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PREFACE

L

It is with great pleasure and immense gratitude that we present to you the mathematics
textbook for Class XII, developed under the guidance of the Sindh Textbook Board, Jamshoro.
As an institution committed to shaping the educational landscape of the province, we take
immense pride in offering a comprehensive and meticulously crafted resource that aligns with

the dynamic curriculum set forth by the Directorate of Curriculum, Assessment, and Research
(DCAR) in 2019,

This textbook 1s a collaborative effort that owes its existence to the dedication and
expertise of countless individuals. We extend our sincere thanks to the authors, editors, and
reviewers who tirelessly contributed their knowledge, insights, and time to create a textbook
that not only imparts mathematical concepts but also fosters a love for learning and discovery.

The mathematics textbook for Class XII delves into the fascinating worlds of Calculus
and Analytic Geometry. These subjects form the cornerstone of modern mathematics and have
far-reaching applications in various fields. The content has been meticulously structured to
provide students with a solid foundation in these areas, preparing them to tackle real-world
challenges and pursue higher studies with confidence.

This textbook 1s designed with the utmost care to enhance students' understanding of
mathematical concepts through clear explanations, illustrative examples, and thought-
provoking exercises. It is our hope that this resource will serve as a valuable companion to both
students and teachers, facilitating a deeper grasp of the subject matter and encouraging
analytical thinking.

We believe that education is a continuous journey, and as such, we welcome your
feedback and suggestions. Our commitment to improvement and innovation remains
unwavering, and we encourage students and educators alike to share their thoughts and ideas.
Together, we can create an educational ecosystem that empowers learners to excel and
educators to inspire.

In closing, we extend our heartfelt wishes for your academic journey with this
textbook. May it instill in you a passion for learning, a thirst for knowledge, and a profound
appreciation for the beauty of mathematics.
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Functions and Limits

Functions and Limits

2.1 Functions

We know that function 1s a rule or correspondence between two non-empty sets X and
Y in such a way that, each element of X corresponds to one and only one element of Y. Here
X 1s called the domain of the function and the set of corresponding elements of Y is called the
range of the function.

2.1.1 Identify through graph the domain and range of v
a function ;L Dfndn |
Graph of a function 1s useful to identify the domain and _ﬁ j

range of a function. The domain of the function consists of all \ x anlee |

the input values shown on the x-axis. The range is the set of / \\ ! :

possible output values shown on the y-axis. bR _;:lf B { B
For example, consider the graph of function as shown L ‘1\

in Fig. 2.1. We can observe that the graph extends horizontally I,

from —5 to the right without bound, so the domain is jl_f_

{x|]x € RAx = —5}. The graph extends vertically from 5 to -IE il

downward without bound, so the range of the function is '}

{yly ERAy <5} Fig. 2.1

Example 1. Identify the domain and range of the function z‘Jf

through given graph. . L

Solution: The given graph is shown in Fig. 2.2. H_\ SR ‘l-/ld\\' 2
We can observe that the graph extends horizontally from ’ I_i \;

—3 to 1. So, the domain is {x|x € RA -3 < x < 1}. [
The graph extends vertically from 0 to —4. So, the range | v

is{ylye RA—4 <y <0} Y Fig, 2.2

Example 2. Identify the domain and range of the function through
given graph.

Solution: The given graph is shown in Fig. 2.3.

The graph extends horizontally and vertically without and any bound. ?" 3
Thus, the domain and range of the function is {R}. (Fig. 2.3)
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2.1.2 Draw the graph of modulus function (i.e., ¥y = |x|) and identify its domain
and range

X whenx >0
The modulus function y = |x|is defined as [x| ={ 0 when x = 0.

—Xwhenx <0
First, we draw the graph with the help of following table.
X 0 1 -1 2 —2 3 -3
y = |x| 0 1 1 2 2 3 3

By plotting these points on coordinate axes. We get, the (3 3
graph of modulus function (Fig. 2.4). Now, we identify its (-2,2)
domain and range with the help of graph. x'e

The arrows indicate that the graph extends horizontally
without any bound, so the domain is R. While, the graph extends
vertically from 0 to upward without any bound. So, its range is
{vly eR Ay =0}.

2.2 Composition of Functions

Fig. 2.4

Composition of functions is an operation or process where two functions f and g
produce a new function h by replacing the variable of one function with other function.

2.2.1 Recognize the composition of functions

Let f:A—= B and g:B - C be two functions. Then the composition of f and g,
denoted by gof, is defined as the function

gof:A = C, given by gof(x) = g(f(x)),Vx EA.

The composition gof of functions f and g exists when
Range f S domain of g. The domain and range of composite
function gof will be domain of f and range of g respectively
as shown in the Fig. 2.5.

The order of function is an important while dealing with
the composition of functions since gof(x) is not equal to Fig. 2.5
fog(x) in general.

2.2.2 Find the composition of two given functions

Example 1.If f:R — R is a function which is defined as f(x) =3x+1and g:R — R is
another function which is defined as g(x) = x2. Find fog(x).

Solution: Since range g = R € Domain f, therefore fog exists.
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The composition of f and g will be

fog(x) = f(g(x)) = f(x?)
= 3(x?) + 1.
fog(x) = 3x% + 1.
Example 2. f(x) = 2x + 1 and g(x) = —x?2, then find gof(x) for x = 2.
Solution:
The composition of g and f will be

gof(x) = g(f(x)) = g(2x + 1)
= —(2x + 1)?
Now,
gof(2) = —[2(2) +1]*
= —(5)?
= =25
Example 3. If R — [—1,1] is sine function i.e., s(x) = sinx and p(x) is a polynomial
function i.e., p(x) = x% + 5x + 7 then find pos.
Solution:
pos(x) = p(s(x))
= p(sinx)
= (sinx)* + 5(sinx) + 7
=sin*x + 5sinx + 7
2.3 Inverse of Composition of Functions

2.3.1 Describe the inverse of composition of two given functions

Let f and g are bijective functions then mverse of composition of f and gis the
composition of g~ and f~1. Mathematically, (fog)™ = g tof L.

Example: If f(x) = f—ir—l and g(x) = 2x — 1 are two given bijective functions then find the

inverse of composition of f and g, also show that (gof)™* = f~log™
Solution:
x+1
Here f(x)= R and g(x) =2x—1
Now, we find gof(x) = g(f (x})

(x+1'1
—9\ 7

1
gof(x) = Z(IJZF :

= (gof) ' =x
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Now, we verify (gof) ™' = f~log™

fy =20

= fFYx)=2x—-1
and gx)=2x-1

1 1
flog™? =f‘1(g‘1(x))=f—1 (I-; )=2(x+ )—1=x
Hence f~tog™ = (gof)~" shown.

Exercise 2.1 _

l.
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2. If f(x)=5x+2and g(x) = 2x*— 3, then find
(1) fog (1) gof (1) fof (iv) gog

3. If f(x)=2x and g(x) = x + 1, then find fog(x) for x = —5.

4. If f(x) =x+ 3 and g(x) = x?, then find gof(x) for x = 1.

If ¢(x) = cosx and p(x) = x3 + 1 then find poc(x).
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(a)

(b)

)

(1I)

Functions and Limits

Given that f(x) =x+ 2 and g(x) = 3x — 2 are two given functions then find
(fog)~! and (gof)~! also show that (gof)™* = f~log™t.

Given that h(x) = x — 3 and k(x) = 2x + 5 are two functions then verify that:
(i) hok # koh (i) Chok)™ = k7 'oh™'  (iii) (koh)™' = h~lok™!
Transcendental Functions

All the functions other than algebraic functions are transcendental functions. Like,

sinx,cos™ ! x,lnx,e* and sinhx etc.

Recognize algebraic, trigonometric, inverse trigonometric, exponential,
logarithmic, hyperbolic (and their identities), explicit and implicit
functions, and parametric representation of functions.

Some important types of functions are as under:

(a) Algebraic functions

(b) Transcendental functions

(c) Explicit and Implicit functions

(d) Parametric functions

Algebraic functions:

Algebraic function 1s a function which 1s defined by algebraic expression that contain
x+1

only algebraic operations. For example, p(x) =x*+5x+7,q(x) = = 7 and
r(x) = vx + 1+ 8x% + 9 are algebraic function.

Transcendental functions: Exponential functions, logarithmic functions,

trigonometric functions, hyperbolic functions, and inverse of all these functions are called
transcendental functions.

Exponential functions: If f(x) = a* wherea € R" and a # 1 then f(x) is called

an exponential function of x to the base a. For example, f(x)=3*
1\ X _ : +
flx) = (—) ihix) = (\@ and k(x) = (7)™ are exponential functions.

2
The function e” is called the natural exponential function where e = 2.718281 ...

Logarithmic function: If y = a* where a € R* and a # 1 then log, y = x is called

logarithmic function of y to the base a.

Note:

(1) y = logyp x is a Logarithmic function of base 10 which is called common
logarithmic function.

(11) y =log, x or y =Inx is a Logarithmic function of base e which is called

natural logarithmic function.
(1i1)  The Logarithmic function is the inverse of the exponential function.
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(IV)

(V)

(VI)

Functions and Limits

(iv)  The domain of Logarithmic function is R and its range is IR,

(v) a¥ =eYIna (viy logga=1; log,1=0
Trigonometric functions: We have already studied the six trigonometric functions in
previous classes which are sinx,cosx,tanx,secx,cscx and cotx are the
trigonometric functions.

Inverse trigonometric functions: We have already studied the inverse trigonometric
function in previous class. Sin~'x,Cos™'x,Tan™'x,Sec™! x,Csc™! x and Cot ™ x
are the inverse trigonometric functions.

Hyperbolic functions: Hyperbolic functions are defined in a way similar to
trigonometric functions. As the name suggests, the graph of a hyperbolic function
represents a hyperbola. They are expressed in terms of exponential function e*. There
are six hyperbolic functions which are defined as under:

eX —p~X
(i) y= sinhx = >
1s called sine hyperbolic function of x its domain and range are IR,
B e*+e*
(ii) y=coshx = >

is called cosine hyperbolic function of x its domain is R and range is

(yVlyeR Ay =1}
o _sinhx e*—e”
()= tanhix = coshx e*+e™*
is called tangent hyperbolic function, its domain i1s R and range is
yyveERA-1<y<1}

. 1 2
(i) y=sechax= coshx eX+e*

1s called secant hyperbolic function of x its domain 1s R and range
[ylyeRAO<y<1}.

1 2
(V) y=cschx= sinhx e*—eX

is called cosecant hyperbolic function of x, its domain and range

vlyeR Ay = 0}.
1  e'+e™
tanhx e¥—e™*
is called cotangent hyperbolic function of x, its domain is {x|x € R A x # 0}
and rangeis {y]y ER Ay < —-1Ay = 1}.
Inverse Hyperbolic functions:
The inverse hyperbolic functions are defined as under:

(i) y=sinh™tx = ln(x + vx? + 1) is inverse sine hyperbolic function its domain
and range is R.

X

(vi) y =cothx =
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(ii) y = cosh™tx = ln(x + Vx?Z — 1), is inverse cosine hyperbolic function, its

domainis {x|x ER Ax > 1}and rangeis {y|]y E R Ay > 0}.
(iii) y =tanh™'x = %-ln (E) is inverse tangent hyperbolic function, its domain is
{x|]*x e R A—1 < x < 1} and range is R.

1+ /1—x?

(iv) y=sech™'x=1In is inverse secant hyperbolic function, its

domainis {x|x e R A0 < x < 1}andrangeis {y|ly € R Ay = 0}.

2
_ T 1, 1+1+x
(v) y=csch™*x=1In x+ 5

is inverse cosecant hyperbolic function, its

domain and range are {y|y € R,y # 0}.

1 x+1
. _ = O
(vi) y=coth ™ x 2ln 1
is inverse cotangent hyperbolic functions. Its domain is {x|x € R A x # 1} and range is

{ylye RAy # 0}

Identities of trigonometric and hyperbolic functions

Trigonometric Identities Hyperbolic Identities
1. cos’x +sinx =1 cosh?x — sinh?x = 1
ii. 1 + tan’x = sec?x 1 —tanh?x = sech®x
iii. 1 + cot?x = cosec®x coth?x — 1 = cosech?x
1V. sin2x = 2sinx cosx sinh 2x = 2sinh x cosh x
V. cOS 2x = cos®x — sin®x cosh 2x = cosh®x + sinh?x
Vi. cos 2x = 2cos®x — 1 cosh 2x = 2cosh?x — 1
vii., cos 2x = 1 — 2sin®x cosh 2x = 2sinh®x + 1
viii. sin3x = 3 sinx — 4sin3x sinh 3x = 3 sinh x + 4sinh3x
1X. cos 3x = 4cosx — 3 cosx cosh 3x = 4cosh®x — 3 coshx
X. |sin(x+vy) sinh(x +y)

=sinxcosy t+cosxsiny = sinh x cosh y + cosh x sinh y
xi. | cos(x +vy) cosh(x + y)

= CoSXCOsSy +sinxsiny = cosh x cosh y + sinh x sinh y
Xii, sin(—x) = —sinx sinh(—x) = —sinhx
X1il. cos(—x) = cosx cosh(—x) = coshx
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(c)
(M

(1T)

(d)

2.5
2.5.1

(1

the function e” is increasing and its graph cuts the y-axis at (0, 1).

i fO)=a* .
The graph of the function f(x) = a* is similar to the °\ %\ (.

graph of e* and its shape depends on the changing value of ‘a’. 7t
The graph of f(x) = a* for different value of ‘a’ is show in Fig. °T ]
27 A ¢
The graph indicates that: Nl o

e [f0<a<1theny=a”isdecreasing function. \ 2t

e [fa > 1theny = a* is increasing function. h

Explicit and Implicit functions:

Explicit function: An explicit function is a function in which dependent variable y
can be written explicitly only in terms of the independent variable x. Mathematically,
it is written as y = f(x). For example, y = x — 1,y = e* + sinx elc.

Implicit function: A function in which dependent variable y can not be expressed
explicitly in terms of independent variable x . Both dependent variable y and
independent variable x are mixed with each other where y cannot be expressed
isolately as the function of x.

For example, x? + xy + y% = 0, where y is the implicit function of x.

Parametric Representation of Function: A function can be represented
parametrically by expressing the both dependent and independent variable as the
functions of parameter such as t.

For example, x = cost and y = sin ¢ are the parametric representation of x% + y* = 1,
here t is a parameter.

Graphical Representations
Display graphically:

The explicitly defined functions like y = f(x), where
¢ f(x)=e%

¢ f(x)=a%,

o f(x)=log.x

° f(x)=log.x

fx) =e*

The graphof y = e* ¥V x € R.

It is observed from the graph of e*, as shown in Fig. 2.6, ~
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The curves y = a”* close to the positive y-axis as a > 0 increases.
(i)  f(x) = logex

A function of the form y = f(x) = log,x
where a > 1 1s known as logarithmic function with
base 'a’. Its graph depends on the value of 'a’.

Since the inverse function of y = log,x is the

exponential function y = a*, the graph of y = log,x

is the reflection of y = a* with the line y = x as shown
in the Fig. 2.8.

The graph indicates that: ~ T {
¢ The curve y = log,x cuts the x-axis at the .--'; j
point (1,0). Y
e the domain of the curve y = log,x is R, Fig. 2.8

e the curves y = log,x approaches to negative y-axis as x € (0,1)
as shown in Fig. 229

y=log;x

¢ Changing the base b in -
f(x) = logyx can affect the graphs }; r iz.g:l 4
of f(x). It is observed that the graph y = logs x
compresses vertically as the value of
the base increases. 6 7

e f(x)increasesif b > 1, Fig. (2.10)

e f(x) decreases if 0<b<1,
Fig.(2.11) Fig. 2.9

3

P

A
=
Z
[

Ty
=

£3 25 (%)
/?’Eﬂm— h T<hE1
\ (10)
X« 0 4['_11}} Xy 0 \ > X

[ N
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(iv)  f(x) = logex
Logarithmic function f(x) = log.x 1is
known as natural Logarithmic function and

represented by Inx, which 1s displayed as in
Fig. 2.12.

e Display graphically the implicitly defined

functions such as x*+y*=a* and

x2 yE
2 + pZ = 1 and distinguish between

Fig. 2.12
graph of a function and an equation

To display graphically the implicitly defined function, we solve the equation f(x,y) = 0
for v in terms of x where more than one function may be obtained.

Now, we draw the graphs of each function separately. Finally, by combining both
graph, the graph of F(x, y) = 0 can be obtained.

For example, to display graphically x? + y? = a?, first we solve y for x,
We get

y=va?—x? ory = —Va? — x?
Now, we separately draw the graph of each function as shown in Fig, 2.13 and 2.14.

3 3

(0,a)] Y= a*—x? (—a,0) (a,0)

X4 > X
X'e » X U
(a,0)

(—a,0) 3 = _,VI'[IE — x2 (0,—a)

T' h J
y ’
y
Fig. 2.13 Fig. 2.14

Now, by combining both graphs, we get the graph of
x% + y% = a? as shown in Fig. 2.15.

It 1s circle whose radius is ‘a’ unit and centre at the
origin.

2 2
X y
—r 1
2

Similarly, we can display the graph of -{E + 5
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[t 1s an ellipse whose major axis 1s along x-axis and
minor axis 1s along y-axis as shown in Fig 2.16.

Distinguish between graph of a function and an
equation:

Fig. 2.16

The graph of a function and an equation (implicitly defined function) can be
distinguished by drawing vertical line on the same plane. If vertical line cuts the graph at only
one point, then it 1s the graph of the function and if it cuts the graph at more than one point then
it is the graph of the equation.

Example: Distinguish between the following graphs of function and equation.
y y
&

AN 2

VARV,

TJ
y ¥
Fig. 2.17 (a) Fig. 2.17 (b)
We check it through vertical line test.

y ¥y
A A & A
i s
P
Q
x'e > X x'e / > X
\)R
S
v v ) v, v
v v
Fig. 2.18 (a) Fig. 2.18 (b)

In Fig. 2.18 (a) vertical line touches the graph at only one point P, so the Fig. 2.18 (a)
represents the graph of the function.

In Fig. 2.18 (b) vertical line touches the graph at more than one point, so Fig. 2.18 (b)
it is the graph of the equation.
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E Display graphically the parametric equations of functions such as
x=at? y=2at;x=asech, y=btan

Example 1. Draw the graph of parametric equations of function

x =at? y=2at,whena=2and -3 <t <3

Solution: Parametric equations for a = 2 are -I—z—f —
x = 2t (i) s T
y = 4t ...(ii) 6 /--*"'f
By constructing atableas =3 <t < 3 “; I’/
¢ | 3 |-2]|-1]0[1[2]3| *™[H2icslommisis "
x=2t*| 18 | 8 | 2 |0| 2 | 8| 18 -4 \\
y=4t | -12|-8| -4 |0 4 [ 8] 12 e ., = <
By plotting the points (x, y) on coordinate axes, | ,g' B
we get the required graph Fig. 2.19. Y ——

Example 2. Draw the graph of parametric equations of function x = asec@, y = btan 6,
wherca =5, b=3and <6 <.

Solution:

Parametric equations fora = 5and b = 3 are

x = Ssec 0 A1)
y = 3tan @ ...(11)
By constructing a tableas -t <6 <m
o -7 —om | —im | TW | W -n 0 T Z_H S_H T
6 3 2 3 6 6 3 3 6

x=>5sec | -5| =58 | =10 | o | 10 58 | 5|58 10
y=3tan8 | 0 1.7 | 52 | =00 | =52 | =17 | 0 | 17| 52

S| 8| =13

I
il I

=

|

[y |

oo

|

LN

[t s

By plotting the points (x, y) on coordinate axes, we 10 |-s] | 0] 5

get the required graph of Fig. 2.20. / 1 \
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Display graphically the discontinuous functions of the type

={x when 0<x<1
y x—1 when 1<x<2

Here we have a discontinuous function. Let us draw both the function at their respective interval.
e Fory=xwhen 0<x<1
By constructingatableas 0 < x < 1

X 0 [ 021 04 [06] 08 | 0.99 Y
y=x 0 |02 04 [06] 08 | 099 1
e Fory=x—1when1<x<2 14 \f“* ,L:’
By constructing atablecas 1 < x < 2 | / ﬂ—::—r :
X | 12 | 14 J16] 1.8 2 | X< , >

Y 0<x<]l 1<x<2

y=x—1 0 02 [ 04 |06 08 ;
The graph of discontinuous function as shown in Fig. 2.21. 3 Fig. 2.21

2.5.2 Use MAPLE graphic commands for two-
dimensional plot of

e an expression (or a function),
e parameterized form
e implicit function,
by restricting domain and range of a function
(a)  An expression or a function (2D plot using MAPLE)
The standard scale for a Maple plot is x (horizontal axis) ranging from —10 to 10 and

the vertical axis is based on the value of the function when x ranges from -10 to 10. The view
option allows you to scale the axes 1n order to see details of interest.

>f2i=x->x*+x3-2.x2-3

150} 1o
1004 3
sol 10 -5 |0 5 10
54
:_:I :[ll : 5 _10}
Fig. 2.22 Fig. 2.23
> plot (f2) > plot(f2,view = [—10..10,—10..10])

2D plot of the function without x and y 2D plot of the function with x and y ranges.
Tanges (Restricted Domain)
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(b)  Parameterized form (2D plot using MAPLE)

6,_

Maple Command format for 2D plot of
Parametric function is as under:

> plot([x(t), y (1), t
= range of t], h, v, options)

Where,
[x, y, range] is the parametric
specifications
h and v are the horizontal and vertical
ranges
Example:

> plot([t?, 2t,t = —3..3)])

x =t%,y=2tandranget = 3..3 Fig. 2.24

(¢)  Implicit function form (2D plot using MAPLE)
Maple Command format for 2D plot of

implicit function is as under: oT

> with(plots, implicitplot) 41
> mplicitplot(f,x = a..b. y = c..d, options) 5
Where, f1s the implicit function
x =a..bandy = c..d are the range on x and S 6 b 20| 3
y-axis. ]
Example:

> with(plots, implicitplot)

> impliciitplot

. Fig. 2.25

2.5.2 Use MAPLE package plots for plotting different types of functions

Different type of functions is plotted with Maple package. The Maple command format
1S as under:
> plot(f,x = xp..%¢)

f 1s a function and x = Xxy..x; is the interval on x-axis.
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i
Fig. 2.26 Fig. 2.27
Plot (1 + x%,x = —-1..1) Plot (cos(x),x = 0. .4m)

Algebraic function Trigonometric function

i 2
Fig. 2.28 Fig. 2.29

Plot ([In(x)],x = —5..5, color = ["Red"]) Plot ([exp(x)], x = —2..2, color
= ["Red"])

Exponential function

Logarithmic function

I Which of the following are algebraic, exponential, logarithmic, trigonometric, inverse
trigonometric, hyperbolic and inverse hyperbolic functions.
i) y=x?>+5x+6 (i) f(x)=tan"lx
{iiy p=2*" (iv) vy =logs(x+ 2)
v)  f(x)=3sinx (vi) y=an¥
. x2+5x+7 sin x
(vil)  f(x) = % (viii) f(x) = e
(ix) y =loggsinx (X)  f(x) = cosec™l{x2 -1
- 1 e — x
(xi)  f(x) = tan(sin x) (xil) y= =13
(xiii) f(x) =sinhx (xiv) y = Incoshx

(xv) y=tanh'x (xvi) ¥ =cos !(Inx)
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2 Identify, whether the y 1s the explicit or implicit function of independent variable x 1f:
i) xy?+5xy+7=0 i) y=3x°—3x+5

(iii) yx%+4 y*x =3 -5y iv) x*+xy*=2+3xy
x+3 X 3
- N —=3x°y—35
v = Vi
™) v x=45 (V1) y
3. Draw the graph of the following functions:
i fx)=e* (i)  f(x) =3log,ex
x2  y?
_ = . _
(iii) y=v36—x (1v) Te + 25 1
4, Draw the graph of parametric equations of function
x =at?, y=2at,whena=4and=5<t<5
| Draw the graph of parametric equations of function

x =asecH, y=btanf,whena=3,b=4and—-n <60 <m

2
6. Draw the graph of the f(x) = [; i E jll
X

2.6 Limit of a Function

2.6.1 Identify a real number by a point on the number line

A number which does not involve the square root of negative number is called real
number, any recal number x can be represented on a straight line by a point P such that the
distance of P from a fixed-point O on the line is equal to |x|. The straight line is called the
number line (Fig. 2.30).

Fig. 2.30

For each real number there is a unique point and conversely for each point of the line,
there is a real number, 1.e., there is one to one correspondence between the set of real numbers
and the set of point on the number line. So, every real number can be identified through a point
on the number line.

2.6.2 Define and represent
¢ open interval
¢ closed interval
e semi open and semi-closed intervals, on the number line
¢ Open interval:
Let p and g be two real numbers with p < q then the set of all real numbers x such that

p < x < q 1s called an open interval and denoted by |p, q[ or (p,q) (i.c., it does not include
the endpoints p and g).
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e, (g ={xlxeERAp<x<g}
and geometrically it is the set of points on the number line between p and g as shown in the

Fig. 2.31.
< 9, 9 >
P q
Fig. 2.31

¢ (Closed interval:
Closed interval is the set of all real numbers x such that p < x < g and denoted by
[p,q] (ie, it includes the endpoints p and gq),
i.e., [p.ql ={x|]x€ER A p<x<q}

and geometrically it is the line segment with end points p and g on the number line as shown

n the Fig. 2.32.
<4

€ ® >
P q
Fig. 2.32
¢ Semi open-Semi closed interval
Semi open- semi closed interval is the set of all real numbers x such thatp < x < g

and 1s denoted by (p, q]. It includes the end point g but not p,

ie., (p,q] ={x|]x€R Ap <x < q}
and geometrically it 1s the set of all points between p and g where end point g 1s included and
the end pomt p 1s excluded on the number line as shown in the Fig. 2.33.

“ O & »
P 4
Fig. 2.33
Similarly for p < x < g, we denote the interval by [p,q) (i.e., it includes the end point p but
not q), also defined as: Ip.g) ={x|x€R Ap < x < q}

and geometrically it 1s the set of all points between p and g where end point p 1s included and
the end point g is excluded as shown in the Fig. 2.34.

% & @
P q
Fig. 2.34
Note:
(i) p.q]l—®.q) = {p.q} (i) (g —Ip.ql=1{]}
(i) [pqlU(p.q) = [p.q] iv) [pgln(pq)= (p.q)
V) {p.q}Y@.q) = [p.q] (vi) (—o,0) =R

Examples: Find the following
(i) [-4,0) U (-2,7) (i) [3,2)—(2,00) (iii) (2,0) N (1,3)
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(IV) (_m- 4] — (24' D:l) ) (—Dﬂ, 3}& (_41 D::) and (_m: D:l)

Solution:
(i) [-4»)u(=27)=[-4x) (i) [3,0)—(2,) ={}
(i) (2,00] N (1,3) =(2,3) (iv) (—o,4] — (2,00) = (—x,2]
(v) (—00,4] — (—=,3) = [3,4] (vi) (—o0,4] — (—4, 0] = (—o0,—4]

(vii) (—o0,4] — (=00, 0) = {}
2.6.3 Explain the meaning of phrase

o x tends to zero (x — 0),
0 xtends toa (x — a)
o x tends to infinity (x — ©0)

Before the definition of the limit of a function, it is necessary to know the clear
understanding of the meaning of the following phrases:
e xtends tozero (x — 0)

x tends to zero means x varies in such a way that its numerical value becomes ‘closer’
to 0 but not 0. Symbolically we write as x — 0.
e xtendstoa(x — a)

x tends to @ mean x varies in such a way that the numerical difference of x and a tends
to 0. Symbolically [x —a]| - 0 = x — a.
e x tends to infinity (x — o)

x tends to infinity means x increases without any bound in such a way that no real
number exists which is greater than or equal to x. Symbolically, we write x — oo,
2.6.4 Define limit of the sequence

Recall the definition of the sequence, it is a function whose domain is the set of natural
numbers. Consider the sequence a,,a,,as, ...a,, ... denoted by {a,}. If the terms of the
sequence {a,} getting closer to a specific real number [ as n tends to infinity, then [ is called
the limit of the sequence and is written as

lim a, =lorlima, =1

TI—o0

If the value of a,, gets larger and larger without bound as n tends to infinity, then we
say limit does not exist and we write

lim a,, = o0

—=oo

Nevertheless, if value of a,, gets smaller and smaller without bound as n tends to
infinity, then limit also does not exist and we write
lim a,, = —oco

T—oo
For example, the limit of the sequence 1,%,%,%,%, .. will be 0 as each next term of the

sequence decreases and becomes closer to 0.
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lim(c) = ¢ where c is constant

o lim(c.a,) =c.lim a,

e lim(a, +b,) =lima, +limb,
e lim(a, —b,) =lima, —lim b,
e lim(a,b,) =Ilima,lim b,

. fan\ _ lim an
* lim (E) = T by

2.6.5 Find the limit of a sequence whose nth term is given

. . _ 3n2+5n+7
Example 1. Find the limit of the sequence a,, = EnZ 811"
Solution:
i = 3n°+5n+7
now T nhe5nZ — 8n — 11
n2(3+2+5)
lim a, = lim E Tl
n—oo n—ow _ o _9o
n (5 n '-;_1?)
e
lim a, = lim i +E+E
n—oo T n-oo 8 11
S5 g
n n
. - B ; 7
_Jim(3) + Jim (3) + lim ()
B . .8 . 11
Jims — lim £ tim 3
(Applying limit)
~_3+0+0
" 5—-0-0
I 3
now ™ 5
. _— 5n+7
Example 2. Find the limit of the sequence a,, = A

Solution:

i _ sn+7
nl—l}f}a An = ﬂﬂgnz + 11
7
n(5+ﬁ)

lim a, = lim
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5+~
= lim
o0 11
" ﬂ(9+g)
. 540
= lim

O+ 0
2.6.6 Define limit of a function

Limit of a function f(x) at point a is the number L such that the values of the function
get close to L as long as x becomes close enough to the point a.

Mathematically it 1s written as
lim f(x) =1L

X—
For example, to find the limit of the function f(x) = %(x +1)(x—1)(x—5)atx = 3.

We find all the values of the function when x approaches to 3.

X

25

2:5b

2.6

2.65

2.7

2,75

29

295

f(x)

—3.28

—3.37

—3.46

—3.54

—3.62

—3.69

—3.89

—3.95

When x approaches to 3, the values of function become close to —4, as shown in the
above table.

Hence, the limit of the function at 3 is —4.
1
1.€., lim [— (x+1D(x—1)(x— 5)] = —4
x—3 |4

Note: Let p(x) is polynomial function, then lim p(x) = p(a)
X—=0

2.6.7 State the theorems on limits of sum, difference, product and quotient of
functions and demonstrate through examples
Let f(x) and g(x) be two functions defined on an open interval containing the number
“a”. If x approaches “a” both from left and right side of “a”, f(x) and g(x) approaches, a

specific numbers ¢ and d, called the limit of the function f(x) and g(x) respectively. The

same may be written as:

lim f(x) =c¢ and limg(x)=d

X0 X={

Following theorems of limits or properties may be applied for finding the limit of the functions:

Theorem 1. (Limit of Sum of Functions)

1.6

The limit of the sum of functions is equal to the sum of their limits
lim[f(x) + g(x)] = lim f(x) + lim g(x) = c +d

Theorem 2. (Limit of Difference of Functions)

Le..

The limit of the difference of functions is equal to the difference of their limits
lim[f(x) = g(0)] = lim f(x) = lim g(x) = ¢ —d

1.€..
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Theorem 3. (Limit of Product of Functions)

The limit on the Product of functions is equal to the product of their limits
ie., Jl':l_ri_lsl1 [f(x).9(x)] = }fl};{}l f (x).l@}l g(x) =c.d

Theorem 4. (Limit of Quotient of Functions)
The limit on the Quotient of functions is equal to the Quotient of their limits

fo] limf(x) c
roll }E}Ig &~ d where g(x) # 0

1.6..

X—l

2.7 Important limits
2.7.1 Evaluate the limits of functions of the following types:

x%—a? g X =
° an when x - a
x—a Va—/a
X
° (1—1—%) when x - o
1 Vx+a—Ja a*-1 (1+x)"-1 sin x
© (1+x)x, ; \ ( ) and when x - a
X X X X
x’-a* x-a .
s : when x - a
x—a 'Vx—/a
2_n2 e
()  limi=E = iy EOCH)
x—=q X—4a r=a X—d
= lim(x +a) = 2a
X=#l1
o . x-a . x—a +x++a
M) e i va—a Jria
(x — a) \E+\/E_], (x —a)

lim

G Tt R —(ua O T

= I =gy (V@) = iy (@
=2Va

o (1+%)I when x - o
X

(1+;) when x — o

By using Binomial Series
X

lim (1 +1) = lim [1 +x(l) pRE_l) (1)2 f ez DE=2) (1)3 + ]

X—00 X X—300 b 2! X 31 X
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_ ‘1 1 1 2(4 1y 1 1 3 (4 1
= Jim |1+ 14502 (1= 1)+ (1-5)(
| 1 1 1 1 2
= lim 1-1+—(1-—)+—(1——)(1--)+-~]
x—00 | 2! X 3! X X

1.2 3
whenx — oo, All —,—,—, ... tends to zero.
il R
1+1+1+1+1+1+1+ =1+ +x3+x3+xq’+
_[ TR TITRNS "E_xz.azu

1 1
el=1+14+—-+—4--

21" 3]
1 X
lim (1+3) =e [Approximate value if e is 2.718281]
1 Jx+ta—Ja a*-1 (1+x)"-1 sinx
e (1+x)x, ; ,( ) and when x = 0
X X X X
1
i (1+x)x when x—0
1
Let ==
c X y

Asx - Otheny — o

Now, lim(1+ x)% = lim (1 + 1)}' =e
’ y

x—=0 y—oo
1|'| + p—
(i) a : Ve when x = 0
Vx¥a-va _ . (xFa-va) (xFa+a)
lim = lim :
x=0 b X0 X (Wx +a++a)
. ¥Fa—d 1
= |lim :
=0 X (Vx +a++a)
, 1 1
= lim = —

0 (Vx+a++vVa) 2va

a*-1
(iii) when x - 0,a>0 a+#1
X

X__

To find lim &—
x—=0

Let a*—1=y .+4(1)
=> a*=1+y
— x =log,(1+y)

From (1) when x — O then y — 0 we have
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li =1
0 Xy log,(1+y)
_ _ 1
= h-l}ln ; = h_}g -
70 2 loga(L+y) 7TV 1og,(1 +y)
hm (1)
lim [ log,(1+ y)l']
s
1
= : + lim logy (£ (x)) = log,, (lim f (x))
. - X—=a X—=a
log, lim ’(1 + y)}“]
y-0
- a*-1 1 _ 1
LI_I:% e or. 8 = log.a=Ina h'l_lz'é(l +y)p = E]
Corollary: If a 1s replaced by e, then above formula reduces to
e* -1
lim =lne=1
x—=0 x
" W EI - 1
i.e., lim =
x—( X
(14+x)"-1
(iv) : when x = 0andn e
By using Binomial series
n(n—1 nn—1)(n-2
1+x)"=1+n(x)+ ( )( )% + ( 3)|( )(x)3+
1 1)(n-2
C(l+x)"—1 [1+n(:r)+"(" RO ()2 + TR ()3 4o | - 1
lim = lim
x-0 X x—0 X
| n(x) + n[n 1) (x )2 n(n— 13;:{11 2}( )3
= lim
x—=0 X
[ L n(n-1) n(n—l} n(n—l?’)?(n—Z) $2 4 ]
= lim '
x—0 p &
nn-1 nn—1)(n—2
x=0 21 3!
=n
sinx
(v) when x - 0

X
Consider a umit circle with circular sector OAB. If x 1s the angle measured in radian
between the radial segment OA and OB, then it follows from the definitions of the
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trigonometric functions that BD = sinx, 0D = cos x, and AC = tan x,. Also, x is the length of

the arc AB from figure 2.35.

We have

Area of AODB <Area of sector OAB < Area of AOAC
Sinx cosx X tanx

LE, < =<
| 2 2" 2
1 - sinx
€OSX < = < —— [dl'ﬂdlng by —5-
1 sinx
= > > COSX
COSX %
sinx 1
or cosx <
X COSX
R . q
ilﬂ%m =il ;:1—1!% COS5 X
~ By sandwich theorem, we have
. Sinx
lIim—=1
y—=0 X
2.7.2 Evaluate limits of different algebraic, exponential and trigonometric
functions
(a) The evaluation of the limits of algebraic and exponential functions:
. . 1
W lm—g=5g=-1
o . 1
. Y A
3 AR
. Xy= 1 X\x"*5
(i) lim(1+%)7 = lim (1 + 5)
3
a |5
= 3 1
X\ x %
= | li — = eb A | | —
Iy (1+5)| = B =
3\ 3 %"%
(v Jim (1+3) = Jim (1+5)

| L

X
|1, (14

C

fan x




(vii)

(b)
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n
lim (1+x) —1
=) SI
We know
i 0" =1 _
x=0 X
n mn
lim (1+x) -1 _ llim (1+x) =1
x—{) Sx 5 x—+{)
i | n
~EW=E
n_n
lim Jr:x 2 =na™ ! wheren € Q
X—=a s %

Letx=a+ h,asx — a,we have h — 0

h mn
xt—at @+t -at ﬂ“(”a) -
lim = lim = lim
x—=a X—a h—0 h h—0

=a i (140 (Q) + ”(a) rem1)

n nn-—-1) h
= a“hm( + ( ) +)
h—=0\a 21 a?

=ng? (by applying limit)

The evaluation of the limits of triconometric Functions:

() i sin2x _ lisa 2sin2x _ 2 lim sin2x _ 2
x—0 X  x=-0 2x = Tax=0 2x
(i) lim l—cosx _ t 1—cosx 2 1+cosx
x-0 X x>0 X 14cosx
1—cos?x
= lim

x—=0x(1 + cosx)

I x sin® x
= lim
x=0x2(1 + cos x)

. X . (SInXx 2
= [im .llm( )=D><1=D
x-014+cosx x—=0\ Xx

sm 5y sindx Iim JSINoX

2o =

. 5
(111) lim = lim 5= ; == : = =
r—0Sin3x  yx—p Sin 3:-: sin3x . SSm 3x . Sin3x 3
R i‘-’fﬁ x ii’?ﬁ' 3x . S5y 3x
— lim (nr—x) 7
(iv)  lim = =2 = —T
x—0 cos(m—x) hm[cus(n—x)] —1

x—0



Functions and Limits

2.7.3 Use MAPLE command limit to evaluate limit of a function

The format of limit command to evaluate limit of a function in MAPLE are as under:

> limit(f, x = a) for Ll‘im f]
—+{1
> Limit(f, x = a, dir)
Where,
f stands for function whose limit 1s to be evaluated

X=a standsfor x = a
dir means direction i.e., real/complex or left/right ofainx — a

Examples:
1 sin(x
::-Iimit(-,x=5) ::riimit( ( ),x=ﬂ)
X X
1 1
5
Directional limits are: Limit of Piecewise functions:
1 — ni ] 2 _ -
< Tt (—,x _ 3) > g = piecewise(x < 3,x*—-6,3<x,2x—1)
X i [xz -6 x<3
1 2x—1 3<x
3 > limit (g,x = 3)
1 ]
> limit (;.x = (), rea!) undefined
> limit (g,x = 3, right
undefined g 4 ;
1
> limit (;,x = ﬂ,rfghr) > limit (g,x = 3,left)
3
Co

X
—Q0

1
> limit (—.x = (), Ieft)

Exercise 2.3

. Find the following:
(i) [2,00) U (3,5) (i) [-11]-(2,0) (iii) (5,)Nn(-3,6)
(iv) [3,5] —(3,5) (v) [1,10]n[3,11] (vi) (—o0,5) — (—o9,3)

Z Find the nth term and limit of the following sequences
o111 1.2 34 56
W15z W) 325678
3. Find the limit of the following sequences whose nth terms are:
_ 1+5n _ (3n=1)(n*-n) (n+1)!

O a== @) a;=rrmisy @) 6 =aEey




Functions and Limits

Find limit of the function y = % for x — oo,

Evaluate:
@) limGS+x2+x+1) ) lim (S
X2 x=5 \ x2
(iii) lin} [(2x3 4+ 3x*)(x + 1)] (iv) lin} {(x+1)— (2% +2x + 3)}
X X—
6. Evaluate the limits of following algebraic and exponential functions:
. i 4
" 2 3 . .
(1) an} (x* + 4) (i1) .1:1-!*?] =7 (ii1) ;Eﬂ Ex+10
2
: . x4—49 . Jx+3—/3 . . x=7
TS = T =
5
= : X\x . & i A p\P*
(vii) ;E% (1 3 ?) (viii) ilila(l + ax)x (ix) :Ln-:}n (1 + E)
X x n
. P\ . . 17=4 o (1+2R)"—1
(x) ;11_,":0 (1 X ) (x1) ll_l};'] X (x11) }E}] S5h
1
o 2¥—4%—8"—1 . - (14+7x\x . aX—p"
(x1i1) LI_I;I% 2 (x1v) :lrl_l;la (1-—9,1:) (xv) }fl_lg
—2x _o—11x —S5X_ga—2X
(xvi) lim &= (evii)  limn Se———2e 42
x=0 X =0 X
(xviii) Iin?](l + 3 tan x)°t*
X—k
1 Evaluate the limits of following trigonometric functions:
M mZEE G im 2T Gi)  lim(3cosx + 2tanx)?
x-»0 X x—0 = x—0
: . 3sinx—x3 . sinpx . . (2m—x) sec(n—x)
(iv) Lx_qg} 5 (V) LI_I}% Singx (vi) LI_I]% %
S sin xY o 1-cosmx ; sin 3x sin 5x
(vii) lim == (viii) lim rE— (1x) lim 2
8. Evaluate the limits of the following functions:
oo i
_ . sin“(3) ) _ 1 . 5
(1) il_ina o (i1) 11:1_1’1;1& xsin (i11) il_l};j [\/x_ e o e = M x]
. I 1—cos3 x I a*+a *-2 . I 6X¥—3%-2%+1
A - e e - e U
x 3 > & . 1
— 2—16y2 I
(vil) HmZEES  (vii)) lim ——2 (i  BmiE
r—73 x_3 y—4 y—a'il. x—=1 1—x
@ iy ieeess=g ki) Hmx®D  (xii) lim ¥ ~vE
X=TT m—X x—+1 x=1 \!'E—l
- —gi Inx-1
(xii)) i J2-cosx—sinx (xiv) lim

x—% (4x—T)? x—e X—e
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2.8 Continuous and Discontinuous Functions

If the graph of function takes a sudden jump or has a break at x = x,, 1t 1s said to be
discontinuous function at that point (Fig 2.36), if on the other hand, no such jump occurs then
the function 1s said to be continuous (Fig 2.37).

Discontinuous function Continuous function
5 : X |
L =) L y=g®)
:"'""--..._...--'-"'"' """---_._._.---""":"""'---_._._---"'"
5 = > X 0 & > X
Fig. 2.36 Fig. 2.37
2.8.1 Recognize left hand and right-hand limits and demonstrate through
examples

There are two possible limits of the function at any point a. They are left hand limit
and right-hand limit. When x approaches “a” from left side, the obtained limit is called left
hand limit. It i1s written as

Jip /) = m

Here m is the left-hand limit of function f(x) atx = a.
Similarly, when x approaches “a” from right side, the obtained limit is called right
hand [imit. It 1s written as

lim £ =

Here n is the right-hand limit of f(x) at x = a.

The limit of the function f(x) exists at x = a if both left hand and right-hand limit
exist and are equal 1.e.,

lim f(x)=girgf(x)=m=n= L

x—a
|X]

Example 1. Find left and right-hand limit of f(x) = -~ atx= 0 and check the existence
of the limut,
Solution:
il Tiaetis T — 1im X
Left hand limit Ji'ﬁ‘— f(x) _:}LIE:]- = x<0
—X
— e — i |
X
_ . e I
Right hand limit Jllg}l+ f(x) —IILIEJ'L = x>0
z
= — = 1

X
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Left hand limit # Right hand limit

I X .
Limit of the f(x) = ix—l does not exist at x = a.

2x+1, x<?2
Example 2. Find left and right-hand limit of f(x) = { x, x=2 at x =2 and check
3x—1, x> 2
the existence of the limit.
Solution:
Left hand limit = Ilﬂl_ f(x)asx — 2~ = x<2
= lim 2x+1)
x—=2"
=2(2)+1=5
Right hand limit = J_]ilggrf(x) asx — 2t = x>2
= :'}L?+(3x —-1)
=32} —1=5
Left hand limit = Right hand limit
= LI-E f(x) exists.
. - X
E le 3. Check th t f the limit fi = t x=0.
xample 3. Check the existence of the limit for f(x) e i
Solution:
xV1+ cosx
limf(x) = lim Multiplying and dividing by V1 + cos x
I-*Df( ) x=04/1 —cosx -1+ cosx | PRe e ]
_ xV1+ cosx
= lim
¥=0 /(1 — cos x) (1 + cos x)
 xV1+4cosx
= lim
x=04/1 — cos? x
 xV1l+4+cosx
= lim
x=0  4/sin? x
~ xVl+4cosx
= lim _
x—0 |sinx]|

Now, we find the Left hand and Right hand limits to check the existence of the limit.

xvV1 4 cosx xv1+cosx
LHL = lim - = lim _ (vx<0=sinx <0)
x=0~ |sinx| x=0" —sinx
i x o - x
= — lim (—) lim V1 + cos x ( lim — = 1)
x-0" \sinx/ x=0~ x=0"SInx
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R
=(-1V2=—V2
xv1+cosx xv1l+cosx
RHL = lim v : = lim v ,
x-0*  |sinx| x—0*  sinx
: X :
= Jin () S 1o
=12 =12
v LHL #+ RHL
. X .
lim does not exist.

x—0+y1—cosx

(“x>0=sinx > 0)

(+ Jim, —=1)

2.8.2 Define continuity of a function at a point and in an interval

A function f(x) is continuous at the point x = a if it satisfies the following conditions:

(a) Continuity of a function at a point.
(1)
(ii) }:LH; f(x) exists.
(i) lim f(x) = f(a)

(b)

Continuity of a function in an interval:

f(a) is defined i.e, a is in the domain of f(x).

A function f is continuous over the open interval (a, b) iff it is continuous on every
point in (a,b). The function f(x) is continuous over the closed interval [a, b] iff it is
continuous on (a, b), the right-hand limit of f at x = a is f(a) and the left-hand limit of f at

x = bis f(b).
(c)

Discontinuity of a function at point

If a function f is not continuous at a point a then it is said to be discontinuity at a point

a. Similarly, if a function is not continuous on interval, then it is called discontinuous on

interval.

2.8.3
interval.

Test continuity and discontinuity of a function at a point and in an

Example: Test the continuity and discontinuity of the following functions:

(1)

Solution:

f(x) =tanx + x? + 3x atapointx = 0

Left hand limit lim f(x) = lim (tanx + x2 + 3x),

x—0—

x<

x=0-
= (lim tanx+ limx*+3limx) +~tan0=0
x—0- x—0— r——
= 0+0+0=0 [Applying limit]
x>0

Right hand limit: lim f(x) = lim (tanx + x? + 3x),

x—0+

x—+0+
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= (lim tanx + lim x? + 3 lim x)
x—0+ X0+ x—0+

=0404+0=0 [Applying limit]
Left hand limit = Right hand limit

Limit exists at x = 0. Now the value of the function we have f(x) atx =0

f(x) =tanx + x + 3x

£(0) =tan 0 + (0)? + 3(0)

f(0)=04+0+0=0
Thus ;!.I—IE f(x) = f(0)
So, function is continuous at x = 0

2+% when x<3

G &)= {5 it % =73

—2x, when x =3
Solution:

Left hand limit Jr:l_I‘I%'n_f(x) = JLI%]_( 2+ x), X< 3

=2Z+3=05 [Applying limit]
Right hand limit xli%]+ f(x) = xli%L( 5 —2x), x=3
=5-2(3)=-1 [Applying limit]

Left hand limit # Right hand limit
Limit does not exist at point x = 3.

So, the function is discontinuous at x = 3

.
ex—1

_J)—5—, whenx=#0
wh when x =0

Solution:

x—-0" x—-0"

1
Left hand limit lim f(x) = lim (E"{_l), x <0

ex+1
_ 1 =
-3 (-3
= lim |— E: = lim E:
e EE(l +—1) ""'““‘(1 +—1)
L ex/ 4 ex
1—-0
= E T 0; =1 [Applying limit]

x—=0"

1
Similarly Right-hand limit IILI}]L f(x) = lim (ET_I) =1, x>0
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+ Left hand limit of f(x) at x = 0 is equal to Right hand limit of f(x) atx =0
v limit exists at x = 0.
Now the value of the function we have f(x) atx =0
f(x)=1 atx =0
fl0)=1
Thus Iim f(x) = f(0)

So, function is continuous at x = 0

Note: Polynomial function are continuous on (—co, o). ‘

2.84 Use MAPLE command iscont to test continuity of a function at a point
and in a given interval

In MAPLE we use following commands to test whether the expression or function is
continuous or discontinuous at a point and in a given interval.

>1scont (expr, x = a..b)

>iscont (expr, x =a..b, ‘closed’ )

>1scont (expr, x =a..b, ‘open’)

Where,
expr is an algebraic expression
X 1S a variable name
a.b 1s a real interval
‘closed’ is (optional) indicates that endpoints should be checked
‘open’  1s (optional) indicates that endpoints should not be checked(default)
Examples:
2 1
> iscont ( X = 1..2) > iscont ( X = 1..2)
x+1 x—1
true true
> iscont (x T l,x = —2..1) > [scont (x — 1,:: = —1..2)
false false
> iscont ( , X = —1..1) > [scont ( : , X = —m..m)
x+1 X =1
true false
x=-—1.1l1s jan (:a.pﬂni 1nter1:ral, so at point R r— ( 5=, .1)
x = —1 function is discontinuous but other x—1
points of the interval it is continuous. So, it is true
W > iscont (:r: = 0..1 'ciﬂse')

false
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> iscont (sec (x),x = 0..1) > iscont (piecewise(x < 3,x + 8,3
true <x,x*+2),x=0.,00)
> iscont (sec (x),x = 0..2m) true
false > iscont (piecewise(x < 3,x+ 2,3
<x,x2+2),x=0..0)
false

2.8.5 Application of continuity and discontinuity

We have numerous applications of continuity and discontinuity in our daily life. Few are
given below.

(1) Ifwe drop anice cube in a glass of warm water the temperature of water continuously
changes with the time and eventually approaches the room temperature where the
glass 1s stored.

(1) The human heart is also an example of application of continuity as it beats
continuously even the person sleeps.

(111) The continuous spreading of corona virus however, be controlled or discontinued
through precautionary measures such as social distancing, wearing mask and
vaccination.

(iv) Population growth is a continuous process and be measured by an exponential
function known as population growth model.

Example: The profit obtained by wholesaler of biscuits is given by continuous function

7.
p(x) = xx_ 24 , here x denotes the number of packets of biscuits. Find the profit of wholesaler

for selling two packets of biscuits.

A &
Solution: Since, the function p(x) = _H is continuous, therefore Lm% H =3(2)
x*—4  (x—2)(x+2)

}:1—1;1:1-5 X2 _}rl—[g (x—2)

=E%x+2=4=p@)
Hence, the wholesaler would obtain profit of Rs. 4 for selling of two packets of biscuits
to retailer.
Application of discontinuity of function

Discontinuity of function plays a significant role in various real-life scenarios. Here
are some practical applications of discontinuity of function in daily life.

1. Electrical circuits: In electronics and electrical engineering, functions often
describe the relationship between voltage, current, and resistance in a circuit. Discontinuities
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in these functions can represent abrupt changes, such as a switch turning on or off, or a diode
transitioning between conducting and non-conducting states.

2, Stock market and finance: Financial data often exhibits discontinuities due to
sudden price changes, market openings and closings.

3. Population growth and decay: In demography and biography, functions that
describe population growth or decay may experience discontinuities due to sudden events line
disease outbreaks, natural disasters, or population control measures.

4. Internet and network traffic: Data transmission rates in computer networks can
experience discontinuities when network congestion occurs or when there are abrupt changes
in data flow, such as a sudden spike in website traffic.

1. Evaluate the following limits.
N X—2 e X242x—3 o Xe+H4x—12
(1 x]i.% Ix=2| (i) ;Ei]- |x—=1| (111) E—I}% |x—2]
2. Determine whether l_in} f(x), iln% f(x) ,l_in% f(x) and :lrin;i f(x) exit, when

2x+1 if0<x<2
f(x)=[:~:—? if2<x<4
x if4<x=<6

3. Test the continuity and discontinuity of the following functions.
(i) f(x) =sin(x*+mx)+7x*+x atapointx =0

G FE) =225 3?““5‘“" ata poiits =0

7+ 3x, when x<1

(i) flx) = [1 —5x, whenx=>1 at x =1
4. Determine whether the following function are continuous at x = 2
- 2—4 x%—4
(]} f(X) —— 2_2 .[“) g(x) — [x_ WhE“ X == 2
3 when x = 2

x2—4
(i)  h(x) = [ ~—7 When x #2
4 when x =2

—x*4+3 when x<2
x? 49 when x > 2

Is continuous everywhere justify your conclusion?

5. Suppose that f(x) = [

sinkx Cx#0

Find the value of k if f(x) = { X 5 20
2 =

1s continuous at x = 0.
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kx—9 x<5
7. Find the value of k if f(x) ={9x — k x > 5 iscontinuous atx = 5.
36 x=05

Find the values of m and n, so that given function f is continuous at x = 3.

O fx)={ n  ifx=3 (i) f(x) = {

s .
mx lj %3 mx ifx<3

e

—2x+9 ifx>3

V2x+5—Jx+7
Iff(x)={ 2 , X# 2
k , B2

Find the value of k so that f is continuous at x = 2.

Review Exercise 2.

Choose the correct Answer

(1)

(i)

(iii)

(iv)

(V)

(Vi)

(vii)

(viii)

(1x)

The function f(x) = x is called -------------

(a) Quadratic function (b) Cubic function

(c¢) Identity function (d) None of these

The set {x| x € R} can be written as

(@) [-o,0] (b)(—,a) (c)(—, ) (d)(a, =)

[3,5] — (3,5) = —-=-mmmmmneme

(a) @ (b) (3,5) (c) [3,5] (d) {3,5}

LetR = {(x,y)| x,y ERandy = 5}

(a) Set of real numbers (b) {5} (c) @ (d) {1,5}
A function f(x) = %,x # 0 is an:

(a) odd function (b) even function

(c) linear function (d) none of these

If f(x) =4% then f(x+ 1) — f(x) = ~--mmmmmmmemm

(a) 4 (b) f(x) (c)3f(x) (d) 2f (x)

The limit of the sequence having general term a,, = 'é}ﬁ is:

(a) 0 (b) 1 (c) oo (d) None of these
lim SR8 o

(a) i (b) a (c) oo (d) None of these
limy 3= =7

(a) 3 (b) o (©) 0 (d) 6
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(xi1)

(x111)

(x1v)

(xv)

(xvi)

(xvii)

(xviii)

(xix)

(xx)

Iff:[-1,4]— R isgiven by f(x) = x*° then f(-3) is:

(a) 9 (b) —9 (c) does not exit (d) 6
T 4 |
}11_1_1% sin (i + h)
1
(a) 1 (b) -1 (c) 0 (@7
-1
lime x
x=0
(a) 0 (b) 1 (c) o (d) —oo
}E}_ f(x) exits if and only if
(a)_—,_-lllﬂ- f(x) exist (b) IIL m f(x) exist
(© lim, f(x) = lim f(x) (@ Jlim, G # lim f(x)
tim [143]
(a) e”’ (b) e (c) 1 (d) oo
The limit of the sequence 1, w i win?d..is
(a) | (b)m (c) o0 (do0
Which of the following represents parametric function
(a)y = f(x) (b) f(x,y) = 0
()x= f(t),y = g(t) (d) None of these
If gx) =3x+2 andg(f(x))=x then f(2)=__
(a) 2 (b) 6 (c) 0 (d) 8
X
The value of k for which the function f(x) = {t?{ﬂ 3x’ X q&ﬂﬂ is continuous is
' X =
0 b) 3 2 d £
(@) (b) © OF
lim(1 — x)%f
x—0
(a) e (b) E'_Tl (c) e (d) e™!

sech™ x = SE—

A
(a) In(x +Vx2+1) (b) In (% + 1:: )

1 14x 1 1=
whe (29
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If h(x) =Vx2+3 and k(x) = x? — 2, then find composition of function

(i) hok(x) (ii) koh (iii) hoh (iv) kok
If f(x)=x+3 and g(x) = x?, then find gof(x) for x = 1.

f(x) = %1 and g(x) = 3x + 5 are two given functions then verify that:
(i)  (fog)™'= g lof ™ (i) (gof)™'= flog™!

Recognize in the following as explicit or implicit functions and expressed the implicit
function as explicit function 1f possible.

(i) x3 + 2xy = 5x% — 3y (i) 3y =5x%-3x
(iii) x*y+xy=5y—3 (iv) 2x%’y—xy =5+ 3xy
Show that the parametric equation x = asec 8,y = btan 6. represent the equation of
x2  y?
az b2
Draw and explain the graph of the following functions:
x2  y2

(i) Flx)=e"* (i1) y = V4 — x? (iii) 8 + T 1
Draw the graph of parametric equations of function
x =at?, y=2at,whena=6and-5<t <5
Draw the graph of parametric equations of function
x =asecB, y=btanf,whena=4,b=3and—-n <6 <
Show the following:
(i)  [Lew)u(23) i) [-L1]Nn(2,)
(i)  (4,0) N (=3,3) (iv) [23]-(23)
(v) [1,9] n [3,12] (vi) (=%,7)= (—,2)

1 1 1
Find the limit of the sequence 1, —,— ,—, ...

4 16 64

mn
Find the limits of a, = —1+ (3)
Find limit of the function y = x% forx — oo
Find the value of the following:

5 . 3 4 w i m
(1) Ln; (x*+x*+x+5) (i1) Jlrl_lg (x? )
(iii) }rm} [(2x* + 3x)(x + 3)] (iv) :1':111% [(x +3) = (x® + 5x + 5)]
. cosec? x—2 : . sin(m—x)

v) il_,n% cotx—1 (V) ;.If'_Tt T(TT—X)
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_ | 5 i e By
(vi) 1_1_133 (1+ 2x)x (viii) :lrlﬂé T
Determine whether the following functions are continuous at x = 3,
. x2—9 . pF=9
(1) f(xj = x—3 (ll) g(_:!f) = { x—3 ' WhEﬂ X 3+ 3
5 when x = 3
x2—9
(i) h(x) ={%=3" when x # 3
6 when x = 3
e if x < -2
If f(x) ={x%—1 if —2 < x < 2. Discuss the continuity or discontinuity at
L3 if x =2
x=2and x = —2.
2
. x2—9 . x*—9
(1) fe) === i) g(x)={3—3 When x#3
5 when x = 3
x2—9

(iii) h(x) ={x=3 when x # 3
6 when x =3




Differentiation

Differentiation Unit

Introduction

The differential calculus is the branch of mathematics developed by Isaac Newton and
Gottfried Wilhelm Leibniz (G. W. Leibniz). This branch 1s concerned with the problems of
finding the rate of change of function with respect to the variable on which it depends.

3.1 Derivative of a Function

3.1.1 Distinguish between independent and dependent variables

An independent variable is a variable whose value never depends on another variable,
whereas a dependent variable is a variable whose values depends on another variable.

The equation y = f(x) is a general notation which expresses the relation between the
two variables x and y, where y depends on x.

e.g., In function y = f(x) =3x+4, x 1s the independent variable and y 1s
dependent variable.

3.1.2 [Estimate corresponding change in the dependent variable when
independent variable is incremented (or decremented)

Let y = f(x) is a function with dependent variable y and independent variable x. If Ax
is the small change in the independent variable x then corresponding change in y will be Ay

ie, Ay=f(x+Ax)—f(x)

Similarly, when independent variable x is decremented then corresponding change in
y will be Ay

Le., Ay = )F(I) — f(x — Ax)
Example 1. y = x> + 1 then calculate the corresponding change in y when x is incremented
from 1 to 1.01.

Solution: Since x is incremented from | to 1.01, therefore the change in independent variable
X is Ax =1.01-1

Ax = 0.01
Now, the corresponding change in y will be
Ay = f(x + Ax) — f(x)
Ay = f(1+0.01) - £(1)
Ay = f(1.01) = f(1)
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=((1.01)° + 1) —((D*+1)

=2.03031—-2
Ay = 0.030301
Thus, the corresponding change 1n y when x 1s incremented from 1 to 1.01 i1s

0.030301.
Example 2. If y = e* calculate the corresponding change in y, when x is decremented from 2
to 1.98.
Solution: Since, x 1s decremented from 2 to 1.98, therefore

Ax =2-—198

Ax = 0.02

Now, the corresponding change in y will be
Ay = f(x) = f(x — Ax)
Ay = f(2) = f(2 - 0.02)
Ay = f(2) — £(1.98)
-’3}’ s EE - EI.QE
Ay = 7.38905 — 7.24274
Ay = 0.14631.
Thus, the corresponding change in v when x 1s decrements from 2 to 1.95 1s 0.14631.
3.1.3 Explain the concept of rate of change
The rate of change is the speed at which a dependent variable changes with respect to
an independent variable. It can generally be expressed as a ratio of change in dependent variable
and change in independent variable. Let y = f(x) is function and Ax and Ay are the changes
in independent variable x and dependent variable y respectievly. Now,
Ay  f(x+Ax) - f(x)
Ax Ax
is the rate of change of y with respect to x, which is commonly known as average rate of
change. However, when Ax is very small that is Ax — 0, then such rate of change is called
instantaneous rate of change.

Example 1. If y = x% — 6x + 8 determine the average rate of change of y which respect to x
when x varies from 1 to 1.3.
Solution: Given function is
y=f(x)=x*—6x+8
and Ax=13-1=0.3
Now, average rate of change of y with respect of x is
Ay  f(x+Ax) —f(x)
Ax Ax
Ay f(1+03)—-f(Q)
Ax ~ 0.3
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Ay  fA3)—f(1)
Ax 0.3

Ay ((1.3)°—6(1.3) +8) — ((1)*—6(1) +8)
Ax 0.3

Ay 1.89-3

Ax 0.3

Ay -1.11

R § O

Thus, the required rate of change i1s —3.7.

1. Find the average rate of change of the following functions when x varies from a to b.
@) y=f@=x*+4 a=2b=23
i) y=fx)=x3-4;, a=2b=23
(iii) y=f(x)= x?-8; a=3,b=25
2: Find out the average rate of change when x changes from a to b.
(1) A = 1 x%, where x is the radius of the sphere; a=3,b=3.1

(11) V= %1[ x3, where x is the radius of the circle: a=2,b=1.9

3 The price p in rupees after “t” years is given by p(t) = 3t? + t + 1. Find the average
rate of change of inflation from ¢ = 3 to t = 3.5 years.

4, A ball is thrown vertically up, its height in metres after ¢ seconds is given by the
formula h(t) = —16t2 + 80t. Find the average velocity when t changes from a to b.
(a) a=2,b=21 (b) a=2,b=201

3.1.4 Define derivative of a function as an instantaneous rate of change of a

variable with respect to another variable

The instantaneous rate of change of dependent variable y with respect to x 1s called the
derivative of the function y = f(x).

For example, consider displacement of an object is the function of time i.e., s = f(t).
Now, instantaneous rate of displacement with respect to time is called velocity and it is the
derivative of displacement with respect to time.
3.1.5 Define derivative or differential coefficient of a function

Let y = f(x) the derivative of f(x) is the limit of ratio of increments 6y and Jx at

; ) i dy d
Zero i.e., Elﬂlﬂé and it is denoted by f'(x) %,Ef(x) ory’.
A real valued function f(x) is said to be derivable or differentiable at x, iff «(}_!i*m{I %
r—

exists where 8y and &x are the increments in y and x respectively.

e, f0O)= lim [T erigs ()
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The derivative of a function f(x) at any point a is denoted byf'(a) is defined as:
. fla+6x)— f(x)
! =1 :
f'a) 50 (a+d8x) —a
Now, if we substitute, x = a + ox and x = a, with new limits x— a as ox—0, then;

f'(a) = lim [ — f(a) ...(ii)

X—a X—da

Note: The process of finding derivative is called the differentiation and to find the derivative
by either (1) or by (ii) is called ab-initio method/ first principle or by method of definition.

d d
Note: EE does not mean the ratio of dy and dx i.e., EE # dy = dx

d d
=& means derivative of y w.r.t. x, i.e., — (y), — is a differential operator.
dx dx dx

Example 1,  Find derivative of y = x% + 2 w.r.t x by definition
Solution: Given that

y=f(x)=x?+2

s flx+6x) = (x+6x)*+2
By definition, we mean that:

_y_ .. flxtox) - fx)

10 =g = im

2 2 — i
= ') =% _ giﬂﬂx + 2x.6x + (i-? +2—x°=2
o ) = 3_1! _ t{iﬂ] Sx (2;: 8x)
= f'(x) =j—i= 2x + (0) = 2x

Thus, derivative of x2 + 2 is 2x.

Example 2.  Find the derivative of vx by definition.

Solution: Given that
y=f(x)=Vx
“y+8y=f(x+6x)=Vx+6x
By definition

00 zz_i: lim flx+ 0x) = f(x)

dx—0 Ox
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dy . (Vx+68x —vx )(Vx+6x++x)
S dx  8x-0 5x (Vx +6x +Vx )

= (%) y s X+ 0x—=2%
X)=—= lim
dx 6x-08x (Vx +6x ++x )
= () = 1 :
X —
dx Wx+0 +vVx) 2vx
1
Thus, derivative of V/x is E

3.1.6 Differentiate y = x", where n € Z (the set of integers), from first principle
(the derivation of power rule)

Case-I: Let y = f(x) =x™, where »is positive integer
“y+dy=Ff(x+dx)=(x+dx)",

By definition of derivative,

dy +0% ).~
2 i L
. dy =f(x) = lim L 631 =
_ d_ e x™ + (7)x""1(6x) + (;)x;: (6x)% + -+ (6x)" — x"

(apply binomial theorem)

dy o)
= gy =100 = fim ot 4 e (8]

d

Thus, |f'(x)= %(x") o

Case-11: Lety = f(x) =x"  when n is negative integer
~yv+dy=f(x+6x)=(x+dx)"
By definition of derivative,

Ay o flx +6x) = f(x)
dx _f(x)_-:!ﬁ-:l—rﬂ 5x
d —f(x)—hm (x+ox)"—x

ar— ﬁx
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dy _ox" (1 +Jﬁ)n—x“

using binomial series, we have,

ox nn—1) 5x\>
dy : - [1+ (x)+ 21 (x) _|_...]_1
E_f (x) =% " 300 Sx

=

dy_ ven o omea e | o nn=1)6x
=::E—f(x)—x .615;51[} ‘n-l— T (x)+‘

dy n-1 n-1
=:=E_f(x)—x Jim n+0+0+ ] =nx

Thus, f'(x) = -&-x-(x") =nx"! Vvnez

3.1.7 Differentiate y = (ax + b)", where n = % € Q and p & g are integers
such that g = 0, from first principle.

Let y = f(x) = (ax + b)" , where n=%EQandq#=0.

“y+ 8y = f(x + dx) = |a(x + éx) + b]"™,
By definition of derivative,

L ay f(x 4+ 6x) — f(x)
d:r =B =i 5x
i la(x + 6x) + b]" — (ax + b)"
B ‘f (I) - ﬂx-iﬂ Ox
dy |(ax + b) + adx|™ — (ax + b)™
=E_f (x) = ];irr-!}u Ox
adx 1" -
d (ax + b)" [1 + — (ax+ b)
y—f(:r:)—hm (ax + b)
5x—0 Ox
adx n
dy I E
= o = f'(x) = (ax + b)™ ]iI‘Eﬂ x
Using binomial series, we have
2
dy 1+ n—Eﬂax + ”(”2!_1).(';?5) +...—1]

. = n
= dx f (xJ (ot b) :%F—[}u ox
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dy , . adx 1
=)E—f (x) = (ax + b) .g:_miﬂ G+ 5 .5xln+

nn—1) adx
21 " (ax + b)? +‘

dy P NP nin—1) adx
:rﬂ—f(x)—(ax+b) .agglm [?H— T '(ax+b)+m]
d}'_ ! 2 n—1 :
=:dx—f(x)—(ﬂx+bj .ﬂ(%}t_l’iﬂ[n'l*ﬂ*l*o'i* ]
:j—i=f’(x) = na(ax + b)*1

d i
Thus,a (ﬂ.x' + b)“ = na(ux + b)” 5
Examples: Find derivative of the following the w.r.t. x by first principle.
5
(a) 2x° + 1 (b) x—3 (c) (2x + 5)z
Solutions (a): Lety = f(x) = 2x° + 1
Ly+ 60y =f(x+6x)=2(x+6x)° + 1

definition of derivative, we have

dv . . . flx+8x)—f(x)
Fead () ="lom, Sx

_dy ) = 1 2 (x+8x)° +1] —(2x° + 1)
"E_’F e _&!:I—Irlﬂ Ox
dy o 2(x + 6x)° — 2x°
:"E‘f (x)—elhl:r_r!ﬂ 5x
dy o (x + 6x)°— x°
=g CI=A, B%
Using binomial theorem, we have,
dy . . _ . 54 5 5 .5 1
ﬁa—f(x)—z.ﬁgﬂﬂ [x +5x4(5x)+ﬁx3(5x) + o4 (6x)° — x =
dy ... - (9.0x) . T . 4
= =fx) = 2% (%ﬂﬂ[x‘wz!x x4+ (6x)

d.}r_' f g : 4 4 3 4
:a—f{x}—ll}.ﬁﬂn [x ta7 0x + -+ (6x)

Y _
=dx_

dy ., . 4
=>a-;—-f{x}~10x

i) =10(x*+04+0+ - +)

Thua.,i (2x° + 1) = 10x"
dx



Differentiation

Solution (b): Lety = f(x) =x°
Y+ 6y =flx+68x)=(x+d6x)3
By definition of derivative, we have,

—f(x)—l f(x + dx) — f(x)

e ox
dy (x +6x) 3 —x3
Tax fx) = J.Ermﬂ ox
d}; , ' (1 + 6.1‘:) — I_3
ﬁﬁ_f (x)_gﬂ-lu Sx
Ex
dx U] Bl SLTH 3x

Using binomial series, we have

e rwectm [ () s )
i

=——=f'()=-3"

—_— =3 _—
Thus, ™ (:r )—

Solution (¢):  Given that

F() =y = (2x +5)2

5
flx+6x)=2x+5+ 26x)2
Now, by using the definition of derivatives

dy . flx+28x)—f(x)
— = |lim

dx &x—0 Ox

5 5
dy - (2x+54+26x)2—-(2x+5)2
— = |im
dx &x—0 Ox
5

5 20x \2
" (2x + 5)2 (1 + Ex_+_§) - 1]
dx ~ srm 5%

(x4 532 s — |4 42 (zax )+5 3( 26x )2+ 1
= lex sx200x |  2\2x+5/) " 2 2\2x+5




Differentiation

= (24 5 iy o ot 42 3( > )1+
L sx300x\2(2x + 5) ' 2 2\2x+5

5 3
= (2x+5)2-5 = 5(2x + 5)2

(2x + 5)

1. Find by definition (ab-initio) the derivatives w.r.t "x" of the following functions
defined as:
. = 2 w pre_2 1 ‘/_ ew i
(D) f(x) = 2x (i) f(x) =1 —=+x (iii) T
(i) f(x) =3—=x* (v) f(x) =x(x+1) (vi) f(x) = x* =3
(vil) f(x) =x>+5  (viil) f(x) = 4x* — 3x
@ =m  0F)= 5o
2 Find f'(x) for the following functions using definition:
1
() f(x) = V2x+1 (ii) f(x) = (2x — 1) 2
5 3
(iii) f(x) = (6x + 7)2 (iv) f(x) = (Bx—5) 2

3.2 Theorems on differentiation
We will prove different theorems for differentiation.
e The derivative of a constant is zero.

Proof: Lety = f(x) =c ... (1), where ¢ 1s constant

“ Y+ 8y =flo+ o) =c

dy . fx+ 8x) — f(x)
Sy ) S, 5
... B'—=C
=§I:I:I~I+lﬂ Ox =0
i( Y =
Thus, e c) =0

Hence proved.

¢ The derivative of any constant multiple of a function is equal to the product of that
constant and derivative of the function.

d d
i, ——[af@)] =a— f(x) = af (4).

Proof: Lety = af(x) = g(x) . (say)
~y + 0y =af(x+6x) = g(x + ox)



Thus,

¢ The derivative of a sum (or difference) of two functions is equal to the sum (or
difference) of their derivatives.

~[f() £ 9] = £ () £ 9')

Proof: Lety = h(x) = f(x)*tg(x)
“y+0y =h(x + 6x) = f(x+6x) £ g(x + &x)
h(x + 6x) — h(x)

Le..

Differentiation

dy i
c== g'@) = lim
d

=>-£—g(x)— l[im

dx dx—0

_ Y
dx =g'(x)=a. llm

dr—0

dx =g'(x) =af '(x),

~[af ()] = of' @

glx + 6x) — g(x)

af(x + 6x) —af(x)

fx + 6x) — f(x)

)""lll"ﬂ

L flx +dx) — f(x)
s x

Hence proved.

d
2 =M@= lim,
dy _

= dx Sx—0

= dy = h'(x) = lim

Thus,

e The derivative of a product of two functions is equal to (The first function) x (derivative
of second function) plus (derivative of the first function) x (the second function).

= (). 2= () + (). ==

= f(x).g'(x) +g(x).f'(x)
Proof: Lety = h(x) = f(x) g(x). (say)
Sy + 0y = h(x + 6x)=f(x+06x).g9(x+ d6x)

1e,

. ay
" dx

d
—[f(x) + g()]

é (). g(x)]

= lim

() = fim [E 8D g+ 80 + [f() + g()]

g(x +6x) —g(x)

dx—()

d ’ . !
Z =K@ = @5

h(x + 6x) — h(x)

HELLS I

= f'(x) £ g'().

Hence proved.

Sx—0 0x




Differentiation

Ay _ o flet 66 .G+ 60) - () .9(0)

7 S e ox
e dy — lim f(x+ 6x) .g(x + 6x) - f(x + 6x) .g(x) + f(x+ 6x) .g(x) - f(x) .g(x)
dx  Gro0 Ox
d + 0x) - + 0x) -
. é = lim fGx + 80). lim ’g(x ;3 g(x)] lim [f (x a? fx) ‘ Lim g

d
=:-E£= flx+0).g'(x) +f(x).g(x)

d
= d_i = f(x).g'(x) +g(x).f'(x)

d : '
Thus, ——[f(x).g(x)] =7 (x).9 (x) + f (x). g(x)

This is known as product rule for differentiation of two functions.
Hence Proved.
¢ The derivative of a quotient of two functions is equal to denominator times the

derivative of the numerator minus the numerator times the derivative of the
denominator and all divided by the square of the denominator.

1.e..

d f(:-:)] () -% f(x)- f(x) -f—x 9x) _g(®). f'®)-fx). g'()

dx Lg(x) [9(x)]? [9(x)]?
Proof: Lety = h(x) = % (say)
Let y=h(x)=
3 3 f(x+ d6x)
y + 6y = h(x + 6x}_g(x+6x)
d_y s 1 h(x+8x)—h(x)
dx h(x) = 51;:1:]110 dx
dy ., . . [fx+8x) f)] 1
R )=, g(x+ 6x) g(x)"&x
dy . . [9(). f(x+ dx) — glx+ &x). f(x)
=’E‘h(""’)‘.ﬁ'ﬂ:_ 6x. glx+ 6x). g(x) ‘
o = g [0S+ 80— F09.600) + f(2).8(3) ~ gla+ 0). f00)
dx x40 dx. glx+ 6x). g(x)
. [f(x+ 6x) — f(x)] . [glx+ 8x) — g(x))
NG Jim (EEE S0 = PO — £0). Jim 2 ]

dx .51:}:]—1-10' glx+ 6x). g(x)




Differentiation

dy . 90 @) — 0. gz 9
= e = A 03000
dy ., g@).f'x) - f).9'()
g ) = [g(x)]?
o ] _ 9&)-f ") —f(x).g" (x)
’ d.'x g(x) [g(x)]?

This is known as quotient rule of differentiation

Hence proved.

3.3

e Differentiate constant multiple of x™

Let us try to understand by solving the following examples:

Application of Theorems on Differentiation

Example 1.  Differentiate the following w.r.t. “x™
4x° 5 2
(a)  4x B ixb
Soluti Lety = 4x°
{.. e .{a? S ,I; Solution (b) Lety = J:_S'
Differentiating w.r.t. 'x', we have
dy d Differentiating w.r.t. 'x', we have
= —(4x°) d d 5 2
dx dx e S o (_ xir:)
L ay_, d (%) dx dx\2
dx dx dy 5 d 2
d d = dx 2 dx”
— E__Jf =4 %x 5x571, [+ = (&™) =nx"1] X 2 dx
d = —X—=x5
= a—% = 20x* = gx 3 EY
y 2
=4, —_— == 5
dx

e Differentiate sum (or difference) of functions

Example 2.

(@)y=(2x*-3x+1)+ (4x+1)

Solution (a):  given that
y=h(x)=(2x?=-3x+1) + (4x — 1)

Differentiating w.r.t."x’, we have,

dy d a
e hews [(2x*—3x+ 1)+ (4x + 1)]
d d
= -4 (21’ —3x+1)+ (4x+1)

dx

Differentiate the following functions w.r.t. ‘x’
1
b)yy=@2x*-1)-1+3)




Differentiation

dy
— =h'(x) =4x+1
o (x) x +

Solution (b): Given that
1
— — 3 _ _
y = h(x) = (2x 1) (1 + F)

Differentiating w.r.t. "x", we have

dy _ d 3 i
= TR [(2x 1) —(1+x7%)]

dy d . 4 "

dy _ 2 -5
:'a— 3x2x 0—-0—(—4).x

d 4
=‘-'-—y=6x2 +4x™° = 6x% + —

dx x°

e Differentiate the polynomials
Example 3.  Differentiate w.r.t. "x" the following polynomial functions.
(a) f(x) =2x%— 4x? +3x+1
®  f(x)=-5x>+2x*+3x+5
Solution (a): Given that
f(x)=2x3—4x*+3x+1
Differentiating w.r.t “x”, we have

.S —-iz 2 —342 +i(3)+i(1
"dxf(x)_dx(x) tix(x) dx % dx )

= f'(x) = Zj—x(x3) — 4%(3:2) + 3%(1‘) +0
= f'(x) =2 x3x%—4x2x+3(1)
= f'(x) = 6x*—8x+3
Solution (b): Given that;
f(x) = =5x3 +2x*+3x+5

Differentiating w.r.t “ x”, we have

i, f(x) = L (—5x3) + g (2x%3) + 4 (3x) + & (5)
dx dx dx dx dx



Differentiation

= f —Sd 3+2‘:'E 2+3d +0
f(x)=— X T2 E(—’f)

= f(x) =—-5x%x3x%2+2x%x2x +3(1)
= f(x) = —15x% + 4x + 3
e Differentiate product of functions
Example 4. Differentiate w.r.t “ x " the following product functions using product rule.
(a)  h(x)=(%*+1)(5x%*+6)
(b) h(x)=(x+1)(x+2)(x+3)
Solution (a): Given that;
h(x) = (x* + 1)(5x* + 6) = f(x). g(x) (say)
Let f(x)=x*+1and g(x)=5x%*+6 ..(ii)

(14 ¥

Differentiating equations both sides of (1) and (11) w.r.t “ x ",

if(x) — i(xz + 1) and ig(x} = i(sz + 6)
dx dx dx dx ’
= f(x) = 2x and g (x) = 10x,

d ‘ i
¢ [ ()-9G] = £().9C) + gCOf (),
d

Eh(x) = (x% + 1)(10x) + (5x% + 6)(2x),

= h*(x) = 10x% 4+ 10x + 10x°3 + 12x,
= h(x) = 20x> + 22x,
= h'(x) = 2x(10x? + 11).
Solution (b): Given that;
h(x)=((x+1)(x+2)(x+3)
= h(x) = (x + 1)(x% + 5x + 6) = f(x). g(x), (Say) (1)

d , ; ;
¢ o h(x) = h(x) =f(x).g (x) + g(x).f (x)
Now differentiate both sides of the equations (1) w.r.t “x”
; d d
S h(X) = (x + :L).E(:acz +5x+6)+ (x* +5x + 6).£(x + 1),

= h(x)=(x+1).2x+5+0)+ (x%+5x + 6)(1 + 0),
= hx)=x+1).2x+5)+ (x? +5x + 6)(1),

= h'(x) =2x% +7x+5+x% + 5x + 6,

= h(x) = 3x% + 12x + 11.




Differentiation

e Differentiate Quotient of two functions.

Example 5. Differentiate w.r.t “x” the following quotients (rational) functions using quotient rule;

_ x+1 _ (x=1)(x+2)

= O M) =G ers)

Solution (a):  Given that
_ox+1 fo . .

h(x) = P T T Provided g(x) # 0,¥xeR  ...(Q)

f)=x+1 ..(ii)

g(x)=x*—2x+3 ....(iii)
Now,

() = LT 09 ) i)

[g(x)]

, d , d
X)=—\X = = dld g (X) = — (X X = LX —
f)=—(+1)=1+0=1and g'(x) dx(2+2 +3)=2x—2

Now, substitute the values in (1v), we have,
(x?2—2x+3)(1)—(x+1)(2x—2)
(x2 — 2x + 3)2
x2=2x+3-(2x*=2x+2x-2)

(x% — 2x + 3)?

—x*—2x+5

(x2 — 2x + 3)?

Solution (b): Given that;
(x—1)(x+2)
(x—2)(x+3)

xt4x—2 fo
x24x—6 g

) = [f(xJ @) f ()~ f(x).g' )
| 9@) IOk

(xz+x—6)a%(x2+x—2)—-(xz+x—2)£—c(xz+x-6)
(x% + x —6)?
(2 +x—6)2x+1)—(x*+x—-2)2x+1)
(x2 + x — 6)?
2 +3x* —1lx—6—(2x* +3x* —3x—2)
(2 + x — 6)*

h(x) =

h(x) =

h'(x) =

h(x) =

= h{x) =

Provided g(x) #= 0 (1)

.o h,i(x) —

= h'(x) =

= h(x) =




Differentiation

2x° +3x* —11x—6—-2x —3x* +3x+ 2

= h(x) =

(x* + x — 6)°
;‘*hf( - —8x—4
YT tx-6)
; 4(2x + 1)
=:lrh(:'r)__(::c:3+:1c:—t_%]2

Note: The derivative of an even function is always an odd function and viceversa.

Le,if f(=x) = f(x) = f'(—x) = —f'(x) and f(—x) = —f(x) = f'(—x) = f'(x).

] Differentiate the following w.r.t “x”
7 -3
(i) 5x° (i1) Exg (iii) —25x 5 (iv) 124+/x
41 3
(V) ixzz (vi) x~100 (vii) 153/ (viii) 16+ x3
=4 3
()3 x) 375
x4 %
2. Differentiate the following w.r.t “x™.
" "xs xz s 1 6 T 2
D=7+ 57z (ii) 2x + 5 x (i) Va2 +x
L S s
et o — e B e e T IT
(w)zlx + zzx (v) zX° t3X
3. Differentiate the following w.r.t “x”.
: x2 ’ 3 2 .
(i) 2ax® =5~ + 6 (ii) x° — = x3 (iii) 5x5 — = x3
(iv) x10 — 10x1° (v) 3(Vx2) —4(Vx)
4. Differentiate the following polynomial function w.r.t *x”.

(i) p(x) =x3-3x*+2x+1 (i)pkx)=x*—3x2+2x—3
(i) pO)=x0-x'+x3+x  (WVPE)=92"+7x" +2x5 —Ixt4x+1
v) px)=x3+x*+x+1
5. Find the derivative of the following functions using product rule.
i) hx)=@x-5).Gx+7) (i) h@X) =x.V3xZ+4
(i) h@) =Vx+1.Vx2+1 (iv)  h(x)=x*(Vx+1)

—33
(V) h(x) =(x+1)°.x2
6. Find the derivative of the following functions using quotient rule.

() Ak =222 @) hG)=@2—1).(2+ 1)




Differentiation

xé—x+1 : 25t
(iv) h(x)==5—

(1) h(x) =yt b2 _ 2
vx+1
v @) =25

3.4. Chain Rule

The rule for differentiating composite function is called chain rule. In this rule we take
the derivative of the outer function and then multiply it with the derivative of the inner function.

The derivative of the composite function fog is (fog )’ = f'(g(x)). g'(x) which is
called chain rule.

dy _ dy du
3.4.1 Prove that B = ot arad ,when y = f(u) and u = g(x) . (chain rule)

Proof:

Let y=flg(x)] = f(u), whereu = g(x)
» 0y = flg(x + 6x)] = flg(x)] = f(u + du) — f(w),

LB _ e flalx+ 6x)] - flg(a)] provided SwED

dx Er—ru O0x
dy_ o flgbe+ 60l = flgG)] | glx+6x) — g(x)
Cdy  sx-0  g(x+6x)—g(x) sx-0 Ox
_dy_ L fakd)-fe - su
dx  Su0 Su ik 5x’
[where éu = g(x + 6x) — g(x) as 6x = 0 ,du — 0]
d.y dy du o :
S = f(u) g(:r) s [~y =f(andu= g(x)]
dy dy du
—dx  dudx

Hence proved.

Example: Differentiate y = (5x — 4)°.

Solution:
y = (5x%2 —4)° and let u = 5x% — 4
then y=u’ ...(1)
u=>5x*—4 ...(1i)
Differentiating equation (i) w.r.t “&” and equation (ii) w.r.t “x”

d du
i =5u* and — =2(5)x—0 = 10x

du dx




Differentiation

By chain rule is:
dy dy du
dx du'dx
y. o 5u*.10x = 50x (5x* —4)*
e , -
3.4.2 Show that
dy 1
dx dx
dy
Proof: If y = f(x) 1s any differentiable function in the domain of x, then its inverse function
is defined as x = g(y), such that:

(gof)(x) = g(f(x)) =g(y) = x ..()

Differentiating both sides of equation (1) w.r.t x
g@.f(x)=1 (by chain rule)

) = e
=}}C'&:)_S*’(}‘)
d_y_i oty AY 1oy — A%
:adx—gi [.f(x)—ﬁandg(y)—@]
y

Hence Showed.

d
3.4.3  Use chain rule to show that — [Fo]™ = n|frG)]* 2 F().
Let y=[f(x)]", VxeR

Suppose that
u=f(x) see (1)
then y=u" ... (ii)

From equation (1) and (i1) by differentiating

_du_d (x) = f°
dy d ,
and du_duu)
dy dy du
dx du dx
BY 8 8 s ket g
e —du(u )-dx(u) =nu"" " f(x)
d

= —[fI" = nlf]" . f ()

Hence Showed.




Differentiation

5
Example: Differentiate (x* — 4x% + 5)2.

5
Solution: Let y = (x* — 4x* + 5)2
Here f(x)=x*—4x?+5 and n=

d n _ n-— 4
. EU(I)] = ﬂ[f(-r)] I-f (x)
d

" dx

d 5 5 3
= a(x‘* — 4x?% + 5)2 =§(x"‘ —4x? +5)2.(4x3 - 8x + 0)

ra o

4 _ g2 E:E 4 _ py2 5—1£ & _ .2
(x* —4x“ +5)2 2(1: 4x“ + 5)2 'dx(x 4x“ +5)

d 5 20 3
= a(x‘* — 4x% +5)2 = £ (x* —dx? 4 5)2(x* — 2x)

d 5 2
= ——(x* — 4x? + 5)7 = 10x(x? - 2)(x* — 4x? + 5)2

3.4.4 Find the derivative of implicit functions

The chain rule will help us to find the derivative of implicit functions.
- d}’ ® E 2
Example 1. Fmda, ifx“+y“+2gx+2fy+c=0.

Solution: Given that
x2+y:+2gx+2fy+c=0
Differentiating both the sides w.r.t. "x", keeping y as a function of x ,

d d
“—(x%2+y2+2gx+2fy+c) =—=(0)

i
=->d 2+d 2-|-d2 +d2 +d =0
dx(x) dx(v) dx(gx) dx(fy) dx(r:)—
dy dy
=:2I+2}?.E+29(1)+2f.d—x'+0-—0

d
= O+ = —(x+g)

d_y__(:t+g)__x+g
dx  (+f) y+f

=

. Ay 3
Example 2. Fmda,lfﬁ:y+2y = 3x + 2y

Solution: Given that
x2y +2y3 =3x+ 2y
It 1s an 1mplicit equation

& diff: both the sides w.r.t. "x" regarding y as function of x,



Differentiation

d d
: E(IE}' +2y3) = E(Bx + 2y)

d d d d
— (x2 —(2v3) = —(3 ==
=>dx(x y)+dx(;v) dx(x)-i-dx(y)
dy dy dy
- 2 Z % s .3
—¥ d:::+y (x)+3x2y.dx 3(1)+2dx
, 4y ,dy _ady
BV, DL A ()
R ey dx B Ay

=5 (x2+6y2—2)a= 3 —2xy
dy  3-—2xy
dx x?+6y?—2
3.5 Differentiation of trigonometric and Inverse Trigonometric
Functions

3.5.1 Difterentiate Trigonometric functions

(sinx,cosx,tanx,cscx,secx and cotx) from the first principle

In the process of finding the derivative of trigonometric functions, we assume that x is
measured in radians.
® Differentiate sin x from the first principle.
Consider the sine function s: R — R, where s(x) = sinx,V¥x € R.
Let s(x)=sinx

y+ 0y = s(x + éx) = sin(x + 6x)

Using the first principle, i.e.,
s(x+0x)—s(x)

() = "
. Sin(x+d6x)—sin(x
S[x)=;}ﬂlu ( 63: (x)
2cns(x+6;+x) .Sin(x+62:c—x)
> s=lm %
s sina —sinb
[-2 () (“‘b)]
= 2'C0s 2 sin >
5 sin
= s'(x)= lim 2cos (:c +_x) lim (E)
bTx"“ 2 ETI 0 2:—
x
sin T)

= s(x)—jfucns(x+ 2) EL, Bx
2




Differentiation

' sinx
s'(x) =cos(x+0)1 ’ L_{E - =1]

=% §(x) —0osx

d .
Thus, o (sm ,1:) = COS X

Note: e isin ax = cos ca'.:!r:',i (ax) = @ Cos ax

dx dx
s ;—xsin“ x = nsin"" x ;_x (sinx) = nsin™" x. cos x

¢ Differentiate tan x from first Principle

Let t(x) =tanx
Using first principle,
t(x+dx)—t(x)

e [0 = Jim
: ~ tan(x + 6x) —tanx
t'(x) = EI,:!:IEIJ Ox
sin(x +d6x) sinx] 1
= t' = i - .
(x) Frmt) cos(x + 6x) cos x] ox

= t'(x) lim

lsin(x + &x). cos x — cos(x + 8x).sin x]
dx—0

dx cos(x + &x).cosx

= )= sin(x + 6x — x) 1
X) = gxmso ox Slimﬂ cos(x + 8x) - cos x
X =
sin ox 1

= t'(x) = lim -
(x) 5x—0 Ox ﬁlimums(x+§x)-cusx
X—

= t@)=1- o limﬁiﬁ—l
~ cos(x + 0) cosx C X0 x
1 1
= t'Y(x) = = = sec®x | Provided cos x # 0]

COSX* COSX COSZx

a -
Thus, \ﬁf (tan x) = sec” X

: LS _ g & _ 2
Note: o = (tan u:r) = sec ax = ({II) = asec ax

d d
e —(tan"x) = ntan™ ' x-— (tanx) = ntan" ' sec® x
e Differentiate sec x from first Principle.

Let y=secx
y + 8y = sec(x + 6x)



Differentiation

dy  sec(x+ dx)— sec(x)
— = lim
dx 8x—0 ox
dy sec(x+d6x) —secx
— = lim
dx 6x-0 ox
iz dy s i 1 1 ] 1
dx 60 lcos(x + 6x) cosx] Ox
dy [ cosx—cos(x+ dx)
= —= lim ]
dx éx-0[cos(x + 0x) * cosx * Ox
. (X+x+0x\ . (X4 0x—2x\
Ly [psn () s (oo
dx  8xs0 cos(x + 6x) rcosx * Sx
dy | 2 sin (x + %) sin (%I)
= — = lim . lim
dx 8x-0|cos(x + 0x) *cosx| dx_ ) ox
: 1l 2 iz
a+b b—a
[ cosa—cosb =2 sin( )sin( )]
2 2
dy 2sin(x +0) 1 _ sinx
= —= =1 [ Ilm—=1]
dx cos(x+0) - cosx 2 x=0 X
. dy sinx 1
"dx cosx cosx
dy
— —=1anx .secx
dx
dy
— —=12gecx .tanx,
dx
Thus, 2 (EEE x) = secx.tanx
dx
In general cases:
d ; d (
L Prr— = . Pt
e (secax) = secax.tanax T ax)

=qasecax.tanax

d
n n—1
@ —|SeC X) = nsec
dx( )

=nsec" 1x.secx.tanx

d
X.lsecx
7y (SEC%)

=nsec"x.tanx

Note: The derivative of cosine, cosecant and cotangent are left as an exercise for readers. ‘




Differentiation

Examples 1. Differentiate “x” cos+/x by ab-intio/first principle.
Solution: Lety = f(x) = cosvx

y+ 0y = f(x + 6x) = cosvx + 6x,

d x4+0x)— f{x

Y _ )= i D1

5x—0 ox
dy ~ cosVx + 0x — cosv/x
g = 5x

Using trigonometric formula
a+b a—b
cosa— cosh = —Zsin( ) sin( )

2 2
we have,
C(Vx+8x+ Vx\ . [Vx+8x— x
iy —25in 5 . Sin 5
= E= f (x) = -fil:}:IEG Ox
sin 'x+6¥_ﬁ
:dy—f’()— 5 T o Vx + 8x + x I 2
de 1 WM T e gmh 2 * S0 x+8x —x
sin ,x+5_x—wE
dy o [Vx+éx+ x| 2
= Fri f'(x)=-2 lim sin > . lim 2 ;
X 6x—0 ﬁx—rﬂzl(\/m) _(ml
2
o [Vx+b6x+ +x\  sin® 1
= — lim sin Adim — .
5x—0 2 80 0 {*};E—Tn(1fx+6x+m
Vx + 8x —/x
’where9=( 5 ﬂ],asﬁx—rﬂ,ﬂ—rﬂ
(Vx+0++x 1 _ sinx
= —sin i [ lim —=1]
2 (Vx+0++x 6x-0 X
()5
= — sin .
2 | 2Hx
_ sin(vx)
2Vx

d —sinyx
Thus, T (cos \EJ T




Differentiation

Example 2. Differentiate:
(1) y= Sf-l-zt?;nxx W.I.t X (i1) y = cos?x w.rt sin’x
Solution (i): Given that
_ x’+tanx
Y= 3x +2tanx
Differentiating w.r.t “x” by using quotient rule, we have

dy (Bx+2tanx). o (x + tanx) — (x? + tanx). —(3.1: + 2tanx)

dx (3x + 2 tan x)>2
_ dy _ (3x+2tanx)(2x + sec?x) — (x? + tanx)(3 + 2 sec? x)
dx (3x + 2tanx)?
dy 6x% + 3xsec? x + 4xtanx + 2 tanx sec® x — (3x* + 2x% sec® x + 3tanx + 2 tan x. sec? x)
T (3x + 2tan x)?
. dy _ 3x% 4+ (4x — 3) tanx + x(3 — 2x) sec® x
dx (3x + 2tanx)?

Solution (ii): Given that:

y = cos?x, ..(1)
and let
u = sin®x, ...(i1)
. ay
In this case, we have to find —
du
Here,
dy _
e (cos?x) = 2cosx.— T —(cosx) = —2sinx.cosx
e _ % _ L3 _
and —— (sm x) = 2sinx. = (sinx) = 2sinx.cosx
Using chain rule:
dy d}r dx
du dx du
dy dy du
du  dx dx
~dy —2sinx cosx

du 2sinxcosx

= %= -1 Provided sinx # 0 andcosx # 0




Differentiation

3.5.2 Diiferentiate inverse trigonometric functions

(arc sinx,arccosx,arctanx,arc cscx,arcsecx and arc cotx)
using differentiation formulae.

e Differentiate arc sin x or (sin™! x)
et y=sin"'x Vxe(-1,1)
= siny =x

i-i xy

~ Differentiating w.r.t regarding y as a function of x, we have

d
5 — (siny) = —(x)

d dy

(sm y)7-=1
dy

= s = 1

dy 1 .
> == o5y [Provided cosy # 0]

= —
dx +y1—sin?y
The principal domain of siny is |— 5 ] in which cos y is +ve.
dy 1
dx J1—sin?y
dy 1 .
= — I —
T i (' x =siny)
d .. 1. +_ 1
Thus, e (sin"  x) = , V¥Yxe(-11)
* 2
1—x
d a 1
Note: 511‘1 —
( ) ava? — x2 1[&2 — 2

dx Jl- _) " dx

e Differentiate arctanor tan 1 x

Let y=tan 'x Vx € R
= tany =x

I.l'. - |

Differentiating w.r.t “x” regarding y as a function of x,

d d
v o= (tany) = — (@)



Differentiation

d dy
=E(tany).a—-1
dy
2y, ==1
= sec”y e

=T T

= — Yy E (?,E)

—= [+ sec’y =1+ tan® y]

VxeE R

d ST o
Thus, E(tan xj—ﬁ, vx € R

2 a

a%-£ %4

Nk d ' 1% 1 d (x) a 1

ote. —— an -_— = - — ) — ——
dx ( a) 1+ X2 dxla/ (@®+x%)a
a2

¢ Differentiate arcsecx,vx € R—[-1,1] (0, %) U (%, 'n')

Lety = sec”'x,¥x € R—[-1,1] — (U, %) U (%,T[)
then, x =secy, vy e |0,r]landy # %,

It is an implicit equation:
Differentiating w.r.t “x” regarding y as function of x

d d
. H(x} =a(secy)
d d
= 1= d—y(SEEJflED’)

dy
= 1 =secy.tan y.E

or

dy
secy.tan y.a =1

d 1 8
. h’yE(D,ﬂ)andy#:E

dx secy.tany
when, y € (U,E) ,Sec y and tan y are positive, so that secy = x, 1.e., x 1S positive in this case,
and tany = \/sec?y—1=vx? -1,

Thus = (sec™'x) = - whenx > 0
| dx xyx2-1 "




Differentiation

T : ; . o
When, y € (E,n’), secy and tan y are negative so that x is negative and in this case.

tany = —vVx?—1 ,whenx <0,

Thus,
d 1 1

A Al = T

Combining equations (1) and (11) we have,

. (1)

d
Thus, — (sec ' x) = lxlh, vx € R - [-1,1]

Note: The derivatives of cos™'x, csc™'x and cot™'x are left as an exercise for readers.
d —1 d -1
o —(cosix)= e —(cot™1x)=
dx( ) T dx( ) 1+ x?2
d -1

e —(csclx) =
( ) xvxé—1

dx

d
Example 1. If y=x SIH_IE'% va? —x?, ﬁndd—z

Solution: Given that

X
Yy =xsin™" (E) ++/a2 — x2

diff: w.r.t “x” we have,

dy d[

dx dx
= ji = ddx (xsin“lg) +£(«fﬂ2 - x?2 )
=>j—1=xd;i (sin‘1§)+5in'1 (E).i(x)+ . .i(az—xz)

E—:ur. - .d(£)+5in‘1(£)x1+ Sk

= dx Jl ~ (E)z dx

- .
xsm“la-& Ja? — x? ]




Differentiation

21 dy
Example 2. Ify = cos™? (I ) find ——
xample y = cos " |(——), find I

2
y = cos x —1
x%+1

Solution: Given that;

Differentiating w.r.t “x’

dx  dx x¢+1

dy =1 d [x*—-1 [d 3 =1
. : ; —Cc0S™ X =

dx 2 4\2 dx \x*+1 dx V1 — x?

x —
1_(::c3+1)

_dy_ —(x2 +1) (x3+13d (2 —1)—[x¥— 1).:1 (x*+1)
dx \/(II-I-].}E—(J:Z—I)E (x2 + 1)2

» dy -1 (x + 1)(2x) — (x* —1)(2x)
dx X+l Vxt +2x2t1 —x* +2x2 -1

dy -1 x2x + 2x — 2x° + 2x
= —
dx x%2+4+1 NI
dy —4x Aed 0
= —_—
dx  2x(x+ 1) BrOvIEERES
d i
5 9B =
dx (x%2+4+1)
Exercise 3.4
L. Find the derivatives of the following using chain rule.
3
. 3 .. x—1\% 24+x
)y =(x*+5x% + 6)2 (i)y = ﬁ) (i) y = /m
3
(iv)y = (x +Vx? — 1)ﬂ WMy= |73 E
3
2. Differentiate 7 W.I.t x3,
1+x .
3. If /i1s a function with y = f(x), given implicitly, find ﬁ , Where it exists in the

following cases.
i)y —xy—siny =0 (i) y*—-3y+2x=0




Differentiation

10.

11.

12.

13.

(i) x? + y*+4x+6y—12=0  (iv)sinxy+secx = 2

VMxJ1+y+yvl+x=0 (vi)y(x? +1) = x(y* + 1)
ué p? du dv

It + = 1, where a and b are non-zero constants, find — and —.
a2 p2 dv du

Find the slope of the tangent to the curve 3x2 — 7y% + 14y — 27 = 0 at the point
(—3,0).
Differentiate the following by using first principle method.

(i) sin4x (ii) cos?2x (iii) secv/x
(iv) Vtanx (v) csc3x (vi) cot2x
Using differentiations rules, differentiate w.r.t. their involved variables:
(i) f(x) = (x+2).sinx (i)  f(@) =tan’8.sec’ O
kLD 3 : _ sinZx
(iii)  f(t) =sin“3t. cos°t (iv)  f(x) Forr
__tan -1 . i o0 .2
(V) f(o) = e (vi) f(x) =sinx*+sin“x
‘ ) 1+tan? x
Differentiate w.r.t. tan® x.
1-tan? x
Find 2. of the following:
ind = of the following:
1-cosx 2 1+cosx
- et — =1
(i) y = sin \/ - (1) y = cot (Jl—cusx)
sin2x
= = : = 1. 1 _+2
(m) y=tan (1+cns 2x) (tv) y=x+cos ‘x.Vvl—x
xtan >y _ a1 (w.?1+::r: —w,fl-x)
Vv == Vi = an
V) y 1+x2 )y V1+x +V1-x
dy 1+y2
— ~1 X A
Ify = tan™ (2 tan7), then prove that — = 4 (4”2)
% d
If 2 = tan”" (—), show that 4 = E.
X y dx x
— -1 2y Ay 2\ —
If y = tan(a tan™" x), show that (1 + x )E—E—a(1+}' ) =0,
dy
Find —
ind =~

() x=asinfandy = a cosb () x=t+yandy=t+1




Differentiation

(i) x= e andy = %, ( @ and b are constant)

(iv) x=ab?andy = 2af ,(ais constant)

14, If y= Jtanx + ytanx + Vtanx+.. 4+, prove that (2y — 1) % = sec? x.

15.  Find the derivatives of cos™ x,csc™* x and cot™* x by using differentiation formula.

3.6 Ditterentiation of Exponential and Logarithmic Functions

3.6.1 Find the derivatives of e* and a* from first principle

(a) Derivative of e*
Let y=f(x)=¢e*

8y 468y = f(x + 6x) = e*to*
f(x +6x) — f(x)

dx Sx—0 Ox

d
Note: = — (%) = e¥,

7 x(ux)—ﬂe

d

(b) Derivatives of a*,Va >0 anda = 1
Lety=f(x)=a",Va>0andx € R
£y + 8y = f(x + 6x) = a**%%,
Y f(x +6x) — f(x)
s—= lim
dx 6x—0 Sx
dy _ qXtox _ %

, Provided dx # 0 and its limit exists




Differentiation

d
Note: — (aP*) = a®®.blna (bx) = ba*1
ote dx(ﬂ ) a na (bx) a*Ina

d .
Example 1. Find“&f when y = eSin% 4 gcosx

Solution: Given that

y = eSinx 4 ,CosXx

diff: w.r.t “x”

_3% g _;J_c (Esinx s atnsx)
d}’ d sinx d COS X

= =i (E ) + s (@™?*4)
d}' sinx - COS X d

i Ee (sinx) +a Ina T (cosx)
d :

= é = e"* cosx + a"*Ina (—sinx)

d :

= £= e * cosx — a**** Inasinx

3.6.2 Find the derivative of In x and log, x from first principle
e Derivative of In x from first principle
Let y=fx)=Inx, Vx>0
Sy + 6y =f(x+6x) =In(x+ 6x)
LAy et 6x) — f(x)

' E ﬁ!:xlr:ﬂ]ﬂ Ox

In(x + 6x) — In(x)




Differentiation

dx x&x-0 X
w @y A s Tim (1 +4)%
L — X =
dx Xx xl—ertli( *) ¢
d 1 1 !
=:'r—y——}{1=— | ll'lE=1]
dx x X
Thiss, = (i) = V x>0 (i)
us, ——Unx) =" j X
Si '1131( )—ix W S =, W ¥
imilarly, == In{—x) = — (—1) ==y X ...(i1)
Combining (1) and (ii), we have
d[ | I_1
dxnx Cx
Note: d(l ) = s = Vx>0
ote: e nax)= = .dx(ax) ; x

e Derivative of log, x by first principle
Let y= fx)=log,x

v+ 0y = f(x+ 6x) = log,(x + 6x)
LAy f 60 = F()

(Provided éx # 0 and limit exist)

‘E_ﬁx—hﬂ Ox ’
d | ox) —1
=“_y= - 0g,(x + 8x) — log, x
dx Sx—0 ox
=bdy_ s 1 :rl (x+5:r:)
dx_ﬁz}:mu x Ox OBa X
X
=;dy_1 i 1 (1 Ox\ox
dx _ x ' dxoo OBa +x)
L g
=dy_1 1 li (1 bl
dx_x'ug“ Ig:lqu ¥ :t'.')
dy 1 : 1
ﬁa—;lugae ; [ Jlrz_r;f‘él(l+Jf)-=nr —e]
_‘idy_ 1 [__] L A
"dx xlna’ “198a® = 1
d |
Thus, Tx (lngﬂ x) =
Not i 1 bx) = d ¢ bx) = ! Vx>0
Lol dx(ﬂg“ w= bxlna dx( x)_xlnx i

|




Differentiation

dy
Example 1. Find F when: y = In(x? + 4)

Solution: Given that
= In(x* + 4)
leferentmnng w.r.t “x”

0 In(x* + 4), [ —Inx = —]
Cdx  dx
dy 1

dx x2+4 'dx

Example 2. Find % , when: ¥ = logyo VX2 + 2x — 4x*
Solution: Given that
= logyo VX2 + 2x — 4x?
=3 y = log, Vx2 + 2x.log g e — 4x* [ log¥, = logZ.log¢, and log = Inx]
- y = In(vVx? + 2x).logyo e — 4x*

log,n e
Fis 8210 In(x? + 2x) — 4x*

Differentiating w.r.t “x”
) d}’ d [iﬂglne

An(x? + 2x) — 4.1:4]

Tdx  dxl 2
dy log,ge d d
=dx BT In(x?* + 2x) — 4 (x)
dy 1 1 d

= ——= . 4 — 4 X 4x°
dx 2In10 x2% 4+ 2x dx Sl s

_dy_ 1 (2x+2x1)

x —_— 3
— dx _ In100 x? 4+ 2x 16x
dy (x+1) ’
= dx x(x+2)In100 =0x

3.6.3 Use logarithmic differentiation to find derivative of algebraic expression
involving product, quotient and power.

‘ * x(x+1)
Example 1. Differentiate
(x+2)

T _a x(x+1)
Solution: Lety =1In 42

Taking In on both sides

Iny=1In X1
Y= MM\ &+




Differentiation

Iny=Inx+In(x+ 1) — In(x + 2)

Differentiating w.r.t x
1 dy 1 1 1

v dx x+1 x-+2

dy x(x+1D|x+1)x+2)+x(x+2)—x(x+1)
dx (x+2)[ x(x + 1)(x + 2) ]
dy _ x(x+1) (x*+3x4+ 2+ 1%+ 2x = x* =%
dx ~ (x+2) x(x + 1)(x +2)

dy x°+4x+2
dx (x+2)2

Example 2. If x” = y*, find g-i-{

Solution: xY = y* Given that
Taking natural logarithm of both sides, we have
InxY =Iny*
= yvinx =xlny [~ Ina* = xIna]
Differentiating both sides w.r.t. “x” regarding y as a function of x.

d
o E(}’IHI) = E(IIHJ’)

d d d d
= ya(lnx)+lnx.—(y)—I.E(lny)+lny.a(x)

y dy _ dy . d _1]
;+lnx v O (lny) +lny %<1 dx(]nx)_x
y
= Inx. dx y dx (lny )
x\ dy y
:(!nx }-)d—x-—-(lny =
Iny —=
ﬁj_i=(1 y ;:'5)
(ﬂx—y)
_ dy y(xlny—y)

dx ~ x(ylnx — x)




Differentiation

List of Derivatives of the basic standard functions shown in the list 1.

Derivative
Sr No. y = f(x) dy
dx
1. y =sinx cos x
2 Y = COS X —sinx
8. y =tanx sec? x
4, y = secx secx tan x
S. y = cotx — cosec? x
6. Y = coSecx — cosecx cotx
7 in—1 -
. y =sin" " x
1—x4
8 2 .
; = COS "~ X —
7 Vi-x2
9.
10.
11.
12.
13.
14.
L. Differentiate the following w.r.t, “x”
(@ x*+2* (ii) 4* + 5% (iii) eBRETootx
(iv) E.tanl'z (v) e2in(2x+1) (vi) lﬂg;mx
oX
. §a s 2 + 2.1' + 2X 2 ] X
(vii) 21 (viii) x a (ix) (In x)

(x) In(\/«ffEJE +e—3%) (xi) In(sin(Inx)) (xi1) In [tan (-';- + -E)]



Differentiation

d
2 Using logarithmic differentiation to find d—i if

2
M) y= [ (i) y = 2% Jx (iff) y = xe<os®

(iv)y y=e " **(x*+2x+1) (v) y=In (TE%) (vi) y = HE;

_|_

d
%l
dx
1—x2 . 1—x
(1) y= _[577=
14x2 14x

)y =

. dy
4. Find ™ if

(i) y = xSin* (i) y = (sin™'x)™*  (iii) y = (tan~! x)sinx+cosx
2_|_ 1—
(iv)y = (Inx)%*  (v)y=x* (vi)y = In[ ===
xé+1+x
d
5. Find—y,whcn:

dx

(i) xY.y*=1 (i) In(xy) = x2 + y?

(iii) y = sin"*(cos x) + cos ' (sinx) (iv) y = x?

(v) y = cosxIn(sin™! x) (vi) x™.y" = aq™
3.7 Differentiation of Hyperbolic and Inverse Hyperbolic Functions

3.7.1 (a) Differentiation of hyperbolic functions

(i) Differentiate sinh x by first principle
X E—I

2

Let y=f(x)=sinhx=e

Differentiating w.r.t. “x”
dy d [e¥—e™*
£= dx( 2 )
dy d fe*\ d[e™
T dx dx(Z)—dx( 2 )
. dy e* g

i~ 2 Xt x (=D




Differentiation

d _ B
Ax (smh x) = coshx

d
E(smh ax) = acoshax

Derivatives of cosh x, tanh x, csch x, sech x and coth x are explained below:

. i(tanh :r) _ d [ex-e"‘:] _ (e*+e ™ ¥)(e*+e™¥)-(e*-e™*)(e*—e™%)
dx dx leX+e—X (e*+e~¥)>
B e +e X 42— (e +e % =-2)
(e* + e*)?
4 /N ,
T (e*+e )2 (ez + E‘I) = sech™x
d d 2 (e*+e~%)(0)-2(e*X+e ¥x—1)
s —(sech :-:) = ( = ) = =
dx dx \e*+e=% (eX+e~%X)2
=2 e¥—e™

(e*+e™*) e*+e*
= —sec hx.tan hx
Derivative of cosh x, cosech x and coth x are left as an exercise for the readers.

Thus, we have the list of derivatives of hyperbolic functions.

d . _ a g

¢ (sinhx) = coshx ¢ o (coshx) = sinhx

. s (csch x) = — csch x coth x . 2 (sech x) = —sech x.tanh x
dx dx ‘

° % (tanh x) = sech® x s ;_:-: (r:uth x) = —csch®

Example 1. Differentiate the following w.r.t. “x”
csch2x

(1) x cosh2x (1) 22

Solution (i): Let y = x cosh 2x
Differentiating w.r.t x, we have

d d
% E;(y) S E(J: cosh 2x)

dy d d
=X (cosh 2x) + cosh 2x Tr (x)




Differentiation

dy d
T = x X sinh 2x—(2x} + cosh2x x 1

-—Ji = 2x sinh 2x 4+ cosh 2x

dx
Thus, d_ (I cosh 2:-:) = 2x sinh 2x + cosh 2x
X

csch2x
xZ

Solution (i): Lety =

Differentiating w.r.t x, we have

i (y) _ d (csch Zx)

2

dy 5
e (csr:h 2x) — csch 2Jr: (x )] x2)2
&y = [ h?2 th?2 . 2 h2x.2 ]
7 = |¥° —csch2x.cothZx ~ (x) csch2x.2x| - —3
dy 5 1
—— = [—-2x* csch 2x coth 2x — 2x csch 2x] - —;
dx X
dy 1
. |—2x csch 2x (x coth2x — 1)] .
dy —2csch2x (xcoth2x —1)
dx x3

d (csch Zx) —2csch 2x(xcoth2x-1)
Thus, =

dx x2 x3

e Differentiation of inverse hyperbolic functions

sinh~! x,cosh™ x,tanh™' x, csch™! x,sech™ x, coth™! x
¢ Find derivative of sinh™! x, w.r.t “x”
Solution: Lety =sinh™'x , Vx€eR
then sinhy =x, Y yER

Differentiating w.r.t. “x” both sides, regarding y as a function of x

d d
+ = (sinhy) = — (x)

(v coshy > 0)




Differentiation

dy 1
= —— = v coshy = /1 + sin h?
dx 1+ sinh?y [ y=y y]
dy 1
>y — = , v sinhy =x
o= viree | y = x]
dy ,  _4 1
Thus, e (smh :\:) = Traxz’ YxER
(iii) Find the derivative of tanh™*x, w.r.t. "x".
Solution: Lety =tanh™'x,Vx € (—1,1)
Then tanhy = x, Vy E R

diff: w.r.t. "x" both sides, keeping y as a function of x

d d
* 7= (@nhy) =—(x)

dy 1
“dx 1- tanh2y |
1

dy _
eSS Vx €(-1,1)

 sech®y = 1 — tanh?y]

d _
Thus, | —— (tanh tx) = Vx € (-11)

1—x2 '’

(iv) Find the derivative of csch™ x.
Solution: Lety =csch 'x,Vx € R— {0},
then cschy = x,Vy € R — {0}.

Differentiating: w.r.t "x" both sides, regarding y as a function of x.

d
i h T
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