, the point P(I,O) lies on terminal side of

an angle 6°.
Here x =1, y =0 and » = 1. Where r is the radius of
unit circle.

sin0°=1=9=0;
ro1
cos0°=£=l=1;
r 1
tan0°=1=9=0;
x 1
When 0 =90°
In a unit circle, the point P 11

with the (+ve) y-axis.
: Here x=0,y=1an

sin90° =2 = !
ro1 *
ro 1
—=—(undefined) L
x 0 .
y 1 Fig: 30.16
tan 90° = = = — (undefined)
x 0
X
and cot90°=—=0
y

When 0 =180°



In a unit circle, the point P(—1,0)lies on terminal sides of an angle 180° and coincide

with the —ve x-axis. In this case
P(—I,O):>x:—1,y:0 and r=1.

sin180°=1=%=o;
B
o i
cosecl80° = (undefined) i ﬁh"x\ O

Y -1 g _|"rl'llllfl"_ "I'I I< ’
cosl80°=—=—=—1I; T uﬁlllr-i ] | |

X

r 11 X .'I TS
secl80° === — =] w 1

x -1 =
tan1s0e =2 =% _ o, Q

x -1

X

y

In a unit circle, the point P indl sides of an angle 180° and coincide

and  cot180° = % (undefined) %
When 6=270° %
(0,—1)lies on @

with the —ve y-axis. In this case

P(O,—l):>x=0,y=—1andr= t
sin270° =2 =~1 o) Pl ™
1 4 o

luk 10+ ¢
!
w,:
L,
¥
Fig: 30.18
and
When 0 =360°

In a unit circle, the point P(l,O) lies on terminal sides of an angle 36(0° and coincide

with the +ve x-axis. In this case,
P(l,O):le,yzO andr=1.




sin360°=2 =20

ol
1 1
cosec360° = — = —(undefined)
sin360° 0
c0s360° = lezl
r 1
sec360° = ! = l =1
cos360° 1

an3600=2=2—0
x 1

and  cot360° = ! = l(undeﬁned)
tan360° 0

Summarizing all the results, we have a table

(3] 0°| 30° | 45°| 60°| 90°
gn ol L1 |3,
2 |2 2
cos 1 ﬁ L l —1 0 1
2 | 2
1
tan 0| — 1 0 0 —0o0 0
NE)
cosec| oo — 1 o'} -1 e}
3
sec 1 \/5 2 0 —1 o0 1
—t/_ !
o) 3 1 —_ 0 e 0 S'e)
NE)
EXERCISE 30.3
1. terminal angles of the following angles.

(1) 95° (ii)% (iif) —45° (iv) _%‘

2. Identify the quadrants in which of the following angles lie.

() 8?“ () 75° (i) 818  (iv) 1090° (V) %" (vi) —%”




3. Find the signs of the following.
(1) cos120° (i)  sin340° (iii)  sec200°

(iv)  cosecl98° (v) tan (_—; ) (vi) cot (_—i s )
4. In which quadrant does terminal side of angle 0 lie if:
(1) cosf<0and sin®>0 (i) tan®>0and cosO< 0 O
(ili)) sinB<0and secH<0 (iv)  cotf>0and secO<0
(v)  cosb<0and tanf<0 (vi)  O<cotf<1

-3
5. If cos = = and §< 0 <, then find the remaining trigonometric atios%, ¢

6. Find remaining trigonometric functions/ratios, if:
(1) sinf = % and 0 lies in second quadrant @Q
(ii) cosB = % and 0 lies in fourth quadrant \
(iii) tan 6 =—— and 0 lies in second quadrant

2
(iv) secO = cosec = V2 and 0 lies in first @
(v) cosO = % and tan 6 is positive.
7. Find the values of:

tan 60° — tan 30°

(1) tan30°tan60° + tan 4 t 498 (i1)
e 1+ tan 60° tan 30°
(1i1) e AR (iv) cosL-cos L +sin L cos ~

sin45° + cot 4

6 3 6 3

tan 45° + cot 45°
sin 60° cos 30° — cos 60° sin 30°

e (vi)

etric Identities:
entity is an equation which is true for all values of the variable (except where

value t defined).
30.4.1 Prove the trigonometric identities and apply them to show different trigonometric
relations.

For any real number 0 related to the right triangle in a unit circle, we have the
following fundamental trigonometric identities

(i) sin“0+cos’0 =1 (i) sec’0=I1+tan’0

(iii)  cosec’®=1+cot’0




(i) Proof:
In a unit circle, consider a right AOAP, in which ZAOP =6 radians is in standard

position. Let P(x, y) be on the terminal side of the angle. L

By Pythagoras theorem, we have -

-H‘H" i F
2L 2 e
Y "5 ol
=  cos’O+sin“0=1 [ x=cos6 and y=sin6]

-
Hence proved. ) ¥
(ii)  Proof:
By Pythagoras theorem 4
1=x"+)’

dividing both sides by x*, we have,
2 2
> mtedor ot 2]

xz x2 x2 X

12 =1+tan’0, (Provided x = cos0 # 0)
cos

= lsec0 =1+ tan’ 0

Hence proved.

(iii)  Proof:
By Pythagoras theorem

1=x"+y

Dividing both sides by y*, we
B 2
_ 1 1
y

= (Provided sin6 = 0)
. [ C?Sezcotej
sin©
Exampl
that (sin6+ 0039)2 =1+2sin0cosO
Proof:

L.H.S =(sin6+ cose)2
=sin’ 0 +cos’ 0+ 2sin cosO
=1+2sin0cosO [ sin26+cos26:1]
=R.H.S




L.H.S=R.H.S
(sin9+cosﬁ)2 =1+ 2sinOcosO

Hence proved.
Example 2:

Prove that: sin® =+/1—cos*0
Proof:

L.H.S=sin6 < ’
. 2
= «/(sm 0)
=+/sin’ 0,
=+/1-cos’0, [ sin” 0 +cos” 0 = Q
=R.H.S

L.HS=R.H.S \
sin® =+/1—cos* 0
Hence proved. <

Example 3:

l+secO sinO+tan0
1—secO sinO—

Proof:

LIS = 1+sec6
1—secO
1

1+

_ co§
*
)
sOF1
SO —1
sin®(cosB+1)
(

=7 (Provided sin® # 0)
sinB(cosH—1)

sin® cosO +sin0

sin© cosO —sin©
sin® cosO N sin O

Prove that

(Provided cos6 # 0)

=— cos0 0959 , Dividing numerator and denominator by cosf
sin® cosO B sin©

cos0 cos0




_ sinO+tan0

sin® —tan 0
=R.H.S
LHS=RH.S
1+secO sin0+tan0

l—secO® sin®—tan® O
Hence proved. Q

Example4: Prove that sin6 = tan6- cos0
Proof:

R.H.S = tan0- cosO 0 4
= sind -cos0 (Provided cos0 = 0) Q
cos0
=tan0- cosO
=RH.S \
LH.S=R.H.S

sin® = tan0- cosO
Hence proved. < ,
EX 1%

C :

1. Prove the following trigonometri

(i) sin’0= (sec2 0-1 cosv (cos0=0)
@ 00 e (cos % 0)
0

cosf
(iif) tan (cos®0)
(iv) 6 =cos’0—sin’0
v) in6—sinBcos 0
1FcosO _ sin 6 (cose;&l)
I-cos@® 1-cosO

&) ,sec6+1 _ secO +1 (tane ¢O)
secO-1 tan 0

sin 0

(viii) +cos0 =sech (tan60)

cos0




cot O + cosecH

(ix)y ——— =cosecOcot6
sin 6 + tan 0 5
.2 tan” 0
sin“0=——
) 1+ tagl2 0
(xi) cos’0= %
1+cot” 0

(xii) sinBcosOtanO+sin6cosOcotd =1

2. Transform the first expression into second one:

(i)  (secO+1)(secO-1) into tan> 0

.. cos6 cosecH .
(i1) into —tan0

sin®  cos0

1+cos0

(iii))  cosecO+ cot into

sin 0

30.5 Angles of Elevation and Depression:
30.5.(i)Find angles of elevation and depression.

'-'"f pp livell 0h

Fig: 30.

When an object i

from the horizontal li
When the object i
line of sight is

or angle of depression.

(sine ;tO)

(cosb #0)

(sin6 #0)

(sinB# 0 and cos # OCO

Herumetaifime. T
: L b o e
,
%.}

L

A
u

Fig: 30.21 (ii)

abo e eye level of an observer, then the counter clockwise angle

f depression as shown in Fig 30.21 (ii)
server either above or below the observer’s position. This involve uses of

e real life problems involving angles of elevation and depression.
: The angle of elevation of the top of the electric pole from a point on the ground 18

meter away from its base is 30°. Find the height of the electric pole.

Solution:
Angle of elevation from a point P (above the eye level) to the top of the tower B is 30°
and let “h” be the height of the pole. Pole is 18m away from the the top of the tower point P. In

APAB, we have 6 =30° and ‘ﬁ‘ =18m




Nt >

18 4
= h=— -
Ng .
e =5
h= T = 6\/5 meter. C Thim

Fig: 30.22
Thus, height of the electric pole is 63 meter.

Example 2: Find the height of an object if the angle of elevation of the sun is'49°%and the
length of the shadow of the object is 1.7 meters.
Solution: Given that angle of elevation of sun i.e. 6 =19° and the leadow a=1.7m

as shown in the figure. b
Then, ._‘_,-‘"
tan19° = h_h \ %

a 1.7 !_..-"‘: b
=  h=(17) tan19° g
A D i
= h :(1‘7)'(0‘3443) 4 Ragih Ul dmidett = & 4T, -
= h =0.585m approx is the require of the object.  Fig: 30.23

& of\depression to the nearest port of a ship at its
waterline is40°. If the height of tower is d the distance between the ship and the foot
of the tower.

Solution:
Let ‘x’ be the distance

p from point B to the foot of the tower at point A as

shown in the figure and “h§be th&Weight of the tower. C
Here, * b
h=35m, height of \\\-"H,
0 =40 , angle ks N .
and x="? L b
In AAB %
35 35 2 WiN
= = m = 08301 =41.71m (approx), i Wueer level A
tan : Fig: 30.24

Thus, the distance of ship to the foot of tower is 41.71 meters, (approx).




1.

L.

ii.

1v.

EXERCISE 30.5

From the top of a light house 102 meters high, measure of the angle of depression of a
ship is 18°3(0/. How far is the ship from the light house.

A ladder makes angle 60° with the ground and reaches a height of 6m on the wall, find
the length of the ladder.

Find the angle of elevation when a 6m high bamboo makes a shadow of length 2=/3

An angle of elevation of the top of cliff is30°. Walking 210m from the {point
towards the cliff, the angle of elevation is45°. Find the height of cliff.

An observation balloon is 4280m above the ground and 9613m @n? a farm

house. Find angle of depression of the farm house as observed fr: on.

REVIEW EXERCISE 30 @
Multiple Choice Question M.C.Qs. \

Spot the correct option.

The system of measurement in which anglgs#¥ m&asured in radian is called:
(a) CGS System (b) SexaBesimal

(c) MKS system (@ ar system
The union of two non-collinear mmon vertex is called

s a
(a) anangle a degree
(c) aminute d) radian

Woo100= ?N
(a) 600" %u_ 3600" () 600 (d) 600

5E radians =
4

(b)  225° € 135 (d) 45°

{2 2
NG ® = (c) 5 (d) ~

vi. cosec -sin 0=

@ 1 (b) 0 © -1 (@ 05

vii. sec’f—tan’0 =

(a) 0 (b)) 1 (©) -1 (d)  cos’0




viii. In unit circle for point (x, y), sin 6=

@@ x (b) —x © v @ -y

ix. Ifsin 6= L and 0 lies in the 3™ quadrant, then tan0=?

2
1

(@ -1 (b) 1 © 1 (@ Nl O
x. If an object is above the level of an observer then angle formed bem@

horizontal line and observer’s line of sight is called: 4

(a) an angle of depression (b) an angle of elevation

(c) an obtuse angle (d)  None of these
2. Define an angle and angle in standard position.
3. Convert the 70°3090" into radians. @

4. How many degrees are there in (7200)' :

2 \
5. Covert ?nradians to degree measure. %

6. Covert zradiatns to D°M'S’ form.
T

7. Find r,when /= 7cm and 0 =§ radi ;

8. Find 0, when arc length equal tgraditi§ of a circle.
9. Prove that (1 —cos” 9)(1 +

10. Calculate area of the cir

t2
when »=2cm and 0 = 3 radians.

¢ SUMMARY

> Division of ci nce of a circle into 360 equal parts and angle subtended at centre by
on¢ degree, and is denoted by 1°.

d at the centre of the circle such that arc length and radius of the circle
ngle measured is of one radian.

n of radian/degree measures,

1°= % radian ~ 0.01745 radians and

° 1°=[180 ]z 57.3°
o1

» Formula for finding arc length of circle i.e./ =79.

1 1
» Formula for area of sector = Erze or = Elr.




Angles having the same initial and terminal sides are called coterminal angles and they
differ by multiple of 27t radians. They are also called general angles.
An angle is said to in standard position if its vertex is at origin and its initial side on
positive x-axis.
In rectangular coordinate system two axes divide the plane into four equal parts, each parti
called quadrant. Hence, four quadrants are formed.

Angles between 0° and 90° are in Quadrant [

Angles between 90° and 180° are in Quadrant II

Angles between 180° and 270° are in Quadrant II1

Angles between 270° and 360° are in Quadrant [V

<
If the terminal side of the standard angle coincides with x-axis or y-aXig, themit is called

a quadrantal angle.
There are six basic trigonometric ratios for angle 6. These @ s0,tan O, cosecO

secO and cot 0
Reciprocal ratios, listed below:

sinf = ! or cosech = %\
cosecH Si
1

cosf=—— or sech =
secB
1
tanO = —— or 0
cot0 tan®
An identity is an equation whic or all values of the variable (except where

value is not defined).
Three fundamental trigongme tities are:
(i)  sin’@+cos’O )  sec’O=1+tan’0

(iii)  cosec’® =g cot

When an objectgls aBoveghe eye level of an observer, then the counter clockwise angle
from the horjzo e to the line of sight is the angle of elevation.

When the below the eye level, then the clockwise angle from the horizontal

line to thgNin&of sight is the angle of depression.







Exercise 17.1

1. (@
(iif)

™)

={-2,-1,0,1,2}
{7,11,13}
{1111}

(i)
(iv)
(vi)

{4,6,8,9,10}
{9,11,13,15}
{ } or J

A B
C D
E F

O

(i) A={x|xeQ A5<x<6} (i) B={x xlsposmvedlwsor f12}

(iii) C={x|xeZA-40<x<40} (iv) D={x|xeE A 4<x<4
(v) E= {x | x is the square of first five natural nurnbers 0
(vi) F= {x| x is negative odd 1nteger}

(i) A={x|xe WAx<0} (i) A=setofb

(iii) A={x|xeN/\2x+1=2} (iv) A={x] N —

(v) A =set of women president of pakistan

bl

ts in girls college

4. 1.  Finite ii.  Finite 111.

Three proper subsets are:

‘: nﬁ@iv. Finite v.  Infinite

and }
Improper subset is {&¢, %wvalent set is {1 2,3.4,5 }
Three proper sub ts%
Improper sub 1,0,1 2 Equlvalent set is

{+1,+2} and {0,+2}
{abcde}

a

6f ad {x|xe ZA-1<x<1]
{10}.,{15}.{5,10}.{5.,15},{10,15}.,{5,10,15}}
2

,{0},?}, 21374011, 0.24,{0,31,{1,2),{1,3},{2,3},{0.1,2},

0.2,3}.{0,1,3},{1,2,3}.{0,1,2,3}}

.

ot possible ii.  Singleton set iii.  Null set

Exercise 17.2

ii.  Cells

—
—_

1. 1. Disjoint sets
iv. Exhaustive sets

2. i {1,2,3,45,6,8,10}

iv. {810}

Overlapping sets
Cells

{2,4,6}
{1,3,5,8,10}

i {13,5)




3. i {6,7,8,9,10} ii. {2,4,6,8,10}
iii. {2,4,6,7,8,9,10} iv. {6,810}
v. {6,810} vi. {2,4,6,7,8,9,10} @
vii. {2,4,7,9} viil. {1,3,5,6,8,10} O
A

iX. {1,3,5} X 6>8510}
5.1 {6n|neN} ii. {2n|neN} iii. {12n|neN} iv. §dn|ne




Exercise 17.5 \

x=16andy =17 ii. x=landy= ii. x=3andy=1
n(PxQ)=150, n(QxP)=150, n(Px®)=10 and n (Q x Q) =225

i {(12).(13),(22),(23)
() {(20),(23).(25) (3.5}

i) {(L1),(1,2).(13 1).(2.2),(2.3).(2.5)}
i) {(2.1).(2.2).02.3)42.5)(3.1).(3.2).(3.3).(3.5)}
™ {(23)

5,
R, ={<z s> <s R (390560
,R. = ,R,

={(1.2).(2.2),(3.3)},




SN

7. 1

10.

11.

12.

Number of binary relation are 2'.

B R ={(0.2),(0,4).(1,2),(1,4),(2.2),(2.:4),(3.2).(3.4)}

(i) R,={(18).(3.6)} (i) R, ={(3,2)} (iv) R=1{(1,6), 3,2)} @

Range ={1,3,5,7,9} ii.  Domain={3,4,56} C}
0,1,2,3} . 6,
L,

Domain = {

Domain :{
2,5,8,11) " Range={0.

7,8,9,...}

Range = 2,3, 44,.. ¢
Domf:{1,2,3,4} Q
Range f ={5,6,7,8}
Co-domain f =N
f(2)=6,f(4)=8

i. Not a function 114" Not Munction
1ii. Into function v Intoffunction

v. Both one-one and onto

1. One-one function ii. One-one correspondence
iii. Neither one-one nor one-@ne cogrespondence

f ={(a,x),(bay){&v i g ={(p.a)(.b).(r.c).(s.a)}
iii.  h={(a @(g )l v,k ={(xa),(1.0)(20)}

REVIEW EXERCISE 17
1. Multiple ice Question MCQs.

1. ii. b ii. ¢ v. ¢ v. d
vi. vii. b viil. ¢ IX. a X. b
Xi. a Xii. a xiii. d X1v c XV. ¢

xvi. b Xvil. ¢ ik, d XIX c XX. b
2. (a) {19 25 4:5,6} (b) {2} (C) {la 4,5a6}

@ {1,5) e {3,4,6) M {1,3,5)




Exercise 18.2
_ ) 9
1. () y=—x (i) y=20 (1)) x= 5

U=6 when V =216

. 5 . 75
2. (1) Vng (i) V:T (i) T=16 " 3. y_125 when U =5

y
300

—



F=375 5. y=3whenx=10 6. P=81whenV =4
F=2 when r= 5 ii. r:i when F =24
2 5
x= 1 9. d= 1 10. y= 18
8 2 5
Exercise 18.3
(x+2)
(i) 18 Gy (a—b)  Gi) —— 2 (V) q+b
X =xy+y PY
i 1 (i) (a-b) (iii) 24’ 'anb+ v
i 12 (i) 10a’p’ (i) b@ a-b
i 15 i) 12 (i) 8 \ iv) 31
Exercise 1
O {3.9} i) { } (iii»?\ @) {5
iseyl 8.5
2 6xu’
_xz
. YT . Svi 3. w=360
=32 y= o4
4 5
4. 3.21 sec Yy 177.8 cubic units
Exercise 18.7
1. 3.068amp 1125 foot candles 3. 900 pound 4. 360000 rupees
5. Rs. 5600
REVIEW EXERCISE 18
1. Multi ice Question MCQs.
i. ii. b iii. b iv. b v. b
Vi. vii. ¢ viii. d iX. a x. d
Xi. a Xil. ¢ Xiil. a Xiv. a XV. ¢
2. (1) 20m:1m (ii) 500g:3g
25
3. () x=4 () x=14 4. y=48 5. y=—
7. x=7i"/E 8. x=10 9.  3.33 Amp



Exercise 19.1

1. (i)  Square matrix .. .
(i1))  Column matrix

(iii)  Row matrix
(iv)  Scalar matrix (v)  Diagonal matrix

2. i.  3x3 ii.  3x2 ii.  2x3 iv.

3. (i)  Symmetric matrix (i)  Skew symmetric

(i)  Symmetric matrix (iv) Symmetm@ 4
'3 2 (i) Not (iii)  Not 7 -5
. V)
b 12 3
2
0
3

possible pos

[0 —4 ) 1 -2 -
(v) N (vi) 0 1 (vii)

(5 4 9]
@) |2 11
15 10 —1]
(4 2 2]
(vi) 0o 1 2
-2 0 4
a=-2,b=1,c=—landd =1
2,c=3,d=2,x=3,y=3andz=2
11 8 0
! 2}BC={_1 -2 O} 12. 11 11 2
-1 -3 -2 0 R 13 6
Exercise 19.2
1. 1. 29 . 9 . 7 v. 8 v. =59 wvi. -105

vii. -84 wviii. 184  ix. —42 x. 0 xi. 2x

2. .1 ii. 3 . 3 iv. -1 v. 3 vi. -3



3. () x=3 4. (1)  Singular (i1))  Non Singular

e ~8 18 -4 12 12 12
5. () ( j ) |-5 12 -1| i) |-18 0 0
4

4 1
-6 2 6 6 12
3 -1 -1 O

-1 =2
7. (1) ) 3j (i)  Does not exist (1i1) -4 2 1
-1 0Nl N
-1 -2 -1 1 -1 -1
Gv) |-2 =5 3| (v |-12 14 08

8. () {(=528)}

REVIEW EXER(@
2. Multiple Choice Question MCQs.
i iv. b v. d
b iX. a X. b

3x2 (iv) 1x1

. ¢ . ¢
vi. a vil. ¢

3. (1) 1x3 (1) 2x3

3 13 17 -1 3 1 (73 47 76

5. () |3 4 4 (ii) 1 -2 -4 i) |5 13 20
5 3 ¢ 9 -1 3 46 9 16]

5 40 45 14 35 56

(iv) 37 ) 10 5 0 ~i) |7 21 28
62 91 -10 5 35 49 14 28]
=9 8 18]

10 19 0 o 4

(vii) 7 -19 =36 21 -3 5
79 _10 20 6. 368 8. 9—4 9—4 9—4

A
9. (150} 47 47 47 |




Exercise 20.1

(i)  Roots are real, rational and unequal
(i1))  Roots are real, rational and unequal
(iii)  Roots are complex and conjugate of each other

(iv)  Roots are real, rational and equal

(v)  Roots are complex and conjugate of each other O
(vi)  Roots are complex and conjugate of each other
(vil)  Roots are complex and conjugate of each other < ’

(viii)  Roots are imaginary and conjugate of each other
L 4
Q) (a) k:% and (b) k<% (i) (a) k:&@) k<4

(iil) (a) k=+2v2 (b) k>2V2 and k<242 (iv) @nd (b) k<3,k#1
(v) (@) k=+4 (b) k>4 and k <4
(vi) (a) k=424 (b) k>24 and k < 24

(vi) (@)k=0(b)k>0andk<0,k#2 \
(viii) (@) k=122 (b) k>2 and k< —
(i m=3,-2 =+24
-5 ;
=2andqg=—
Wercise 20.2
(i) 4,40and 40’ i 5,—5w and —50° 6,60 and 60’

(ii1)

(iv) -b, -bw, —bw’

*
(iii) 729 (iv) -—16
Exercise 20.3
.. 3
'R=1 and P.O.R =-1 (i) S.O.R= 5 and PO.R =-2
-3a’

S.OR=ag and P.OR =

(iv)  S.O.R= % and POR =k

1 m= % (i) m= %
i) p=%£5 i) p=0,1
i m=3 (i) m=13




~ _3 iy  p=1
i) p= : i) p
Exercise 20.4
@) (a+p) —4op (ii)
Gii) ((x +[3)3 —3OLB(OL +B) (iv)
af
) (oc+[3) —3aB(a+B) i)

(aB)

0 (i) 3a+4

W Ty

Exercise

(i) x*+5x+6=0 (i1)
(i) x*—4x+5=0 Q (iv)
(i) 3¢ -9x+8=0 (ii)
(i) x*-3x+6=0 (iv)
(v) 2x*=7x+3= (vi)
' —qx+p=0 ¢ 4.
px’ - —2g+r)=0

(i)

(iv)

Exercise 20.6

. 1
emaining two roots are —1 and 5

(iii) Remaining two roots are 6 and —4

7a* +3a+

; 9 99 \ g
98 P
o +p represents a straight line and of3 represCts a hyperbola.

(a +ﬁ)3 —3of(a+p)

OLB[(OL+B)2—2Q®

(oc+[3)2—

¥ +x+1=0
¥ -8=0

36x° —33x+1=0
2x* —x+1=0
X+3x+6=0
X' —2px+4g=0

A

b’ +ac(a+c)=3abc

a==c¢

(i1) Remaining two roots are —1 and 2

1 1
(i) Remaining two roots are 3 and 5 (i1) Remaining two roots are J5iand =[5

(iii) Remaining two roots are —1 and 2




7 . 3
m =— and remaining two roots are 5 and —1

a=2 and remaining two roots are 6 and —1
a=49 and b=36 and remaining two roots are 7 and —3
Exercise 20.7

w
—
—_
u-lk
W
~—
VR
N
% |
|
o\|ﬁ
\¥
N
——
—~~
W
(e)
~
—
J—‘
\9]
~—
—_——

G B
5. {(3,44),(0,5),(-5.,0)) 6. {(i%/z,ﬁ\/z . ]}

702 2)(12) (2 8 {(25(2@’
N

4 1
9. _520 9 _55 10. 7
{(5 j (5 ]} "ﬂ; N
11. length = 9m and width = 4m 12.f 6 an

13. 9cm and 12cm when hypotenuse is 1
14. 13cm, 13cm and 10cm 0 and 25
EXERCISE 20

1. Multiple Choice Question M
i. d il. ¢ C iv. ¢ C

i ii . b iX. ¢ X. ¢

2. (1)  Real, rational andfunequal (ii) Real, rational and equal

njugate of each others  (iv) Complex, unequal and

conjugate of each other

<

3. (i) k=+4 k<4 or k>—4 doth | | hich
. and other values also whic
(iii) k>4 or 4 (iv) k=+£4 or +5 make it perfect square.
4,
5. =7 and P.O.R =29 (i) S.O.R=pand P.O.R=g
11 2
R= 7 and P.O.R = 8 (iv) SO.R= — and P.O.R= _28
5 5 9 9
7. S _2x—2=0 8. 16x*—10x+1=0

{(253)’(3>2)} (11) {(1 >6)>('1 5'6)>(6> 1 )a('65' 1 )}

Exercise 21.1

2 2 5 1 3 2 4
. —— 2. _ 3. =+ -
x—3 x+3 x+1 x-3 x x—-2 x-1
4, L3 2 5. 14248 6. 1-—2_4 3>
x+4 x+1 2x-1 x+3 x-—2 x—3 x+1
7. 3x—2+ 1 S

x—2_x+2




w N

4.

E ERCISE 21
1. Multiple Choice Question (MCQs.)

Exercise 21.2

4 7 , 1.2 1
x+1 (x+1)2 ’ X x x+3
5 3 10 4 4 2 3 3 4

x—1 ()c—l)2 (x—l)3 < ,
Exercise 21.3

2x+3 1 x+5 1 1 3 23%x ¢
= 2. : - 3. —+—A—
x+7 x-2 xX+10 x+1 X

1 2x-2 1 1

5. ——-

+
x+1 x*=x+3 x+1 x*+3
Exercise 21.4
I x+l)  (x+) I \ b2)  (x-)
S 5 2. —
1 +3

) 3(x*+3)
1 1-x) x—1 < ; 71-x)  7(1-x)
4(1+X)+4(x2+1)+2(x2+1)2 { +1)+9(x2+2)+3(x2+2)2

1 x+2 7(x+2) Q
2

x— 2 3+x° 8(3+x2)

d i. b —d iv. b V. a
) 13 2 (ii) —_7 N 33 N 257
3(x-1) 2 10x 14(x+2) 35(x-5)
1 x+2 ) 16 10x+8
il _
(i) ¥+l () 1+x+1 X +x+1
—4dx -7 11 11 10

G93) " 504 1) M) 56— 9= T 3e - 1)
Exercise 22.3

.=11.889, HM. = 11.194, Median = 12, Mode = 12.

(b) AM. =0, G.M. =0, Median = 0, Non-modal.

(c). AM.=13.044, GM. =12.837, HM. = 11.727, Median = 12.3.

(d). A M. =56.5, G.M. =56.339, H.M. = 56.180, Median = 56, Mode = 52.
(e). Mode = AB™. (f). Non-modal,
(g). A M. = B+, Median = B+, Mode = B+.

AM.=172.1,GM. =169.551, HM. = 166.615, Median = 184.5, Mode = 190.
A.M. = Like dogs, Median = Like dogs, Mode = Love dogs.
COVID.




AM.=7.149, GM.=7.106, HM.=7.061, Median=7, Q1= 6.5, Q3 = 7.5, Mode = 7
AM.=32.5, G.M.=32.303, H.M.=32.102, Median=32, Q=30, Q3 = 34, Mode = 32.
AM. =Rs. 9640.

AM. =36.464, G.M. =36.087, H.M. = 35.700, Median = 36.643, Mode = 36.929.
AM.=11.9179, G.M.=11.9039, H.M.=11.8897, Median=11.9708, Mode = 12.117.

Exercise 22.4
(c). -6, (d). 458.125.
X is asymmetric. Y is symmetric.

(A-M.)w =330, (G.M.)w =310.902, (H.M.) w = 295.806.
(A.-M.)w = 23.852Kg, (G.M.)w =23.850Kg, (H.M.) w = 23.848Kg.
Exercise 22.5

Range =7, Var. =4.490, S.D. =2.119, M.D. = 1.673.

2. Batsman-A: Range = 185, M.D. =45.111, Var. =3699.222, D
Batsman-B: Range = 72, M.D. = 21.111, Var =601.555 @ 27
Batsman-B is more consistent scorer than Batsman-A.

3. Relative S.D. (Income) = 0.488, Relative S.D. (Expen
Variation in income is smaller than that is expendlture

4. Team-A: Relative S.D. = 1.012, Relative M.D.

Team-B: Relative S.D. = 0.866, Relative
Team-B 1s more consistent than Team-A.

5. Range =2.1, Var. =0.196, S.D. = 0.443, =10"343 (approximately).
REVIEMLE SE 22

1. Tick the correct option.

i.(c) ii (c) iii.(b) iv.(a) va(a)

LM

Pl a i

[a—

pproximately).
approximately).

.(a) wvii. (b) wviil. (¢) ix.(c) x.(d).
ise 23.1

2. (@H)x=25  (i)x=1 (iv)x=15
3. 34 4. 12 510 6.6
7. a=2l5units b =2 RuigNg = B5units 8. 10:34m 9. 43 10.12
11. 30 12. length = 12c¢m and breadth = Secm
REVIEW EXERCISE 23
ice Questions (MCQs.)
i. (a) iii. (b iv. (b v.  (a)
vii.  (c) 3.2119m 4. ()13 (i) <51 (ii) V63

Exercise 24.1
1. mCE=10cm 2. x=1

Exercise 24.2
1. x =1; equilateral triangle 2. x=2and y=4 3.A, =Tem’ 4. x=11




Bk W=

RN

REVIEW EXERCISE 24

1. Multiple Choice Question MCQs.

i. d . d . ¢ iv.. b V. a vii b

vii. ¢ vill. ¢ ix. d X. b Xl. a xil. b

Exercise 25.1
1. No, because right bisectors between all pair of three collinear points will never,
intersect at the same point.

2. Yes, it is possible only when the quadrilateral formed by joining the four poiw§¥is
cyclic, i.e. the sum of the opposite angles of the quadrilateral is 180°. But, in

general, for any four non-collinear points, it is not possible to draw a cirgle paSsi
through them. 0 *

@

Hint. See Examples 1-2.

=

and C, as shown in the figure. The equal distance the vi ravel to reach

mosque is 5 km. \
N ; 3
Lim
H
. 2 T
”@ se $5.2

Hint. Diameters are chords passing thre@igh the centre . See theorems 25.2- 25.3.
Refer theorems 25.2 and 25.3.
C=10rcmand A = 25 ¢

Hint. See Examples 1-2.
5. The desired location of mosque is at the centre of circle illages A, B
e wi

ure. (a) 2v/65cm  (b) 6V3cm.
figure. r = v/34cm.
Exercise 25.3

(c). 2V15cm  (d). 2v/77cm

(a). b). 6 .(c). 5 (d). 10.8 ().2V51 (9.6
REVIEW EXERCISE 25

. Tick th€ correct option.

i.(b) ii.(c) iil.(c) iv.(b) v.(b) vi.(a) vii.(@) viii.(b) ix.(a)

Exercise 26.1

1. Hint. See proof in Example 1. 2. Hint. See proof in Example 1.

T2

53 cm and 5v3cm.d = 6¢cm, C = 18.8495¢m (approximately) and A = 28.2743cm?.

4. 24cm. 5. v109cm.




Exercise 26.2

Hint. Refer theorem 26.3 and corollaries.
Hint. The statement to prove is a converse of theorem and proof in Example-1.
Refer theorem 26.3.

(a). 6, (b). 2V66, (c). 7, (d). 11, (e). 5—75, (f). 14.22 (approximately),

(g). 4.3, (h). 18.8714 (approximately).
5. (a). 6, (b). 4, (c). 6, (d). 1.1547 (approximately), (e). 5, (f). 13.
Exercise 26.3

1. Hint. The statement to prove is a 4. (a).70° (b).50°
converse of theorem 26.4 Case (A). 5. Hint. Refer theorem Ca’se A).

2. Hint. The statement to prove is a 6. 4cm

converse of theorem in Example 1. 7. 8.5cm
3. 6cm and 37.7cm (approximately). Q

W=

REVIEW EXERCISE 26

1. Tick the correct option.
i. (b) 1ii.(c) iii. (b) iv.(c) v.(b) wvi.(b) vii.(a) wviii N x. (b) xi.(d)

Exercise 27.1

3.x=20andy=10 4.114°and 92° 5.30°
REVIEW EXERCISE
1. Multiple Choice Question MCQs.

i. b ii. ¢ iii. ¢ iv. b vi. ¢ vil. a viii. d ix. a
v
60° 2. 70°Q 3. 120°
EXgcise 28.2
18° 2. %P 3. x>13°
R |RE EW EXERCISE 28
. Multiple Choice Questipn MCQs.
i (a) ii. \(b) . i, (d) iv. (d) v. (b)
i ) viii.  (¢) ix. (b) x. (¢)
REVIEW EXERCISE 29
1. Multipl uestion MCQs.
ii. (d) iii. (a) iv. (¢) v. (¢)
ii. (a) viii. (b) ix. (d) x. (d)
ii. (a) xiii. (b) xiv. (¢) xv. (d)
xvii. (d) xviii. (¢) xix. (a) xX. (d)
Exercise 30.1
1. (i) 32.25° (1)  10.5° (iii)  8.258 approx.
(iv)  45.36° (v) 25.5° (vi) 18.11°
2. (i  32°1% (i)  47°21'36" (ii)  57°19'30"

(v) —(67°34'48") v) 22°30 (vi)  225°36



3. (i) 45° (i)  60°
(iv)  171.887°approx. (V)  54.71° approx.
4. (1) gradian (i1) %radian
(iv) %radian v) % radian
Exercise 30.2
1. (i) 4radians  (i1))  15.1radians
2. (1 [=212cm (i)
3. 1 r=191m (i) r=05m (i)

4. () 1=052unit (i) /=0.79 unit

5. (i) [=2.62cm
6.  distance travelled by the point, say /=2.2 m
7. area of circular sector = 6.28 cm’

8

. 0=800 radian 9. 0=0.
10. /=17.6 cm and area of sector = 10@

% e 30.3

(iii) 1

1. m\ iv) 7=1.57 unit
(ii) area of circular secC 5 cm’

Gii)y —135°
(vi)  257.83%approx.

(iii) gradian

(vi) 1.06 radian approxO

(ii1) 2.09 radians approx. (iv) .8 r’ 1ans
[=102cm (i) /=3.14cm o6 & 15.84 cm

Q r=4.9cm

r=16¢

Br g ln
6

5T g 11T

4

(i) Q,

(vi) Q,

(vi) Positive sign
(iii))  Lies in Q3
(vi)  LiesinQ; or Q3

1 (1)  415° and —305° (i1)
(i)  315° and ¢ (iv)
2. i) Q,
(v) Q,
3 1), (iv), (v) are of negative sign
4. (il))  Liesin Qs
(v) Liesin Q2
5. (1) sec@z—é,sine=i,cosec€)=§,tan9=—i and cotez—g
3 5 4 3




2 1 1
6. (i)  cosecH=——, =——,secd =—2,tan0 = —/3 and cotd =——
NG 2 J3
(1) sece—gsme— > cosec@——i tan® = —— 5 and co‘te——2
2 Js5° 2 5

(i) cot®=-2,sin 6 = L, cosec© =\/§,cose = =2 and secH = _\/g
5 NG 2
(iv)  sinB=cosO= 12 ,and tanB = cot0 =1 < ’

(v) secO=2,sin 0= 23, cosec O —% tan® = \/5 and COQ

.M 2 (i) =
. (i) NG (iii) Q
3+1
(iv) fj v) 2-43
Exercise 30
1. x=30485m 2. L=4J3~693m {3
4. x=286.865m 5. 0 =24°
REV EXERCISE 30
1. Multiple Choice Question M
i. b . a i. ¢ iv. b v. b
vi. a Vil. villi. ¢ iX. b X. b
2821
T . 920 degree 5. 120 degree
7200 *
28 )
6. 54°40'12" 7. —cm 8. 1 radian
T

10. 6 cm?
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